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1. Create and maintain iiiicrest in the leaching of mathematics. 

2. Keep the values of mathematics belore the educational world. 
Help the inexperienced teacher to become a good teacher. 

4. Help teachers in senice become better teachers. 

5. Raise the general level of instruction in mathematics. 
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KDn OR'S PREFACE 



This is the sixteenth of a series oH Yearbooks which the National 
Council of Teachers of Mathematics began to publish in in2(). 
The titles of the first fifteen Yearbooks are as follows: 

1. \ Survey of Progress in the Past Twenty-Five Years. 

2. Curriculum Problems in Teaching Mathematics. 
S. Selected Topics in the Teaching of Mathematics. 

4. SigniRcant Changes and Trends in the Teaching of Mathc* 
matics Throughout the World Since 1010. 

5. The Teaching of Geometry. 

6. Mathematics in Modern Life. 

7. The Teaching of Algebra. 

8. The Teaching of Mathematics in the Secondary School. 

9. Relational and Functional Thinking in Mathematics. 

10. The Teaching of Arithmetic. 

11. The Place of Mathematics in Modern Education. 

12. Approximate Computation. 

13. The Nature of Proof. 

14. The Training of Mathematics Teachers. 

15. The Place of Mathematics in Secondary Education. 

The present Yearbook is the final report of '*Thc National Coun- 
cil Committee on Arithmetic/' sponsored and financed by the Nu- 
lional Council of Teachers of Mathematics. It should be an excel- 
lent companion volume for the Tenth Yearbook on 'The Teaching 
of Arithmetic/' \A\ich has had a very wide circulation, These two 
Yearbooks constitute vahiable material for teachers of arithmetic 
and for those who have charge of teacher-training couuses. 

As editor of the Yearbooks. I wish to express my personal appre- 
ciation to The National Council of Teachers of Mathematics and 
to the members of the Committee for making this Yearhouk 
possible. 

W. D. Rekvf. 
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Chapter I 



INTRODUCTION 

BY L. MORTON 

OHIO UNIVSRSITY 

AN esaminatiuu ot materials published since the beginning of 
the twentieth century on arithmetic as a part of the cur- 
riculum of the elementary school reveals a variety oi points ol 
view but a clearly discf'rnible trend. Many recall a period when 
the doctrine of faculty psychology and a correlative belief in a 
large measure of transfer of training found widespread acceptance 
among teachers. Arithmetic became a difficult and, to many, an 
uninteresting subject. Failures among pupils were common; 
indeed, more pupils **failed** in arithmetic than in any other 
elementary school subject. 

Emphasis upon skill in computation. The advent of standard- 
ized testSi some thirty years ago» focused attention upon the 
elements of computational skill Pupils and their teachers were 
judged by the number of examples of a prescribed kind which 
they could solve in a given number of minutes with a ^'standard** 
per cent of accuracy. Drill was the prevailing mode of instruc- 
tion. A few pupils who discovered for themselves something 
of the nature of the number system and who found meaning in 
the operations which they performed became both accurate and 
rapid in computation. Furthermore, some of them could use 
with ease the skills which they had acquired. They learned to 
do quantitative thinking. Rut the majority did not understand 
the number system and w»ere unable to apply what arithmetic 
they had learned to the solutions of everyday problems. Failures 
continued to be numerou? and there was evident a definite 
dislike for arithmetic. 

The flight from kirithmeM'c Arithmetic had become an im- 
portant part of the curriculum not only because it was believed 
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to have disciplinary value but also because it was universally 
believed wo be a subject of great practical worth. However, 
investigations of the extent to which men and women in vaiious 
walks of life used the arithmetic skills which they had acquired 
revealed that they used far less than they were supposed to have 
learned. For the most part, too, only the simpler operations were 
performed. For example, a few of Uie more common fractions 
accounted for nearly all the ordinary uses of fractions in life 
activities. 

i'he result was a considerable reduction in the number and 
variety of examples which children were asked to solve. The 
program became easier and. presumably, of greater ^ practical" 
worili. Unfortunately, however, this reduced program failed to 
develop a widespread intelligence in the use of number. In 
out-of-schoul and after-school activities arithmetic did not seem 
lo be applied with any greater degree of success than before. It 
became apparent that the problem could not be solved merely 
by tcducing the progiam, although the elimination of unreal and 
irrelevant material doubtless constituted a forward step. 

The CIommittee*s position. Soon after it was organized, tiie 
National (iouncil Conunittee on Arithmetic (as the Committee 
lespotisible for this Yearbook was named) published in three 
journals a statement of basic points oi view to which it sub- 
scribed.' Tliis statement denied the validity of both the drill 
ilieory and the incidental-learning theory of arithmetic instruction 
and endorsed wliat had been called the ''meaning theory." The 
statemetu set forth a series of nineteen pronouncements with 
reference to aritlnnr^ic as a phase of the t hild's school and out-of^ 
school experience and classilied these luider lour general headings, 
namely: (I) selection of content, (2) organization and grade 
placement. (H) methods of teaching, and (I) measurement and 
evaluation. Readers of ihe journals in which this statement 
appeared were invited to submit ciiticisms ol ihe Ccmnnittce's 
position. No advtMsc (oinmenis were rtreived. In olfcring this 
slatenuMU and in developiniiv a ^'(»;u•|)ook based thrrcon, the 

iCurrintlutn Journal, 9 : 21)!) .W), Novomhcr. 19:^8: Thr Mnthrwntics Tt'acher, 
Sl:267-272» Octol)cr, 19J8; The Jnimuil af tlir S'adoual Muaition As^tuiafitm, 
27 : 205-200. OctoluT. M)SH. 
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Committee is desirous oi reaching a position upon which the 
teaching profession may agree and which may serve as u basis tor 
a unilicd etFort to improve the arithmetic program, 

The preparation o£ this Yearbook. Hie Tenth Yearbook of 
the National Council of Teachers of Mathematics was devoted 
to arithmetic. That Yeaibook found ready acceptance with the 
educational public. Tlie first printing was sold in leiss than two 
years and another priming was ordjred. The present Yearbook 
differs from the Tentli Yearbook in several important respects. 
It is the work of a Committee, with the assistance of a few addi- 
tional contributors, rather tlian tlie work of scattered indi\iduals 
working alone. The Committee planned this Vearbook and 
assigned subjects for chapters in an effort to include the more 
important topics and to give tl)e Yearbook unity and coherence. 
Furthermore, each chapter was submitted to every member of 
the Committee and was then revised and rewritten in the light 
of the criticisms received. Thus, each chapter, instead of being 
the brain cliild of one person, may be said to be tlie joint product 
of several persons. 

Nevertheless, the point of view expressed in a chapter is pri- 
marily the point of view of the author of the chapter. Naturally, 
each author reserved the right to accept or reject the suggestions 
which he received. Hence, each author accepts the responsibility 
for the statements which his chapter contains. Also, if a chapter 
makes a worthy contribution, the credit goes to the author. 

This means that the different chapters express somewhat dif- 
ferent points of view and give different emphases. The Committee 
believes that these differences are neither great nor serious. The 
Committee does not decry the differences \v'hich exist. It believes 
on the other hand, that teachers and other students should con- 
sider these various points of view and undertake to evaluate them. 
For example, the reader who turns to Dr. Urueckner*s chapter 
after having read Dr. Wheat's chapter \k\\\ gain a somewhat 
different idea of the nature and fiuiction of arithmetic as a phase 
of elementary school experience. Surely each reader will be 
interested in and stimulated by both of these contributions. 

Those most familiar with the modern progressive movement 
in American elementary education may conclude, after reading 
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the Yearbook, that insiinirlciu attention has been given to the 
o|jpoiiuniiies in a Piogrcssivc program for teaching arithmetic. 
The Committee has been disappointed in the fact that two 
persons, both of whom hiwc been rather actively identified with 
the Progressive movement, \scre unable to make the contributions 
which ihey had intended to make. Dr. C. L. Cushman, then in 
the Denver Public Schools and now at the University of Chicago, 
was a mcniher of the Committee for about a year but felt obliged 
to resign because of the press of other responsibilities. Dr. Paul 
R. Hanna, a member of the Committee, fully intended to prepare 
a chapter on the topic, "Arithmetic and the Integrated Program." 
but within two weeks of the date for submitting final drafts of 
manuscripts, was obliged to write that he >s'ould be unable to 
do so. The Committee deeply regrets its failure to obtain contri- 
butions from these t\\o soinces. 

The topics treated. The order in which the subsequent chap- 
ters have been arranged is not a chance one hui was deliberately 
chosen with due consideration of the expressed preferences of 
all the members of the Committee. It is believed to be a logical 
one. However, no s^rrious loss will be experienced by the reader 
who chooses to read the chapters in an order different from that 
in \shich they have been presented. 

Dr. liiiswell's cliajner on "The Function of Subject Matter in 
Relation to Personality" suggests a value for arithmetic which 
will not have occurred to many leaders. It is a unique contribu- 
tion and, in the opinion of other members of the Committee, 
a signilicant one. Dr. Sueltz presents a discus.sion of curriculum 
pr(jblems and the complex and controversial issues having to do 
with gradj placement. His disctissiou is timely since there is a 
widespread interest in these topics. It will be particularly valuable 
to tho.se engaged in cnrricuhn)i revision and reorganization. 

1 he ( hapters by Dr. Thielc, Dr. Wheat, and' Dr. Benz stress 
asjjtMfs of arithnietiv: teaching which will be of .special interest 
to teadicrs in the primary grades, the intermediate grades, and 
the high school, respectively. Dr. Thiele's extensive experimental 
work with pupils in the lower grades at Detroit makes him 
exceptionally well (jualified to discuss tl e role of generalization 
in the learning of arithmciic fundamentals. Dr. Wheat's well- 
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known contributions to the psychology of the elementary school 
subjects, particularly arithmetic, will guarantee special interest 
in his chapter in which a theory of instruction is developed. Dr. 
Uenz, who lias had extensive experience in the theory and practice 
of secondary education, presents in a challenging manner the 
contribution which arithmetic may make to tiie education of 
secondary school pupils. 

The Committee has IVcquently stressed what seem to be two 
outstanding phases of arithmetic, viz,, the malliematical phase 
and the social phase. This docs not mean that the Committee 
conceives of arithmetic as functioning separately and independ- 
ently in the lives of children as mathematics on the one hand 
or as a social experience on the other. To insure that the reader 
will find that ihe social phase is given proper emphasis, Dr. 
lirueckner has made it the subject of his chapter. The contribu- 
tion which the pupil's experiences may be expected to make 
Ik vard learning arithmetic as a '^system of ideas" is also recognized 
by Dr. Wheat, 

The Committee believed that to be of maximum usefuhicss 
to teachers and supervisors the Yearbook should contain a collec- 
tion of materials and devices ^vhich others have found most 
helpful in enriching the rourse. Miss Sauble's position at 
Detroit has given her the experiences which have qualified her 
to prepare such a chapter. The Committee requested her to 
assemble this material and she has done it admirably, 

Xo^s' that the drill theory of arithmetic instruction is in dis- 
repute, there is often expressed concern as to what is to become 
of drill. At the Committee's request, Dr. Buckingham has dis- 
cussed drill as a phase of the new type of arithmetic program and 
has shown that the term ''drilT* may be invested with a richer 
meaning than has been associated with it in the past. 

Likewise, there is deep concern these days over ways and means 
of evaluating learning, inasmuch as many if not most of the tests 
formerly in use were designed to measure ihc results of learning 
efforts which were based upon the drill theory. If the ''meaning 
theory** is to prevail, how shall learning be evaluated? Dr, 
Brownell has discussed this subject at length and has provided 
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concrete suggestion^ for putting into effect a newer type of evalua- 
tion program. 

In Dr. McConnells chapter, the reader will find a skillfully 
organized statement on the subject of recent trends in learning 
theory. For many, it will throw new light on the psychology of 
arithmetic. This chapter may be more diflicult reading than 
other chapters for those who have uone little reading on the 
psychology of learning in recent years, but the mere fact that the 
reader finds it dillicult is in itself evidence that it will be worth- 
while to read and reread the chapter until the implications of 
recent trends in the theory of learning arc fully appreciated, 

A list of questions. The Committee believes that the teacher 
will profit from an occasional introspective examination of his 
own qualifications. To facilitate such a self-examination, Dr. 
Wren has prepared a list of questions and has organized these 
questions in two major divisions and ten sub-classes. Many readers 
will find that these questions point the way toward further pro- 
fessional preparation. 

In recent years, arithmetic has been the subject of many research 
projects. The interpretation of the results of research is often 
difficult, partly because these results sometimes are at variance 
with what ordinary observation and common sense seem to indi- 
cate, and partly because the results of one study may disagree 
with those of another. Dr. Brownell and Dr. Grossnickle, both 
of whom are well known for their own contributions to research 
in arithmetic, have written a chapter which the reader will find 
a valuable aid in interpreting research. 

The bibliographies. So many books, monographs, and articles 
on arithmetic have been published that the teacher cannot expect 
to read more than a minor frriction of the total. In attacking 
the difficult task of selecting a bibliography. Dr. Stretch and Dr. 
Bond assembled many hundr-^ds of references and, with the help 
of other members of the Co .n.ivtee, undertook to choose a list 
of usable length. Dr. Stretch finally brought together one hun- 
dred selected research studies, and Dr. Bond one hundred selected 
references which are largely non-quantitative in character. These 
lists are presented in the last two chapters with the hope they will 
be helpful to teachers who wish to do further reading and study. 
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Obviously, it is impossible in a single volume to consider all 
the issues which have to do with arithmetic as a part of the school 
program. The Committee has undertaken to provide a discussion 
of those which seem to be the most important. This Yearbook 
is offered with the hope that it will assist the teacher in planning 
a beaer program and in providing for pupils richer and more 
meaningful arithmetic experiences. 
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THE FUNCTION OF SUBJECT MATTER 
IN RELATION TO PERSONALITY 

BY GUY T. BUSVVELL 

UNlVmiTY OF CUtCACO 

THE teaching of arithmetic has commonly been evaluated in 
terms of the development of mathematical skills, the ability 
to think quantitatively, and the ability to apply arithmetic in 
social situations. Few would deny that these are significant ways 
of measuring the value of an arithmetic program. On the other 
hand, the outcomes of arithmetic may also be evaluated in terms 
of their contribution to the development of personality. This 
latter basis for evaluating arithmetic has become prominent in 
the literature only during the last decade, although, in essence, 
it is not a ne^v criterion since it is only a particular illustration 
of one of the aspects of transfer of training. Furthermore, not 
only arithmetic but all subject matter is equally open to examina- 
tion in terms of its contribution to the development of a child's 
personality. 

Positive and negative views. One does not need to search far 
in the educational periodicals to find statements, both positive 
and negative, relative to the effect of subject matter on person- 
ality. For example, in Childhood Education Nina Jacobs^ defends 
the proposal that arithmetic has important and positive values 
for the development of personality. She gives numerous concrete 
illustrations from her own classwork to show how an understand- 
ing of number contributes to the development of a sense of 
security, of the idea of responsibility, and of the feeling of neces- 
sity for cooperating with others. She defends the position that 
no subject gives a greater sense of security than does mathematics. 

1 Nina Jacobs, "Personality Development and Adjustment through Number," 
Childhood Education, 13 : 258-261. February, 1937. 
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Quite in contrast with the position defended by Miss Jacobs 
is that expressed in an article by Professor Lane*** published in a 
later issue of the same journal. Professor Lane blames the "three 
R's" for much of tlie personality maladjustment found in young 
children. He takes the position that "It seems absolutely essential 
diat reading, writing, and arithmetic shall cease to occupy the 
center of the attention of primary teachers. These skills are 
learned through a relatively small number of flashes of insight 
rather than through careful learning of all the elemental processes 
involved in them. The good teacher of the skills is one who can 
help children li^"^ well and richly regardless of skill equipment 
and who is able to detect in individual children the need for 
assistance in attaining insight. The good teacher never induces 
labor leading to the delivery of ideas or insight. , , . To primary 
teachers I would suggest a few marked changes in procedure; 
De-emphasize the three R's. From the remotest corner of the 
subconscious drive out the concept of respectability as related 
to achievement in the three R's. Make certain that every child 
is experiencing wortlnvhilc att'.tudes and meanings regardless 
of his skills. Under no circumstances cause a child to lose caste 
or status, nor to gain it, wiih you or ^vith his associates, through 
the skills." 

It is obvious from the two preceding illustrations that in this 
same subject of arithmetic Miss Jacobs sees positive values which 
can make a marked contribution to personality ^vhereas Professor 
Lane so fears negative outcomes that he would like to see arith- 
metic subordinated and '*de-emphasized" in the schooPs program. 
Other illustrations could be cited showing such opposing points 
of view related to the arithmetic of the intermediate and upper 
grades. 

Apparently, here is an issue of major importance since the 
nature of the arithmetic program will depend very much upon 
which of these two positions is taken. Furthermore, as has been 
said, the issue is far larger than simply the subject of arithmetic 
since, in essence, the problem is the extent to which organized 
subject matter contributes to or inhibits the development of 

2 Howard A. I.aiic. "Child l)e\cloj)incnt and tlie Three R*s," Childhood Educa- 
tion, 16;10M04. November, 1939. 
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personality. There is also involved the question whether per- 
sonality is a direct or an indirect outcome of education and 
whether the concept of personality is adequate to cover all the 
desirable objectives of v.ducation. 

The assertion that arithmetic as taught during the past twenty 
years produces some undesirnl^lc outcomes is not open to dispute. 
Certainly, the application of t le drill theory has produced a 
meaningless outcome which no t ne can adequately defend. Fur- 
thermore, the attempts to introduce the subject by teaching 
abstract number combinations, without first building up a back- 
ground of concrete understandings, has separated the arithmetic 
of die schools from the vivid and genuine number experiences 
which the child builds up in his out-of-school quantitative experi- 
ences. In the middle and upper grades the situation has been 
litde better as the work of the pupils is all too often characterized 
by a formal manipulation of arithmetical processes devoid of 
either mathematical meaning or social significance. The need 
for reform in arithmetic is freely admitted. The qucsticm is: 
What shall be the nature of this reform? 

Proposals for reform. Those who have attacked arithmetic 
from the standpoint of its bad effects on personality development 
have made three proposals. The first of these, made by only a 
small minority of the group, is that there be a complete abandon- 
ment of systematic school subjects, a propos;d which affects not 
only arithmetic but all organized subject matter. No one has yet 
worked out a complete program to substitute for organized subject 
matter and the proposal is often expressed in such loose terms as 
Professor Lane has used when he urges teachers to "study child- 
hood, have faith in children, provide a wealth of worthwhile 
child-like experiences and \\-atch 'em grow!" This trustful faith 
in "watching 'cm grow" (like Topsy!) is worthy of serious con- 
sideration only as it is modified by the phrase, "provide a 
wealth of ^vortlnvhile child-like experiences." The whole issue 
hinges on what should be the nature of these "worthwhile experi- 
ences." If they are to be nothing more than the incidental and 
extemporaneous experiences propo.scd by teachers and pupils 
from day to day there is little to look forward to except chaos. 
On the other hand, if these "worthwhile experiences" are the 
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product of intelligent and serious study they are bound to eventu- 
ate in some kind of organized content which will be available 
for all teachers. This will still be some sort of organized 
subject matter and it is quite immaterial whether it is called 
"arithmetic," or "a school subject," or whether it goes by such 
names as "activities" or "projects." Abandonment of organized 
subject matter cannot be defended. 

A second proposal for the reform of arithmetic is that the 
subject be postponed or that some of the content be deferred 
until children are more mature. There is a great deal of sense to 
this proposal, provided the school does not simply postpone the 
subject as it is now taught but rather makes a careful study of 
the relatiQn.ship between maturity of children at different ages 
and the arithmetical concepts and experiences which can be made 
meaningful to them. The various proposals which have been 
made for deferring arithmetic have fallen considerably short of 
this criterion. For example, the widely known proposal of Benezet 
as described in the N. E. A. Journal^ was a postponement in name 
only. Benezet did not postpone arithmetic to the seventh grade 
as a reader might infer from his statement, "If I had my way. I 
would omit arithmetic from the first six grades." Rather he 
eliminated many of the formal aspects of the subject and sub- 
stituted in their place some very desirable learning experiences 
which simply made i different kind of arithmetic. 

Certainly, few teachers are so naive as to believe that number 
experiences can be postponed completely until the seventh grade 
or. for that matter, until the third grade. Consequently, the 
proposal to postj^one arithmetic until children are more mature 
is very misleading. What the proposal really calls for is an aban- 
donment of formal teaching, with which anyone will agree, and 
the rearrangement of number exj)eriences to fit the developing 
maturity of a child, to which, also, no one can take exception. 
The shallow argument that pupils can learn more arithmetic in 
the same amount of time if the subject is postponed scarcely needs 
consideration since, by the same argument, everything could 
equally well be postponed. It is difiicult to name any type of 

3L. p. Benezet, "The Story of an Kxpciimciit." Jmutial of the National Educa- 
tion Association, 21:211-214, November, 1935. 
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learning which cannot be accompHshed more readily by an 
eighteen-year-old person than by one six or nine years of age. 
but the implication is not that all education be postponed and 
presented as a lump as soon as maturity is reached, 

A third proposal of those uho admit the deficiencies of arith- 
metic as it has been taught, and who are interested in much 
more than just a school subject and are, consequently, concerned 
with the effect of arithmetic on personality, is that a major 
reorganization of subject matter and methods is needed, but that 
the outcome must be an organized body of number experiences 
from which both mathematical insight and social significance may 
be derived. Furthermore, they maintain that in this type of 
number experience positive contributions to the development of 
desirable personality traits can be found. Before analyzing this 
proposal a brief consideration should be given to the nature of 
personality development. 

The nature of personality development. A personality char- 
acteristic is always a generalized rather than a specific form of 
behavior. For example, being courteous is not a matter of stereo- 
typing specific responses, such as saying "Thank you" or "Excuse 
me," but is, rather, a generalized form of response which expresses 
itself in various forms of speech and behavior, and always arises 
from the recognition of a set of values relating to other people 
and reflecting attitudes of respect and consideration for them. 
Personality characteristics grow out of experiences. 

A commonly accepted hypothesis holds that personality develops 
through adjustment to frustrations in experience. The way a 
person adjusts to being thwarted in obtaining the things which 
he craves either by nature or by habit makes his personality what 
it is. If frustrations become too numerous or too severe the 
individual may develop a feeling of inferiority and a defeatist 
attitude. If life becomes full of fear the individual may adjust 
by cringing and hiding or by adopting bullying attitudes to 
conceal his fear. If life becomes altogether too easy and the child 
is able to satisfy his cravings with no eflFort on his own part, there 
is no basis for developing strength of personality and the indi- 
vidual takes on attitudes of smugness and arrogance which are as 
socially undesirable as are sonic of the attitudes which develop 
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from excessive frustrations at the other end of the scale. Further- 
more, experiences which lead one to see new values, to discover 
exactness and order in matters which once seemed confusing or 
which had not been in the leal'n of one's experience at all, are 
successes which add positively to personality, A child's personality 
emerges from his adjustments to the experiences of home and 
school. 

Schools of the past have given altogether too little thought to 
the nature of this development of personality, and an overbalanced 
emphasis on subject matter has been the natural outcome of 
a theory of education which was sometimes expressed by the 
phrase, ''Knowledge is power," An overbalance of emphasis on 
knowledge as the sole aim of education and subject matter as 
its sole means of attainment may, without question, produce 
maladjusted oersonalities. On the other hand, personality does 
not develop in a vacuum. Furthermore, if the organized learning 
experiences oi the school must give way completely to unsys- 
tematic, life-like situations, then the school must face the possi- 
bility of finding itself outmoded and must be prepared to accept 
the proposal that life experiences are superior to those of the 
school and, consequently, our schools are unnecessary. But lack of 
schooling results in illiteracy, and illiteracy has such marked and 
well-known effects on personality that no one would pretend to 
defend it as an alternative. What the school must find is some 
mode of developing personality and at the same time of retaining 
some of the other necessary objectives of education, such, for 
example, as fund of understandings, of knowledge, and of skills 
required for complete living in such a world as this. If, as stated 
in our hypothesis, personality is the product of one's habitual 
method of meeting Irustrations and resolving conflicts, how is 
arithmetic related in any way to such personality development? 
Or, stated more generally, how can education of any kind con- 
tribute to the development of personality? 

The develoj^mcnt of personality depends upon an individuaPs 
modes of control of situations which produce frustration and 
conflict. If one is helpless in the face of such situations, there 
is no alternative to feelings of defeat, inferiority, and lack of 
self reliance; whereas, given a successful method of meeting 
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frustrations, the individual develops feelings of poise, assurance, 
and confidence, Education can contribute to these modes of 
control. 

Mathematics and quantitative relationships. One of the large 
areas of human experience has to do with quantity and with 
quantitative relationships. It is the function of nialhematics to 
contribute to one's ability to meet situations of this kind. Children 
who cannot read the clock are frustrated in making adjustments 
to social practices. Once they learn to read the clock they can 
avoid many frustrations by arranging their activities in acc )rdance 
with the necessities of a time schedule. Children who have not 
learned to count are excluded from participation in many activi- 
ties in which other children find much pleasure. Number plays 
a large part in the activities of even primary grade children. 
Because of the very basic and permeating character of mathematics 
it becomes a mode of control of increasing importance as children 
mature and the frustrations requiring control are as numerous 
in their thought experiences as in their overt behavior. 

The advantages mentioned in the preceding paragraph are 
seldom pointed out when arithmetic is criticized on the ground 
that it damages personality. Wlien this criticism is made it is 
asserted that arithmetic is dull, that it is abstract at too early a 
level, that it destroys interest, that it produces an aversion for 
school, and that it sets up habits of intellectual formality instead 
of vigorous mental responses. There is no doubt that all of these 
faults may be witnessed in some arithmetic classes. There is also 
no doubt that they may be found in some classes in any subject, 
The cause of these undesirable modes of response cannot be laid 
to arithmetic or to any other particular subject; they are the result 
of poor selection and organization of content, poor methods of 
teaching, and poor personahty of the teacher. Formality is an 
attitude of mind; it has no place in any proper scheme of educa- 
tion. Arithmetic, or any other subject, may be taught formally 
and the outcomes may be damaging or undesirable. On the other 
hand, arithmetic, or any other subject, may be taught with com- 
plete lack of formality when content and method are so planned 
that understandings are vivid throughout and so that the later ab- 
stractions are always the products of earlier concrete experiences. 
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In considering the relationship between arithmetic and the 
development ot personality, some specific charges should be con- 
sidered. 

Faults attributed to arithmetic. One ot the chief objections 
to arithmetic has been that it is too diflicult, that the percentage 
o( failures in the subject is too high, and that because of its 
difTiculty it causes children to dislike school in general. It is true 
that aritlmietic is more diflicult than some other more concrete 
forms of experience. In the very nature of the case arithmetic 
deals with abstract symbols, and dealing with abstractions is always 
more diHii ult than dealing with concrete experiences, On the 
other hand, no thinking person would deny that the special values 
oE arithmetic reside in the fact that it does deal with abstract 
relatioUvships. Quantitative relationships can be handled effec- 
tively by using arithmetical processes simply because so handling 
them makes it possible to abstract the essential quantuative rela- 
tionships from the great mass of concrete accompaniments and to 
save much time, effort, and confusion in arriving at the solution. 
Any good education leads toward abstract concepts no matter 
what is the field of activity. 

It is, of course, more difficidt to learn to divide by a fraction 
than to work out the same problem concretely through the use 
of sticks or counters, but the reason we develop abstract processes 
from concrete experiences is simply because, once they are learned, 
the abstractions furnish a much more economical method ol 
dealing with experience. However, there is no denying the fact 
that some difficulty is involved in learning any abstraction. Never- 
theless, to eliminate anything that is difficult on the ground of 
such statements as that quoted from Professor Lane, namely, 
**The good teacher never induces labor leading to the delivery 
of ideas or insight," is open to direct challenge, and to challenge 
on the very groimds that a complete elimination of labor trom 
the process of learning would be damaging in the extreme to 
personality development. 

One of the commonest adjustments which must be made in all 
kinds of life experience is the adjustment to ^vork. The necessity 
of work frustrates individuals in every conceivable kind of experi- 
ence. A personality that has never learned to adjust to a work 
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situation leaves much to be desired, Wiicn aritiimetic is iiandled 
by good teachers, and there are nian> of them, it furnishes an 
exceptionally good opportunity to develop personality charactci- 
isiicH of persistence, industry, and concentration, because in the 
very nature of aiithinetical operations the results of such activities 
are so clearly verifiable. Tlie previous senieiue is not a revival 
of a doctrine of formal discipline. The writer is not talking about 
the development of any hypothetical abilities or "faculties of the 
mind." but siujply about the establishment of generalized habits 
of reacting to frustrations of difliculty in the ways described. As 
has been previously pointed out. i)ersonality is merely the sum 
of these genernli/.ed habits which are the outcon>e of experience. 

The organization and grade placement of arithmeiic may be so 
poorly managed that the pupil is frustrated by work assignments 
entirely beyond his stage of maturity: but. on the other hand, 
niniiber experiences may be properly related to the developing 
maturity of children in such a manner that the dimculties imposed 
are stiniulating rather than depressing, and the chilil may learn 
the exhilaration of mastering a series of tneaningful experiences. 
It is because arithmetic has often been presented through barren 
drills rather than through meaningful experiences that criticisms 
of this type have appeared: but to throw out arithmetic because 
it is sometimes presented in too difTicult a fashion is like "throw- 
ing out tlio baby with the bath." 

Another criticism of arithmetic is that it often produces formal, 
meaningless responses from children, leaving them confused and 
with a feeling of dullness in the face of quantitative situations. 
There is little doubt that an overemphasis on speed in computa- 
tion. with die attendant large amounts of drill, may produce such 
mitcomes. This is no particular charge against arithmetic since 
it is doubtful whether any kind of content could have succeeded 
imder such methods of teaching. The outcome, however, is by no 
mean.s universal and there arc many persons, the products of our 
schools, for whom number operations are dear and tneaningful. 
Since the year H)30 there has been a most marked improvement 
in this particular respect and, as noted in the introductory chapter 
of this Yearbook, the position of this Committee is completely 
in accord with emphasis on meaning ajul understanding, rather 
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than on speed in computation. There are ample grounds tor this 
kind of criticism ol arithmetic hut certainly the alternative for 
the schools is not an ubaiulonnicnt of the teaching of the subject. 
Rather, it is the development ot a much superior kind of teaching 
of arithmetic. It is the improvement of teaching, rather than the 
criticism of poor teaching, which should receive the attention of 
school people. 

The position tak'Mi in Uiis chapter is that arithmetic has 
decidedly positive vaUies to olfer to the school's program of 
personality development. It can help children adjust to those 
types of frustrations which defeat all too many adults. Some 
illustrations may serve to make this point clearer. 

Some illustrations. In the writer s dealings with graduate 
students in education numerous cases have been encountered in 
which students have deliberately side .vpp'vl worth-while prob- 
lems because these problems involved some imderstanding of 
statistical concepts. They were frightened by any suggestion of 
the need for statistical understandings. ^I^hese cases have exhibited 
a great range of forms of adjustment, even to some students who 
have paid si/able sums of mt)ney to secure assistance on operations 
so simple that a few hours of intelligent study would enable any 
individual to understand them. Vet they expressed a feeling of 
utter inadequacy in the lace of any mathematical situation. They 
go throu^^h life with feelings of inleriority and dread simply 
because they liave not learned enough mathematics to enable them 
to beha\e intelligenily in quauiiiative situations. The damaging 
results of a lack of arithmetic in these cases are far more obvious 
than any damaging results which might accompany a serious 
attempt to inulerstand the subject. 

There are in this country a large number of women who, when 
they fhid it necessary to triple a recipe, measure out two-thirds of 
a cup of Hour three times rather than hazard the mental operation 
of "II(jw nuu h is three times tAvo-ihirdsr" K\ eryone knows per- 
sons who are afraid to dis{)lay their lack of ability at adding scores 
in a card game atul are much embarrassed by the fact that they 
are afraid to do so. Many other\vise intelligent citi?xMis throw up 
their haivls in surrender in the face of trying to understand the 
financial operations of even local government. Innumerable 
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people are caught in the trap oi iiistalhncnt buying because they 
do not know how to \sork out the simple arithmetic of rhe 
situation. Short-term loan agencies flourish on the patronage of 
people who never realize the exorbitant rates of interest they are 
paying until they are trapped by the impossibility of keeping 
pace with the rapidly accumulating size jI their loans. 

As Professor Wheat lias pointed out, **One can remain so 
ignorant of number as to be very complacent in the face of the 
problems and frustrations of modern life. Many people are 
fairly well-integrated personalities merely because they know so 
little about the demands which number relations make in a 
complex world. These are the 'Ham-ana-Eggers' and *Thirty- 
Dollars-Kvery-Thursday' people, On a low level of thinking, they 
may be very well integrated; with some understanding they are 
less so on a higher level; and with more understanding they may 
become integrated on a higher level/' 

Thus, one can see in every direction examples of frustrations 
caused by a lack of genuine understanding of the arithmetic of 
quantitative experiences. The arithmetic of the elementary 
schools has been inacleciuate for these purposes, It must be im- 
proved, not eliminated. 

Although the development of personality is an important obli- 
gation of the school, it is not an outcome \vhich can be produced 
by direct attack such, for example, as offering courses in person- 
ality, or teaching a person how to be self-reliant, or self^onfident, 
or "how to make friends/' This kind of direct teaching involves 
the danger of producing introverted prigs. It may result in 
changes in personality, but changes of an extremely undesirable 
kind. 

Personality adjustment through experience. Personality de- 
velops best through an education which gives the child experiences 
in meeting successfully the many kinds of frustrations which life 
brings to everyone. Many of these adjustments are of the imme- 
diate, personal kind — such as are encountered on the playground, 
at home, in life outside the school. The.se are important kinds of 
adjustments to which the school can undoubtedly give more 
intelligent consideration than it has generally given in the past, 
On the other hand, there arc extremely important kinds of 
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adjustments which can be made only by the mastery of some of 
the more important kinds ol understandings which the race has 
learned through long ages of experience. These understandings 
make up the content ol* the greater part of the school's curriculum. 
The strategy of education is so to organize and present these 
essential concepts that they can be understood in the relatively 
short number of years that an individual can spend in school. 

Schools should diifer from life in presenting these important 
understandings in a way very much superior to that afforded by 
life outside die school. But these understandings that make up 
the content of the curriculum are not something apart and 
separate from the development of personality. They provide the 
controls of frustrations from which personality characteristics 
emerge. The mastery of significant content is one of the most 
direct ways in which one may be aided in his adjustment to 
frustration. Certainly, the difference between the way a well- 
educated person reacts to the frustrations of life as compared to 
the way an imeducatcd, illiterate person reacts to them needs no 
emphasis to the readers of this Yearbook. The central issue here 
is: "Are the kinds of experiences \\hich have been organized into 
our so-called school subjects the best kinds of experiences which 
may be presented and is the organization and method of presenta- 
tion likewise the best?'' 

In reference to the subject of arithmetic the writer's position is 
that the mastery of mathematical relationships is essential in 
making many adjustments which eventuate in desirable person- 
ality traits. The arithmetic which the schools have been presenting 
is admittedly too formal, often poorly graded, often presented by 
methods ^vhich can be improved. However, the remedy for this 
situatici-i is not to eliminate it, but to experiment with it, to 
adjust i^ to the level of maturity of the child being taught, and 
to make it meaningful in the experiences of children. By so doing 
the school can make a valuable contribution to the development 
of essential elements of personality. 
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CURRICULUM PROBLEMS— GRADE PLACEMENT 

BY BEN A. SUELTZ 

STAT£ NORMAL SCHOOL, CORTLAND, N. Y. 



KiiTHMETic^ because of its service to the individual and to 



jTJl society as well, continues to occupy a significant position in 
the curriculum of the elementary school. In general, the cur- 
ricular problems pertaining to arithmetic are similar to those 
cf a decade and a generation ago. They originate with the recog- 
nition that arithmetic is important in the lives of intelligent 
citizens and with the observation that many of our recent 
graduates from the public schools are not competent in simple 
mathematical situations. 

GENERAL FACTORS IN ARITHMETIC CURRICULA 

During the past generation school curricula have become 
crowded. Schools have experimented with ''activity curricula" 
and with ''experience curricula** in an attempt to ease the situation 
and to make education more meaningful and pleasurable for the 
child. Since experimental curricula were found readily adaptable 
to the social studies and to certain phases of the language arts, 
these areas were frequently emphasized. The net result has been 
that arithmetic has suffered. Not only has arithmetic suffered in 
the amount of time devoted to it but also, and much more to be 
deplored, it has suffered in the mode of instruction and in the 
appraisal of its nature and function. Too commonly, teachers 
and school officers have viewed arithmetic as a group of skills 
which are to be memorized so that having been learned they are 
useful tools which are always readily available. Several chapters 
of this Yearbook present a sounder and more rational view of 
arithmetic and of better methods of teaching and learning. 
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This chapter will discuss such important questions as arise when 
a curriculum committee faces the tasks of selection, arrangement, 
and placement of arithmetic materials in a curriculum for the 
elementary school. In the main, the discussion will be based 
upon the implications of the position adopted by the Yearbook 
Committee. Naturally, however, the personal opinion of the 
svriter cannot be wholly excluded. In order that the reader may 
better understand later arguments, the breadth of aims in a 
modern program of arithmetic will be noted. 

Types of aims in arithmetic. Curricular problems as well as 
problems dealing with instruction and evaluation should be 
viewed in terms of the educational aims which are expected. The 
school that expects to achieve only temporary mastery of abstract 
computational problems faces a task different from diat of the 
school that has a much broader vision of the nature and function 
of arithmetic. 

Many diff'^rent arrangements and descriptions of the aims of 
arithmetic are possible. The following classification of types and 
kinds of aims shows briefly the scope of a modern program. 

1. Concepts and Vocabulary. This includes all the vocabulary 
items ranging alphabetically from add to zero, together with tlie 
ideas and concepts associated with these language elements. Con- 
cepts, as for example those of measures and fractions, should be 
rich in associations so that a child may gain ideas and visualiza- 
tions of size or value and of use. 

2. Principles and Relationships. This type of aim includes such 
principles as the mathematical equality, for example, of ten 
nickels and two quarters, the principle of place value in writing 
numbers, and all such relationships as the comparisons of numbers 
and measures. 

3. Social and Economic Information. In this class are found 
the many items of consumer information, such as "coffee is sold 
by the pound,'' the interpretation of statements such as "an 80 
ft. lot/' and such business forms as receipts and checks. 

4. Factual Information and Materials. This includes such items 
as the identification of geometric forms, the common facts and 
equalities of measures, and the simple number facts or combina- 
tions. This class is distinguished from the preceding one in that 
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here the information is more definitely in the realm of materials 
of mathematics, while in the former the information is more in 
the realm of applications of arithmetic. 

5. Piocesses and Manipulations. This type comprises all the 
computations ranging from simple addition through percentage 
and including work with fractions, with decimals, and with 
standard measures. 

6. Problems and Basic Thought Patterns. This group of aims 
includes the early associations of processes with arithmetical situa- 
tions, e.g., addition becomes associated with the situation of 
combining quantities. Common basic types of problems such as 
those associated with cost, nwnber, and price and with distance, 
rate, and time, as well as more specialized types of problems such 
as those occurring in percentage are included. 

7. Reflections and Judgments. Many types of reflection which 
are not always recognized as mathematical are here inchided. For 
example, extracting pertinent data from a situation or description, 
judging whether another's reasoning is correct, drawing inferences 
from data, comparing similar elements in different expressions, 
and seeing the relationship of two variables often require mathe- 
matical abilities not included in the usual arithmetic program. 

It is easily apparent that the above groups of aims are closely 
interrelated and that attempts to teach any one type will usually 
foster and extend learning of several other types. Again, each of 
the above groups is important because it contributes to intelligent 
participation in social, economic, and cultural affairs. A program 
or curriculum in arithmetic may be judged in terms of the extent 
to which it features all the broad aims in such a way that pupils 
will become able to think and to act intelligently in arithmetical 
situations. 

The aims and expected outcomes of a program of arithmetic 
should be divided and grouped in terms of the type of learning 
or the degree of mastery expected from the pupils. Three types 
or levels of learning may be anticipated by the teacher: 

1. For Permanent Mastery — the concepts, ideas, items of in- 
formation, principles, habits and patterns of thinking, and the 
computations which all of us need in the conduct of our affairs, 
e.g., subtraction, comparisons measurements, etc. 
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2. For Temporaiy Understanding — a considerable amount of 
arithmetic which is usually taught and frequently forgotten by 
the pupils but which may be readily relearned and is available 
for reference, e.g., lesser used facts of measurement and semi- 
technical computations. 

3. For Partial Understanding and Appreciation — mathematical 
ideas, principles, information, and processes which the ordinary 
citizen should know exist and which he should partially under- 
stand but the mastery of which is reserved for specialized workers, 
e.g., foreign currency, "case III" percentage, and finding the rate 
in an installment-buying problem. 

To be sure, curriculum workers »vill disagree on the content 
for each of the three groups or types of learning to be expected. 
Some committees may wish to go much further and designate 
levels of learning for different groups of pupils. However, having 
recognized a problem, a curriculum committee should seek an 
answer. The solution involves such factors as the pattern of 
education which is dominant in the school, the committee's ex- 
perience with and insight into arithmetic, the committee's knowl- 
edge of the learning activities of boys and girls, and similar 
elements which affect any phase of learning. During the next 
decade much progress should be made in the reclassification of 
aims of arithmetic in tei ns of the types and kinds of learning to 
be expected. Too frequently teachers attempt to teach for perma- 
nent mastery all the materials in a textbook. Many textbooks 
have already adopted plans, such as starred items or sectioned 
pages, in order to provide different types of materials for different 
pupil abilities. 

Trends in elementary education* Obviously, the organization 
and the pattern of the elementary school together with the 
methods of teaching and learning employed therein affect the 
curriculum. They influence the selection, the organization, and 
placement of materials as well as the effectiveness of learning. 
In order to show how the type of school affects the learning of 
arithmetic, three generalized types of school organization will be 
described briefly. 

1. The Traditional School. The traditional school is divided 
into grades in which children study such subjects as reading, 
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arithmetic, science, and literature. These school subjects are 
divided into sections so that in each school grade a pupil is 
expected to learn certain definite things. The pupil is pr jmoted 
from one grade to another in terms of his achievement in the 
school subjects. The curriculum of this traditional school is 
organized according to the school subjects. 

2. The "Activity-Experience" School. \Vhile individual schools 
of this type differ markedly, they are similar in that school 
subjects are of importance only as they contribute to the larger 
activities and experiences in which the pupils engage, ^''/pically 
the pupils of a fourth year might be studying transportation or 
communication and while doing this they learn such reading and 
arithmetic as are encountered in the investigation of the topic 
of transportation or communication. Subject matter as conceived 
in the traditional school is secondary. In the "activity-experience" 
school the curriculum is usually expressed in terms of experiences 
rather than achievement in subject fields. 

3. The "Combination" or "Fusion" School. Many schools are 
attempting to combine or fuse the better elements of the tradi- 
tional school with those of the "activity-experience" school. This 
is frequently clone by organizing the curriculum in terms of 
subjecl-matter sequences and goals and adopting "activities" and 
"experiences" when these contribute toward the achievement of 
the subject-matter goals. Occasionally the lower grades of an 
elementary school follow the "activity-experience" pattern, while 
in the intermediate and upper grades emphasis is shifted gradu- 
ally toward a more traditional pattern. 

The large majority of elementary schools in the United States 
follow the traditional pattern. A growing minority arc of the 
"combination" or "fusion" type. The general trend is toward 
humanizing education and making it more meaningful to the 
pupil. In arithmetic this means a reappraisal of both content 
and method in terms of their social, economic, and cultural 
significance. 

In the more common traditional school organization, the 
arithmetic curriculum is built around the logical sequences and 
mathematical dependencies wliich characterize the processes of 
arithmetic. Because these logical relationships are so evident to 
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one who understands arithmetic, they frequently lead a teacher 
to regard the subject as an abstract science of numbers. As a 
result teaching may become stereotyped and the aims may be 
narrowed much more than is desirable. The mathematical rela- 
tionships of arithmetic aid greatly in the development of meaning 
in processes and computations, but they alone will not ensure 
that pupils grasp the social and economic significance of *^heir 
learning. 

In the main, investigations of curriculum problems during the 
past twenty-five years have dealt with arithmetic in the traditional" 
school. They have dealt with selection, organization, and grade 
placement of subject matter, and this has usually been a narrow 
interpretation of subject matter. Curriculum makers are still 
puzzled over the problem of giving breadth, meaning, and sig- 
nificance to arithmetic teaching. A curriculum may suggest that 
teachers capitalize upon and enlarge the mathematical experiences 
of their pupils in order to help them to sense and to resolve 
mathematical situations in the real world, but it cannot guarantee 
that these things will be done. That is a responsibility that must 
be shared by teacher education and by school administration. 

In "activity-experience" schools the learning of arithmetic de- 
pends in large measure upon the wisdom and judgment of the 
teacher. Arithmetic becomes a secondary aim and frequently a 
very casual one. Two weaknesses of this type of school are 
apparent: first, pupils and teacher alike are likely to miss an 
important mathematical situation because they are unfamiliar 
with it and its implications; and second, pupils and teacher are 
likely to investigate a situation or problem and attempt to master 
it without regard to its place in a sensible mathematical sequence. 
Furthermore, the investigation and study of a topic such as trans- 
portation in all its aspects does not provide for the intensive 
study that is needed to learn to master a mathematical process. 

The "activity-experience" curriculum may serve very well for 
the early stages of the development of concepts and for giving 
social and economic significance to much of arithmetic. However, 
if fuller comprehension and genuine usefulness of processes is to 
be achieved, a definite program of instruction in arithmetic is 
needed. The issue reverts to the aims of the school. In "activity- 
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experience" schools, if arithmetic is to be learned, the teachers 
must know when the mathematical element in an "activity" should 
be assumed or furnished and when it should be thoroughly 
investigated and studied, l^eachers in these schools should possess 
a broad knowledge of the nature and uses of arithmetic. 

In schools that follow a somewhat traditional pattern but also 
draw freely upon the values of pupiTs activities and experiences, 
a fine type of arithmetic learning may be achieved. This is possi- 
ble when a good curriculum is being carried out by a well-educated 
teacher who knows how and when to use the logical relationships 
of arithmetic and when social experiences should assume domi- 
nance. In all types of schools there are many different ways of 
approaching and achieving learning. Some teachers excel in one 
approach while others prefer another. One method may appeal 
to certain children and not to others. 

The organization of a school should be sufficiently flexible so 
that teachers may capitalize upon their own particularly suitable 
methods of teaching. Similarly, curricula for various subject fields 
should allow for differences of treatment and modes of learning. 
Procedures may become quite as stereotyped in an ''activity- 
experience" school as in any traditional school. Both types offer 
advantages. The future will probably v;itness a fusion of the two 
in such a way that each may best contribute toward the education 
of boys and girls. 

QUESTIONS CONFRONTING SCHOOLS 

Despite divergence in organization of schools and in philosophy 
of education, certain questions concerning the nature and place 
of arithmetic in the whole curriculum arise repeatedly. Most of 
these problems and questions cannot be answered categorically. 
At best, any discussion of questions pertaining to the curriculum 
reflects the ideals and experiences of the writer. 

The more commonly asked questions that deal with arithmetic 
in the school curriculum will he stated and discussed in three 
groups: (1) those dealing primarily with the selection of content, 
.(2) those dealing with arrangement and placement of materials, 
and (3) those dealing principally with instructional problems. 
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Inasmuch as several chapters of the Yearbook deal with instruc- 
tional problems, the discussion here will be very brief. The 
general aim is to direct thinking, rather than to offer specific 
solutions. 

Selecting the arithmetic content. In selecting the arithmetic 
content several questions may be asked: 

1. Who should determine the nature and scope of the arith- 
metic curriculum? What part should the pupils, their parents, 
the teachers, school officers, and curriculum specialists share in 
this job? 

Perhaps the best answer here is that those who understand most 
about the job should be entrusted with it. The amount of arith- 
metic or of any field of study in the whole curriculum is de- 
pendent upon its importance in the lives of people. Hence, those 
who make the decision ought to be qualified to sense and to 
interpret the mathematical elements in our social, economic, and 
cultural activities. Building a curriculum in arithmetic is like 
building a bridge. A specialist may be called in to design a 
bridge but his utility is slight unless he understands modes of 
construction and strengths and values of materials. In general it 
is perhaps best to build a ^<0rriculum through the cooperative 
efforts of school officers and teachers who understand both children 
and arithmetic. To date, the problems concerning curriculum 
making are largely in the realm of personal opinion. It should be 
an informed opinion. 
. 2. Is there too much arithmetic in the elementary school? 

This question has several aspects. Perhaps some of the arith- 
metic now commonly taught in the elementary school should be 
shifted to the high school. Such a suggestion is made in Dr, 
Benz' chapter of the Yearbook. Certain phases of arithmetic, such 
as the uses of percentage and computations of volumes and 
capacity, have greater utility for adults than for children. Certain 
processes, such as some calculations of interest and the indirect 
cases of areas and volumes, are fairly difficult for elementary school 
children but not for high school children. Many teachers feel it 
would be highly desirable to lessen the arithmetic load in the 
elementary school by transferring some of it to the high school. 
Arithmetic was at one time taught in the college. 
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From another point of view several school people have charged 
that the elementary school is attempting to teach more arithmetic 
than anyone needs. Certainly, this charge is open to debate. No 
doubt certain schools are spending too much time on some phases 
of arithmetic, but the general achievement in a broad program 
of arithmetic is not satisfactory. This is attested by the cumber- 
some and frequently erroneous arithmetical procedures used by 
our public school graduates when they enter a simple vocation. 
We should not lose sight of the purpose for studying arithmetic, 
i.e.> to educate boys and girls to become more self-reliant and to 
think and act more surely and correctly when they encounter a 
mathematical situation. 

The amount of time devoted to arithmetic should depend upon 
the amount of arithmetic to be learned and also upon such 
psychological factors as the difficulty of learning. These are rela- 
tive matters and as yet must be determined largely by personal 
opinion. In general, in conventional schools, the time devoted 
to arithmetic is approximately 10 per cent of the total school day 
(including play periods). 

3. // a child does not encounter arithmetic or see a need in 
learning it, then why should he bother to learn it? Should a 
child learn things in the elementary school when his greatest need 
or use of them will come in adulthood? 

All children encounter arithmetic even though they may not 
recognize it. Is it not true that we sense and appreciate better 
the things we have studied and understand? In 1928 when every- 
one seemed prosperous, a matron said to her child's nursemaid, 
**Just see that Bobby has the rudiments of walking; he will always 
have plenty of cars.'' In 1941 this same Bobby is walking to a 
public school. We should not be similarly shortsighted in respect 
to arithmetic. 

If education could be continuous, it might be desirable to post- 
pone many things now taught in the elementary school until the 
social or vocational need for them arose. However, it would seem 
somewhat unwise to postpone learning to swim until after the 
boat has capsized. A sensible procedure is followed in many 
schools in respect to percentage. In the upper elementary school 
grades the basic concepts, ideas, principles, and computations are 
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learned in relation to situations (hat appeal to children of this 
age level; the more difiicult and complex phases are omitted. 
With this background a pupil is prepared to meet the ordinary 
simpler uses of percentage and he has a reliable foundation upon 
which he may, at a later date, build more technical applications. 

Society expects intelligent behavior from its members. A part 
of this behavior is dependent upon mathematical knowledge. 
When the whims of the individual conflict too strongly with the 
expectations of society, the individual should yield. This is a 
basic tenet in the compulsory attendance required in our public 
schools. 

4. Hoiu should the arithmetic content of the curriculum be 
selected? Should the content vary for different communities? 

A close relationship exists between textbooks courses of 
study in arithmetic. Until about 1900 courses of study or curricula 
were very brief and fre(iuently merely refened to pages of some 
particular textbook. Since 1900 a reversal has taken place and 
now textbooks are presinnably based upon well-known courses of 
study. In fact, however, since the personnel of authorship of 
textbooks and .urricula are frequently the same or at least repre- 
sent the same point of \ic\\% a reciprocal relationship bet\veen 
curricula and textbooks exists. Since both textbooks and curricula 
are intended for use by teachers, they are usually pref)ared with 
a content and treatment with which many teachers will be synv 
padietic. Occasionally both texts and curricula are prepared in 
light of information collected from teachers in the field. Directly 
and indirectly the teacher exerts a considerable influence on 
both the content and the treatment of materials in a curricidum. 
He exerts a more inclividualizcd influence when he decides how 
he himself will teach and when he personally emphasizes certain 
phases of the prescrtKod content. In some schools the teacher is 
practically free to determine his own curricuhmi. 

Several survey tcchniciues have been employed by curriculum 
coinmittees in an attempt to be more scientific in selecting the 
content of arithmetic. In fj;cneraK the earlier surveys tried to 
discover wliat aiithmetic was most conmionly used by adults. 
More recent surveys have ti ied to classify the activities of children 
at various age levels, Two weaknesses are likely to appear in the 
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survey of adult uses of arithmetic. Firsti both the surveyor and 
the one whose uses of arithmetic are being surveyed may not recog- 
nize all the mathematical situations and uses employed by the 
subject; and second, the surveyor and the surveyed may not sense 
all the potential functions of arithmetic that might be used if the 
person surveyed Nverc better educated in arithmetic. This is 
apparent \vlien one who knows arithmetic as a broad field observes 
an ordinary adult in both conunonplace and novel situations. 
The surv^ey of children's activities is subject to the same types of 
error. 

A comprehensive survey of the actual uses and all the potential 
usi?s of arithmetic in tlie lives of people ranging in age from t\vo 
years through adulthood would offer many suggestions to cur- 
riculum makers. Such a survey should include all phases of arith- 
metic in the cultural as well as the social and economic life of 
the individual. From the mass of data collected the curriculum 
worker would seek an organizing principle. The most apparent 
and probably tlie most reliable principle for educational purposc\s 
would likely be the logical relationships and sequential char- 
acter of much of the data. Huving determined what materials 
are desirable for basic objectives the curriculum \vorker \vould 
next study the functional relationships in order to determine a 
sensible tcacliing sequence. Textbook writers and curriculum 
makers frequently employ the results of informal studies of actual 
and potential uses of arithmetic. 

Although the uses of mathematics may vary somewhat from 
one community to another, the basic mathematics involved is very 
similar. Hence, it is doubtful if arithmetic curricula should dif- 
fer noticeably in content although they may differ considerably 
in method and in arrangement. Since the same textbook is often 
used in widely separated communities and since textbooks fre- 
quently become the actual curriculum, the same arithmetic con- 
tent seems to suffice. From another point of view, producing a 
play on Broadway requires the satne basic additions, multiplica- 
tions, and percentages as producing a crop of wheat in the 
Dakotas. The mathematical concej)ts may be different in the 
two fields of production, but both fields require reasoning and 
judgment and many other types of mathematical thinking. 
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The selection of content for ''activity-experience** schools is 
approached somewhat clifTerently from the procedures used in 
more traditional schools. For the activity-experience school it is 
particularly iniporiani to formulate the aims and objectives in 
respect to arithmetic even if arithmetic is considered of secor 'ary 
importance to the ''activities" and ''experiences." It is not suffi- 
cient to say that a child will learn the arithmetic which he en- 
counters in a study of transportation or some other activity. As 
has already been pointed out, neither the child nor the teacher 
may be particularly alert to the arithmetic in the situation. For 
this type of school a chart of sequential learnings in arithmetic 
may be prepared so that teachers may know ^vhcther or not it is 
wise to pursue some particular phase of mathematics. Such a 
chart is useful also when it is found advisable to make an in- 
ventory of the pupils' arithmetical learnings. If it is found that 
the regular "activity-experience'* program dov not provide for 
all the desired learning of arithmetic, then a special program in 
arithmetic should be provided. 

Arranging and placing the arithmetic content. The arranging 
and planning of the arithmetic content present these problems. 

I. Haue lof^ical and mathematical considerations played too 
prominent a role in the organization of arithmetic curricula? 

A curriculum that is organized in terms of the computational 
skills of arithmetic is necessarily a logical one. Most teachers real- 
ize that the process of division, for example, depends upon the 
processes of addition, subtraction, and multiplication, and there- 
fore division is sensibly learned after the other processes. How- 
ever, it is possible to begin division before all the usual abilities 
with the other processes have been achieved. The arrangement of 
a desirable sequence for teaching arithmetic must involve the 
logical dependencies of one process upon another. Other phases 
of arithmetic, as for exam})le concepts, information, and prin- 
ciples, are usually related to processes and to that extent they 
should be studied in their mathematicnl relationships. Frequently 
greater meaning and significance are achieved when a phase of 
arithmetic is studied in relation to the soc ial or economic situa- 
tion in whidi it commonly occurs. 

The topic of percentage will serve to illustrate how an'-' when 
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logical velatioiisliips are useful in developing a new process. 
To find a per cent of a number, most people convert the per cent 
rate to a decimal or to a fraction and then proceed to multiply. 
Hence it is necessary that work \<iih fractions or decimals must 
have preceded this phase of percentage. Furthermore, sincr: cer- 
tain exercises dealing with this type of percentage are simpler 
when done with fractions and others are easier when done with 
decimals both methods should be learned. Other process phases 
of percentage illustrate this same mathematical dependence upon 
fractions and decimals. Computations with decimals follow the 
same pattern as the corresponding computations with whole num- 
bers. In this way, by tracing the mathematical dependencies, a 
teaching sequence is developed. On the other han'\ the topic 
of percentage also illustrates how some phases of arithmetic need 
not follow the same sequence as the process phases. The con- 
cept of percentage may be rather well developed with only a small 
knowledge of fractions and no knowledge of decimals. For ex- 
ample, the fourth grade boy who lias learned that 4 per cent 
means **four out of a hundred'' and who then reasons that this 
is the same as **two out of fifty'' and "one out of twenty-five" 
and "eight out of two hundred" has grasped ihc fundamental idea 
of percentage, 

Schools of the **activity-experience" type frequently get into 
difficulty when they ignore the logical relationships of arithmetic. 
Consider the predicament of the supervisor from such a school 
who said, **Of course I would teach long division in the second 
grade if the pupils encountered a need for it/' Planning when to 
teach a topic is like bidding in contract bridge: one must know 
when not to bid as well as how and when to bid. 

Logical relationships frequently facilitite learning and hence 
become elements of the methods of teaching. In general, when- 
ever the logical relationsliips of mathematics aid. better than any 
other means, in the development of meanings and understandings 
and in the facilitation of learning, then the logical relationships 
should be employed. In actual school practice it is found that 
some teachers prefer and excel in one approach while other 
teachers prefer another. Most teachers use a combination of 
methods and devices to ensure that their pupils develop mean- 
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ings and at the same time grasp the social and economic sig- 
nificance of their learning. Dr. Thiele states in his chapter deal- 
ing with arithmetic in the primary grades that the number system 
and number meaning are developed by using logical relationships 
together with concrete experiences with numbers, 

2. Are there age levels at xvhich children learn certain types of 
arithmetic better than at other age levels? 

We have no evidence to sho^v that a nine-year-old child will 
learn, for example, multiplication facts more readily than an 
eight-year-old child or a ten-year-old child, when age alone is 
considered. Other factors such as previous experiences with num- 
bers and associations with the idea of multiplication are more 
important. Mental maturity, which is a function of both age and 
experience, bears some relationship to ease of learning. We have 
numerous instances to show that a twelve^year-old c^uld can learn 
a given amount of arithmetic in a traction of the time that is 
usually required for an eight- or nine-year-old child. Similarly 
ten-year-old children who have not previously attended school 
hav e learned to read as well in six months as six- and seven-year- 
old children leain in two years. The implications of these cases 
are interesting and need to be studied by curriculum makers. 
So many factors enter into learning that it is difficult to draw 
valid conchisions in rclatif;n to a single factor, 

■i. Should aritlitnelic be taught in the kindergarten and in 
grades one and Ixvo? 

Whether or not the school plans to teach arithmetic in these 
grades, the children will learn it. F.vcn at the ages of two and 
three years, normal children are developing ideas of size, amount, 
and mnnber, and are makirig \is\Kil and mental as well as manual 
comparisons. Similarly in the kindergarten concepts of size, of 
shape, of amount, and of number are being developed in relation 
to the things which the children see and handle. These con- 
cepts and associations with thciu precede the stage when it be- 
(onies necessary to read and write figures. Opportunities for 
thinking and for the exercise of judgment frecpiently occur in 
the kindergarten. The wise teacher capitalizes these with the 
pupils. For example, instead of direciing several pupils to get one 
large and two small mats ftjr the playroom, the wise teacher 
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will let the children experiment with the size and shape of rugs. 
In that way mathematical ideas of size and shape are fostered. 

In many schools number records are started in the first grade 
and counting with meaning is developed. In many cases the arith- 
metic is based upon the normal experiences of the children 
around the school. The role of the teacher is to recognize the 
uses of nimibers and assist his pupils in the formation of concepts 
and of principles of numbers and the number system. While 
pupils begin to organize and to systematize their learning at an 
early age level, mathematical sequence in learning is probably less 
important here than at later stages, A great deal of information^ 
particularly about measures and their uses, is usually learned in 
grade one. Definite goals for attainment in this grade need not 
be set. However, it is desirable to record the arithmetical learning 
of the pupils at the end of the grade. 

Practically all children who enter grade two have already 
learned a number of addition and subtraction combinations even 
though none were previously taught. Many teachers chart the ad- 
dition combinations that have been learned and then proceed to 
develop new combinations through association with those already 
learned and with the aid of concrete materials. Information, con- 
cepts, and mathematical principles are involved in many of the 
affairs of children in the second grade and hence are available 
for study. A description of the arithmetic learning of children 
at this age level is given by Agnes Gunderson in The Mathematics 
Teacher for January, 1940* 

A systematizing of learning appeals to children in the second 
grade. It appeals to their intelligence and helps them to sense the 
relationships and importance of what they are doing. A program 
that begins to organize the learning of arithmetic need not be 
formally carried out. In fact, the approaches to learning and the 
methods by which it is achieved may be quite as important as the 
usual goals. The writer believes that broad and definite goals in 
arithmetic should be attained in grade two. 

4. Is it possible to arrange a curriculum in terms of successive 
units or activities ^nch as the post office, transportation, com- 
municalion, and providing shelter? Wiil such a curriculum assure 
the learning of arithmetic? 
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Such curricula are in operation in a number of schools and 
to some school people they are entirely satisfactory. It is a ques- 
tion of aims of education. Whether arithmetic can or should 
be learned in such a curriculum is another matter. Much depends 
upon the teacher. He may find it entirely possible and even very 
favorable to teach arithmetic by such a curriculum in the lower 
grades. 

A topic such as communication may be fitted into a curriculum 
for five-year-old children or it may be suitable for fifteen-year-old 
children or twcnty-five-year-old adults. Its place in a curriculum 
sequence depends upon the basic subject matter involved and 
what is done Avith it. From the mathematical point of view the 
topic might be limited to a study of the size, shape, weight, and 
postage of letters. On the other hand bracket functions, the 
principles of curve fitting, and diFerential and integral calculus 
may be needed if one wishes to study the more complex phases 
of communication. 

The broad aims of arithmetic as previously described in this 
chapter cannot be achieved in the **activity-experience** treatment 
of topics such as transportation unless definite provision is made 
for systematic instruction in arithmetic. This is true particularly 
when processes are being learned. It is true also if the modes of 
learning are considered important in the aims or goals of learning. 

5. HoiO should the grade placement of the subject matter of 
arithmetic be determined? 

lliis question is complicated by many factors Avhich bear upon 
the curriculum, factors which frecjuently are solely matters of 
opinion. The nature of the curriculum, of the organization of the 
scliool, the scope and function of the curriculum, the methods 
of teaching, ihe modes of learning, and the promotional policies 
of the school, all affect the problem of grade placement. All the 
factors ^^'hich influence the ediciency, rate, and amount of learn- 
ing indirectly affect grade placement. For example, a school tliat 
has five twenty-minute periods per week devoted to arithmetic 
in grades three and four will not normally achieve as much as a 
school having the same number of thirty-minute periods. This 
affects grade placement in subsequent grades. Likewise, a school 
which promotes all its pupils annually on a basis of chronological 
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age is likely to have an accumulation of difTiculty in arithmetic 
and will need a placement in certain grades different from that 
of the school that holds its pupils to certain definite standards in 
each grade. Arithmetic learning accumulates and any force that 
affects this accumulation in turn affects grade placement. Grade 
placement is in fact a secondary problem, secondary to the one of 
discovering a good teaching sequence. 

In most cases personal opinion has determined the grade 
placement of the materials of arithmetic. Personal opinion has 
value particularly if it is tempered with knowledge and experi- 
ence and then further tested by the experiences of many other 
competent workers in the field. That was the procedure used in 
preparing the chart of grade placements which is found in the 
New York State Syllabus (19 -57) , Because of the many factors tliat 
enter into grade placement, it is doubtful if at the present time 
opinion should or can be replaced by research. To illustrate, 
research may determine the lowest age or grade level at which 
an arithmetic topic can be learned readily, but we may not wush 
to place the topic at that levc'. Likewise, research may seek to 
determine die optimum mental age for learning a topic but that 
criterion alone is not sullicient. People do not agree on the 
interpretation of "optinumi mental age" nor do they agree on 
how to use optimum mental age if it were found. This is illus- 
trated by considering division. Simple division problems can be 
solved informally by pupils who have learned multiplication facts 
in the third grade. Rut certain exercises with two-figure divisors 
prove difficult for seventh and eighth grade pupils. The cur- 
nculum maker might wish to spread division over five school years 
in ord'^r to adjust the materials to the difficulty of the work, as he 
interprets this difficulty, but he soon realizes that other considera- 
tions are worth noting. The inherent relationships of division 
suggest that it is a "unit topic'' and perhaps should be so con- 
sidered in the curriculum. Also, division is a very useful process 
which if delayed until grade seven would hami)er the activities 
of the learner. Obviously the curriculum maker must weigh fac- 
tors and use Iiis judgment. 

An intriguing approach to the problem of grade placement 
is through a study of pupils' interests and activities to see whether 
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certain interests persist for children of a given age. If positive 
results %vere obtained in such an inquiry, they would have to be 
carefully scrutinized by the curriculum maker in order to see if 
the mathematical content of the successive interests of the pupils 
was related to the necessary sequential pliases of arithmetic. 
Arithmetic is the one school subject tiiat is full of logical rela- 
tionships and matiiematical dependencies that facilitate learning 
and give meaning to it. 

Researciies dealing phases of the problem of grade place- 
ment are not lacking. They have suggestive value for tiie curricu- 
lum maker but none of them have attacked the ^vho]e problem. 
Many of these research studies have been classified by Brueckner 
in his chapter, "The Development of Ability in Arithmetic/' in 
the Thirty-Eighth Yearbook (1939) of tiie National Society for 
the Study of Education. Using these studies in part, Brueckner 
has set up '^stages of gro%vdi'* in arithmetic and the corresponding 
grade level at which these stages are reached. It is interesting to 
note that Brueckncr's '^stages of gro\vth'' are in reasonable agree- 
ment with current curriculum practice. 

In the same Yearbook, Washburne discusses **Tiie Work of the 
Committee of Seven on Grade Placement in Arithmetic.'' The 
Committee of Seven sougiit to determine optimum mental ages 
at which ciiildren can lenrn various arithmetical processes. As 
pointed out by Washburne tiie conclusions of tlie committee 
should be checked by otiiers. In checking these conclusicms with 
pu})ils in New York State tiie writer has found variations as high 
as one and one-half years from the grade placements suggested 
by the Committee of Seven. These discrepancies do not invalidate 
the work reported by Washburne because the two studies differed 
in scope, in metiiods of teaciiing, in tests for evaluation, and prob- 
ably in many other respects. The important point to note is diat 
any of tiiese researcli conclusions that are based u])on tiie learning 
of children are valid only for the specific factors involved in tiie 
particular researdi. Factors which define a study of this type and 
wliicli limit its conclusions arc: (1) the interpretation of descri]> 
tive terms sucii as "optimum mental age/' (2) the amount of 
previous learning of the pupils, (.S) the metiiods of learning pre- 
viously used by die pupils, (4) the metiiods of teaching used in 
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the research, (5) the avenues and materials of learning employed 
by the pupils, (6) the amount and distribution of lime, (7) the 
measuring instruments and the way in which they are used, and 
(8) the interpretation of results. If a curriculum committee wishes 
to use the results of a study based upon the learning of pupils, 
it should also expect to use all the factors and interpretations 
employed in the study. 

As stated at the outset, the problem of grade placement is very 
complex. It involves many factors that operate simultaneously. 
It would be a mistake to determine a grade placement upon any 
single issue. Curriculum committees should consult the available 
research but finally they will have to settle by opinion and experi- 
ence the most important questions involved in grade placement. 

6. What factors are important in selecting a desirable arrange- 
ment for teaching arithmetic? 

The most important factor to be considered in selecting an 
arrangement or sequence for teaching arithmetic is the mathe- 
matical relationships which when used make it easy to progress 
from one phase to another. In the main these relationships are 
found in two categories: (1) those within a topical sequence, and 
(2) those that join one topical sequence to another. To illustrate 
the first with the topic of addition, in the early stages a child 
develops ideas of combining and he learns to combine small 
amounts by using real objects and by writing nimibers and com- 
bining the numbers. Based upon these early ideas and abilities 
it is easy to progress to harder number combinations, to "decade 
addition,'' to simple column addition, and finally to the addition 
of several columns with "carrying.'' Even within the arrangement 
given here it is possible to make several slight shifts. Rut the 
various abilities or stages of learning addition are functionally 
related and these relations should be used in teaching because 
they give meaning to the process. The second type of relati:mship, 
that which joins one topical sequence with another, is well illus- 
trated by division. The process of division actually uses addition, 
subtraction, and multiplication. These three processes do not 
occur in exactly the same way in which they occur in the ordinary 
exercises of addition, subtraction, and multiplication but, having 
learned them previously, a child readily uses them in the new 
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operation of division. It is sensible to use these relationships 
wlicn planning a sequence tor teaciiing. 

The non-process phases of arithmetic are also related but to a 
much less degree than the processes. Logically one might assume 
that inch should be learned before foot anci yard but this is not 
necessarily so. (Hassification of measures according to use is a 
more naiuial learning procedure and teaching sequence than 
classification in relation to size. The comparison of measures, 
however, depends upon previously developed concepts of the 
measures involved and if the comparison is to be an exact one it 
depends also upon a process with numbers. Teachers who are 
acquainted with arithmetic readily distinguish the necessary de- 
pendencies which facilitate the learning of arithmetic. 

Studies of relative difficulty of operations have been used to 
arrange a teaching sequence from the easy exercises to the more 
diflicult. As McConnell points out in his chapter dealing with 
the psychology of learning arithmetic, these studies of **error ' 
and of **difliculiy" are founded upon assumptions and methods 
of leannng that are questionable. In general, if no other factors 
are involved, a teaching secjuence might follow the order of diffi- 
culty. Teachers will note, however, that the order of difficulty 
found in an experimental study represents a statistical average 
and that many of the pupils in any particular classroom deviate 
widely from the statistical average. 

In arranging the teaching sequence, other factors such as **in- 
teres*", appeal'' of materials and **stages of growth" of pupils 
should be considered, to the extent to which they have been 
investigated and found reliable. However, if such factors conflict 
with the necessary mathematical dependencies the Ir.tter should 
be selected as the organizing principle. 

Instructional problems that affect the curriculum. Among 
these pro ^lems are the following: 

1. How do differenl inslYuctional procedures affect the cur- 
Acidum? 

Since diflerent instructional procedines result in different kinds, 
amounts, and rates of learning, they must affect the kind of 
arithmetic, the amount of arithmetic, and to some extent the 
placement of the arltlimctic in the curriculum. Because of the 
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cumulative nuture oi aritliiuetic learnings, instructional proce- 
dures probably have a greater effect upon the arithmetic in inter- 
mediate grades and upper grades than on that in the lower grades. 

The job, then, of the curriculum maker is to find the type of 
teaching procedure that best fits the materials of arithmetic and 
the age levels of the pu{)ils. Probably rather different procedures 
should be used in grades two and seven. The whole matter of 
individual differences in both pupils and teachers enters into 
the choice of method. 

2. What values are attached to the practice of ''stretching" 
topics over several school years? 

Our earlier arithmetics were arranged topically and logically 
and for many yenrs a topic such as fractions or division constituted 
the major work for a school year. Two criticisms of this practice 
were raised: (1) lack of continued work with a topic resulted in 
forgetting, and (2) while some phases of a topic were easily learnc ' 
others proved very difficult. In order that the difficulty of learn^ 
ing materials might better fit the abilities of the pupils, schools 
have gradually spread or stretched the content of topics so that 
at the present time study of the topic of division is spread over 
several ;ears. This can be done without violating necessary log- 
ical sequences. Many teachers feel that this practice results in 
better learning and happier children. Obviously, ho^v•ever, the 
practice of ''stretching * topics should not be carried to extremes. 
For example, it might be found in an investigation of difficulty 
that certain division exercises with two-figure divisors proved 
more difiicult than similar exercises with three-figure divisors but 
that fact alone should not place them in different grades or the 
one after the other. 

3. What curricular arrangements can be made in order to pro- 
vide for individual differences among pupils? 

Ideally, every pupil should advance at his own best rate of learn- 
ing. Practically, however, that is dilficult to arrange in a public 
school when thirty or more pupils may be assembled in a single 
classroom. Teachers are fa.niliar with plans for individualizing 
instruction, as for example the Dalton Plan and the Winnetka 
Plan. The test of any plan or organization of this type is in the 
effect it has on the behavior and learning of the pupils. 
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In larger schools ^vhere pupils may be placed in "ability 
y groups" the instructional job of the teacher is somewhat simpli- 
fied. The pupils in the higher-ability group may progress farther* 
faster, and by different methods than the slower pupils. However, 
withui any group of pupils, differences of kind as well as of 
amount and degree of intelligence will be apparent. 

The policy of grouping pupils according to chronological age, 
together with the practice of promoting all who are socially ad- 
justed within the group, has made it exceedingly difTicuIt for 
teachers to maintain reasonable levels of achievement in the 
school subjects. This situation can be resolved only in terms of 
the aims of education. Teachers should not expect to achieve 
goals that the school ofTicially neither expects nor provides for. 
All too often teachers are disheartened when a superintendent 
desires goals such as cooperation, adjustment, happiness, while the 
parents expect their children to learn reading, writing, arithmetic. 
This is a curriculum problem each connnunity must solve. 

Some schools are meeting the problem of individual differences 
through individualized instruction with the aid of primed nia- 
terials such as workbooks. In the hands of a skillful teacher who 
has a relatively small number of pupils, this plan is successful. 
It must be noted that printed materials are not real objects and 
the situations provided in print are only vicarious. The typical 
workbook is particularly suitable for the drill and practice phases 
of learning arithmetic:. While the child is in school he has a 
right to receive the best materials and avenues of instruction that 
are available. The teacher should assume his role as a guide and 
teacher and not delegate his greatest opportunities to a work- 
book. Pupils who progress without frequent guidance by a teacher 
frequently learn a wrong method instead of a correct one. 

The whole matter of individualizing instruction might better 
be viewed as a problem of individualizing learning. A curriculum 
might provide for different amouius and different kinds of learn- 
ing for various types of pupils. The final success of any plan of 
individualizing learning depends up(m the teacher. 

4. The ''aclivily'exljrricncc*' curriciihim has pKWcd very valu- 
able in leannnii; the social studies and the lan^j^iiU}^e art.\ so why not 
adopt it for arilhnielic? 
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Many school people would deny that the **activity-experieucc" 
curriculum, as defined in this chapter, is entirely successful in the 
language arts and in the social sti'.dies. No doubt this type of 
curriculum has great value. The big problem today is to discover 
the types of learning for which it is best suited. Certainly it is 
very bad reasoning to conclude that if a plan of instruction works 
well for one field it is equally good for another. 

The **activity-experience'* curriculum appears to be better 
adapted to such phases of arithmetic as the development of certain 
concepts, the appreciation of the uses and significance of mathe- 
matics, and for opportunities for reflection, than it is for other 
phases such as the development and learning of a computational 
process. This type of curriculum seems also to be better adapted 
to the kind of arithmetic usually found in lower grades than it 
does to the typical arithmetic of the intermediate and upper 
grades. Again, we should seek an adjustment that combines the 
values of both traditional education and ''activity-experience*' 
education, 

BiaLDING A ClTRRICULl^M IN ARITHMETIC 

It is not the purpose here to give detailed steps for developing 
a currici.lum or course of study in arithmetic. Rather, some of 
the major implications from the previous discussion ^vill be sum- 
marized. 

Type of schooL First of all the community should decide upon 
the type of school organization and the basic pattern of learning 
that are desired. These two elements go hand in hand and should 
be outgrowths of the basic educational objectives. Because these 
matters are so important and affect so many people in different 
ways it is suggested that the teachers, parents. :nid school officials 
share in these basic decisions. Obviously, no sdiool organization 
will attain a high level of achievement if the teachers are un- 
sympathetic with the aims and proceduics of the school. 

Selecting curriculum workers. The j)crsc)niicl of a curriculum 
committee should be sympathetic with the general aims and with 
the proposed organization of the school. It sliould be competent 
by education and experience to work on an arithmetic curricu- 
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lum. The two phases of competence that are most desired are 
(I) an understanding of children and how they learn, and (2) a 
broad knowledge of arithmetic as a field of learning which func- 
tions in social, economic, and cultural affairs. It is also desirable 
that the personnel possess a temperament which enables the mem- 
bers to work cooperatively on the various phases of curriculum 
construction. Previous experience in curriculum making may be 
valuable but is not necessary. Graduate study in ''education" may 
be either a help or a hindrance. The value of an education derived 
from experience in the field should not be overlooked. 

lorm of the curriculum. Early in the process of curriculum 
building, it is desirable to visualize the form and the special fea- 
tures desired for the curriculum. Later developments may alter 
early decisions. Contemporary curricula are of different type and 
format. There is some evidence of a shift from the outline type 
of curriculum which features objectives and methods to a curricu- 
lum which is a ''handbook'* for teachers and which is full of sug- 
gestions and guidance. 

A curriculum committee might study several recent curricula 
in arithmetic to note the organization and treatment of the con- 
tent and also to anticipate the many different kinds of questions 
that arise as work progresses. The recent arithmetic curricula of 
New York State and of the City of Chicago may be consulted. 

Types of questions that arise. As a curriculum committee pro- 
ceeds, many questions arise. The committee may wish to use the 
results of research. BuL research conclusions do not agree. Hence 
someone will need to interpret and evaluate research. The com- 
mittee may wish to call in "outside experts.*' Specialistr in arith- 
metic do not agree on many specific matters and hence the com- 
mittee must select those whose judgment and counsel are trusted. 

Many questions dealing with teaching procedures and with 
methods of learning special topics and processes will arise. These 
are as varied as, 'When and how should we use the experiences 
of the pupils?" and "Shall we use additive subtraction?** The mat- 
ter of method in subtraction is particularly important. In order 
to save confusion among the children all the teachers in a school 
and perhaps in a community should use the same method. In 
relation to division such questions as, **Should the full written 
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form be used with one-figure cUvisors?** and ''Should division be 
'stretched* over four school years?" arise, 

A committee working on an arithmetic curriculum may wish 
to designate types or degrees of mastery to be expected from 
the pupils. For example, all pupils might be expected to learn 
to add and to know when to add to a high degree of perfection. 
On the other hand, only the more al)le pupils might be expected 
to learn how to find the rate of interest charged for a purchase 
on the installment plan. The curriculum maker faces many diffi- 
cult but interesting problems. 



Chaj^tcr IV 

ARM HMin IC IN THE EARLY GRADES 

From thic Point of Vikw of Interrelationships 
IN THE Number System 

BY c. L. thiele 

DETROIT PUBLIC SCHOOLS 

IT IS the purpose of this chapter to focus attention upon the idea 
that a well-rounded program of arithmetic teaching should 
be concerned with the interrelationships in the number system. 
Another chapter in this Yearbook (the one written by Brueckner) 
deals in particular with the social phases of arithmetic teaching. 

Since 1920 gieat stress has been placed upon the socialization of 
arithmetic. More recently there has been an observable trend, in 
both theory and practice, toward the teaching of a meaningful 
arithmetic which seeks to help children to appreciate and utilize 
the interrelationships in the number system. In this program the 
social values of arithmetic have not been disregarded; in fact, they 
have been selected with greater care than formerly in so far as 
interest and comprehen.sion of children are concerned. The sig- 
nificant difference between the program of arithmetic which finds 
support in this Yearbook and that of a decade ago is in the extent 
to which children sec meaning in the numbers which they use and 
operate. The keynote of the new arithmetic is that it should be 
meaningful rather than mechanicaL 

In this discussion dealing with the interrelationships in the 
number system two principles will be used as points of departure. 
First, children should become accjuainted with and use numbers 
extensively, both as oral and written records, to describe what is 
done about quantitative situations. Second, successful and effi- 
cient extension of number u.sa^e from the crude tnethods of early 
childhood to those of the competent adult can be facilitated by 
increased insight into the interrelationships of the number system. 
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Insight in this connection also impHes a method of learning based 
upon active p;M ticipation and discovery rather than upon passive 
acceptance of the skills of arithmetic. 

How these principles of social usage and insight into the inter- 
relations of the number system might operate in a program of 
arithmetic teaching in the lower grades of the elementary school is 
the text of this chapter. The reader is fore\sarned not to conclude 
that the interrelationships which are described are the only ones 
which children might perceive. Neither is it the aim of the writer 
to submit an inflexible body of content but rather to demonstrate 
ho\v certain content may be taught with due consideration given 
to what Buckingham^ termed "social significance,'* "mathematical 
meaning/' and "individual insight.'* Arithmetic which is socially 
significant and mathematically meaningful for the individual stu- 
dent cannot be formalized. 

THE CONTENT OF THE ARITHMETIC CURRICULUM 

"Content/* as here used, has a double meaning. It not only 
connotes skills and abilities \vhich are selected as goals for arith- 
metic teaching but refers also to the interrelationships which 
serve to give the skills and abilities meaning. In the discussion 
which follows, consideration ^vill be given to representative tonics, 
the aim being to present a point of view with respect to arith- 
metic teaching. 

Early grade number experiences. It has become customary 
to designate the early number experiences of very young school 
children under the heading of "number readiness." In the strict 
sense of the word the immber learning of five- and six-year-old 
children cannot be separated from that which is acquirer? when 
the ages of seven, eight, and nine are reached. Likewise, the 
number knowledge of five- and six year-olds is a refinement of still 
earlier ideas regarding quantity. L.ittle consideration, however, 
has been given in our schools to the possibility of developing 
young children's number ideas in a systematic way. In most 
schools systematic instruction begins at the age of seven or eight. 

^ R. R. Buckingham. "Significance, Meaning, Insight — These Three," The Maihe- 
malics Teacher, 31:330-335, January, 1938. 
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The so-callcd ^'readiness" instruction which precedes it is usually 
unplanned and undirected. lirownellV study of the development 
of children's number ideas provides concUisive evidence to sup- 
port the contention that the number leaniinj^ of even kinder- 
jrarten and first grade children should not be left to chance. 

A kindergarten teacher \\as observed ^^•ho endeavored to direct 
the development of number ideas of her children in a systematic 
way. In her room the leader of each table of six children had 
been in the hal)it of going to the cupboard ^viihin the room for 
boxes of crayon. In so doing he \\*ould look in turn at each child 
at the table as he selected the box of crayons for that person. 
The teacher, \\anting to lead her children to higher levels of 
response, placed the crayons out of sight of the children in a small 
room adjacent to the kindergarten. Although the leaders experi- 
enced difliculty at first, they soon learned to count the children at 
their tables, including themselves, keep the numbers in mind, 
go to the next room, count out the required number of boxes, and 
ieturn with tlicm. The teacher varied the experiences of the 
children by asking them to obtain a given number of sheets of 
paper, count l)oys and girls present, set out a certain number 
of chairs, etc. Thus the development of number ideas was con- 
sciously directed by the teacher. Children \vere carried from the 
siin[)le level of matching objects with children to that of dealing 
with total groups. 

Kven at this early stage in the school life of the child the two 
principles of arithmetic teaching proposed earlier were operative. 
Numbers \vere used as records to describe concrete objects and 
certain relationshij)s l)et^^'een numbers ^^*ere perceived. Obviously 
children on the kindergarten level used number names rather than 
number symbols to describe quantity, l^he relationships between 
numbers wvvt those ^^*hich enabled children to distinguish be- 
tween groups, i.e., the cardinal number idea. In the operation of 
the average classroom there are countless opportunities for the 
development of the number ideas for which young children are 
ready. 

The problem of induction into the use of number symbols 

2 W. A. Biownell. The Drrrlol>me*U of Childini's \ urn her Iden^, University of 
Chita^^i; Vic\\ Chicago. 1^*28. 
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does, however, seem to be dilHcult for many teachers and children 
alike. F Voin the study by lirowiiell, to vvliidi rclcreiicc has ahcady 
been made, there is strong support for the contention that much 
experience with concrete numbers ot* the type described above 
should precede any attempt to deal with abstract number symbols, 
BrownelTs conclusion was stated in these words: 

''The theory presented and deiended in this section is that 
success in making the transition from concrete number to abstract 
number is largely conditioned by the stage of development which 
has been attained in ability to deal with concrete numbers; that is, 
other things being equal, pupils who thoroughly understand con- 
crete numbers are, becatise of that fact, unlikely to encounter 
serious difficulty in learning the additive combinations; con- 
versely, other things being equal, jnipils who have not developed 
very far in the ability to deal with concrete numbers are on that 
account almost certain to encounter serious difliculty in learning 
the additive combinati(ms."^ 

Teaching children to use number symbols as means of express- 
ing ideas is comparable to teaching them to write words. If 
children put together the symbols of the alphabet to name the 
things with which they have direct experience, it would seem that 
number symbols should be used in the same w^y. Thus the 
symbol 8 may be recorded to indicate the number of children 
in a row, the number of books on a table, the number of windows 
in a room, etc. F.ven a number combination such ;?s r)-2r=3 
may serve to describe what happened when 2 of 5 pennies were 
spent, 2 of 5 cookies were eaten. 2 of T) marbles were lost. etc. 
The early study of number symbols is therefore more lh«ui an 
exercise in handwriting and number readinc.vs: more than the 
repetition of number names in serial order; it is a study of ideas 
and ways of recording them. 

The transition from visual oral to abstract written level of 
response, hi a recent publication Morton* suggests that children 
pass through four stages of response before they reach the point 
of being able to deal with abstract number. The stages suggested 
by Morton and others are: 



3//;jVi., p. 125. -tR. I.. Morion. Trufhin^ Aiifhmrtic in th- Elrmrntaiy School, 
/, Primary Grades, p. 12. Silver Hurdett Companv, New York. 1937. 
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1. The object stage: purely concrete number. 

2. The picture stage: pictures of familiar objects. 

3. The .scmi-concrctc number stage: dots, lines, circles, etc. 

4. The abstract number stage: number symbols. 
.Advantage may be taken of the natural tendency of children to 

group any given luunber of objects in different ways to help them 
make the transition which is described above. Anyone who has 
watched children playing with blocks, coins, sticks, and other 
common articles, lias observed children arrange and rearrange 
objects in many ways and groups. A teacher conducted such an 
activity in the following manner: 

Four chairs were pAaced in a close row before the children. The 
pupils were asked what number should be written to tell how many 
(hairs were in the row. The children agreed upon the number 4, and 
a I was written upon the blackboard by the teacher and by each 
child upon his paper. 

The teacher then asked the children how they could picture the 
row of chairs with line drawings made like the printed letter h. 
From among several drawings the class selec ted one in which the 4 
chairs were placed in a line with little space between the chairs, 
(h h h h) 

Next the teacher suggested that the 4 chairs could be arranged in 
other ways ami still be in a straight row. .A child volunteered to place 
I he (hails in auotlicr way and separated them into two groups with 
a wide s\kuc l^eiweeii ea( h group. Following the suggestion of the 
leadier a (hawing ol the new arrangement was made upon the black- 
board and upon the children's papers. U obviously was hh h h. 

Oihe^* wa\s ol i^huing the chairs in two groups were worked out 
with the (hairs and drawings made to indi(ate arrangements like 
h h h h and h h h h. Fhe activity resulted in a final record such as: 

'Fo check the understanding of what had 4 
been done, children were asked to move h h h h 

the chairs to show what different parts of h h h h 

the record meant. h h h h 

hhh h 

'Fhis was followed with making arrangements and picture records 
of other numbers of chairs and of children and of books. Soon the 
tcadier raised the problctn of making complete records without any 
manipulations, 

\Vhen the children understood what was meant by arranging ob- 
je( ts into two groups, and (f)ulcl picture the arrangements, the teacher 
suggested that crosses such as X could be used instead of the drawings 
of chairs, children, and books. 7*hus the representation of 5 was 
changed to: 
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5 

xxxxx 
X xxxx 

XX XXX 
XXX XX 

xxxx X 

Again children were asked to explain different parts of the pictures. 
They soon reached the point of being able to describe parts of the 
**5 record*' with such remarks as: "All five may be close together/' or 
*'Vou may have one out on one side and four on the other side/* etc. 

Finally the children were led to substitute numerals for crosses. A 
number such as 6 was then analyzed and the analysis recorded in the 
following manner: 

6 

XXXXXX 

1 and 5 

2 and 4 

3 and 3 
and 2 

5 and 1 

The activity which has been described terminated when the num- 
bers up to 9 had been analyzed on the abstract level. 

In this activity new learning started with real experiences. 
These were recorded. The activity brought to light many number 
relationships. Finally the activity ended with a consideration of 
relationships on an abstract level. From another point cjf view 
a transition was effected from a verbal to a symbolic method of 
describing situations which involve quantity. 

Combining and separating numbers. In the normal progress 
of the child through school a point is reached at which his 
efficiency in arithmetic is impeded if certain number relationships 
are not understood and known to the point of immediate recall. 
Reference is here made to what are commonly termed the addi- 
tion, stibtraction, multiplication, and division combinations. The 
National Council Committee on Arithmetic^ took the position 
in its preliminary report that the school should teach the facts 
and skills of arithmetic in a systematic way. It recognized the 
place and valtie of incidental learning but did not favor programs 
of teaching which stopped short of fixing for retention what has 
been learned. The Committee, on the other hand, looked with 

6 R. L. Morton. "The National Council Commiiiee on Arithmetic,*' The Mathe- 
matics Teacher, 31:267-272, October, 1938. 
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disfavor upon a systematic method of teaching which did not 
give due consideration to meaning and understanding of what 
is learned. 

Systematic study of the number combinations. The methods 
advocated for the mastery of the number combinations in a 
systematic way fall into two general classifications. One of the 
systematic methods of teaching the number combinations is based 
upon the theory that after children liave become acquainted with 
them, the single ccmil^inations must be repeated over and over 
again until they are **le;uucd/' Hnnvnc^l'^ classified this type of 
learning under the heading of "Drill Theory/* The objectionable 
features of the **Drill Theory" when exclusively relied apon are 
too well known to rccjuire enumeraticMi, 

The second method which nas been more recently advocated 
and used in certain places is in keeping with what Browncll 
termed the "Meaning t heory.'* In practice this method features 
the "cuUi\aiion oi comprehensive general ideas" in the sense 
suggested by judd.* 'I'hose who arc in accord with the **Meaning 
Theory** have found different ways of apj)lying it to the teaching 
of the number (ombinations. 'I he dilferences are mainly in types 
of **(:oinprehensi\ e gciiLial uieas * or gencrail/.aticMis children are 
led to iitili/e. A discussion of reprcsentaiive plans follows. 

Gencrali'aiion in teaching number combinations. The gen- 
erali/aiion which ha.s been most widely employed in teaching the 
number (<niihinati(jns is that numbers may be analyzed and 
synihc^i/cd with the aid of tens. Wheat,^ Badanes,^ Morton/^ 
and others have advocated the teaching of additions whose sums 
are Iari;c-r than ten by teaching children to rearrange two numbers 
into a ten and so many more; for example, H + T) may be foimd 
l)y thinking 8 + 2::::: 10 and 3 more makes 13. Thus thirty-six com- 

0 W. A, Bkuviu'II, "Psyclu)'-)n;iLal ClonsickMutions in the Learning* and Teaching 
of Aiiihinc'iii llic Tvachinp:^ f>f Aiithmctic, ('bap. I, Tenth Vcarhook of the 
N.ui(Mial ('c)nn(il of T(';k1)ci> of MalhiMnalics. 1935. 

^Chiulus H. judd. I'.dncation as Cuilivniion uf the Hifiher Menial Processes, 
'I he M.Krnill.tn (icnnjjain, New Votk. 193fi. 

8 H. (i. Whc;H, Psyclitfitfgy a)id Tcacliirig of Arlthrnvtic. I). C. Heath and Corn- 
pan). Uoston. n)37. 

0 Juiic K. Ikid.mes and Saul Uadane'i. .-I Child's Xutnhcr Primer. The Macmillan 
Cotnp.niy. New Vcuk. lU'JQ. 

1" R. 1.. McMton. Tvarhing Arillnnetic in the Elementary School, /, Primary 
Grades, Sihui Ruidett Com]jany. New York. 1937. 
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binations may all be linked up with one generalization, namely, 
any two numbcM's the sum of which is greater than 10 may be 
rcgvoiiped as a 10 and so many more. Wheat would apply the 
method of tens to the learning of the subtraction, multiplication, 
and division combinations to which the ten's generalization will 
apply. For example, the child may obtain the product of Gx4 by 
grouping four 6 s to make two lO's and 1. This represents a point 
of view which utilizes a single generalization very extensively. 

In the teaching of the addition combinations other writers advo- 
cate a plan of grouping and regrouping the single nmnbers from 2 
through 18 for the purpose of building generalizations about each 
mnnber. For example, 1 1 would, according to this plan, be 
regrouped as 10+1, 9 + 2, 8 + 3, 7+4, (5 + 5, and their reverses. 
Although in contrast with the idea of employing the ten's prin- 
ciple, the plan of analyzing and synthesizing eac h niunbcr seems 
to represent a somewhat restricted use of "comprehensive general 
ideas." Analyzing and synthesizing are valuable in that pupils leurn 
about groupings of numbers with which they will deal later. 

Another method to which aj)prova! has been given is that of 
teaching related addition and subtraction and corresponding 
multiplication and division conihinations at the .-^ame time. Thus 
:> + :i :5 + r), S-:? and S-f), as well as 1x2, 2x4, 8-^2 and 8-^4, 
would be centered around the study of the number 8. I'he rela- 
tionships thus estal)li;»hed are of great value. 

Thus far the generalizations which have been given considera- 
tion include those whieh 

(1) Utilize tezis for purjjo.ses of analyzing and synthesizing 
uu nbers. 

(J) Indicate relati()n.shij)s aiwong the combinations into which 
single numbers may be aiMlyzed. 

(3) Are based upon an awareness of nUerrelationships between 
the processes of arithmetic. 

There is little experimental evidence which indicates the 
superiority of use of one type of generalization over another. In 
a study by Thiele^^ an effort was made to teach the addition 

11 C. I.. Thiclc, C'ltifrihufitni of Cioinnl izafmu lo ihr Itunnitifr of ihe Addition 
Farts. CoTUribuuons to Kclucalion, No. Hukmu of Piiblit aiions, Teachers Col* 
lege, Columbia l.'tiiversity, New York. 1938. 
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combinations alone according to a plan which aimed to give 
children experiences with many addition generalizations. For 
example, in this study children were directed in their discovery 
of generalizations with regard to tlie Ibllowing: 

(1) Adding 1, 2, and 0 to any number within the comprehension 
of the children. 

(2) Combinations related to the same number. 

(3) The reversals of combinations. 

(4) The relationships existing among the doubles of numbers. 

(5) The relationsliip of certain combinations to the doubles, i.e., 
8 + 7 to 8 + 8. 

(6) The relationship of 10 to the teen numbers. 

(7) Makmg tens and so many more. 

An organization of the addition combinations was used in this 
study which directed the pupils in the discovery of useful generali- 
zations. Pupils in turn dealt with situations in which there was 
a need for addhig 1, adding 2, adding 0, like numbers, numbers 
almost alike (3 + 4, 4 + 3, 4 + 5, 5 + 4, etc.), adding to 10, adding to 
9, adding pairs of numbers the sinns of which are greater than 
10 or less than 10. 

The generalizations were not formulated for the pupils but in 
their own words they indicated such discoveries as — 

"When you add 1 to any number the answer is the next higher 
number." 

"You go up (wo mnnl^ers or skip a number when you add 2.*' 
"The number is the same wlicn you add 0.'' 
"You can turn any conibinatiori around.*' 

As the consideration of the addition combinations proceeded, 
no attempt was made to cause die cliildren to use specific generali- 
ations. The aim of the teachcis was to promote the thinking of 

swers, i.e., seeing relationships ratlier than counting or guessing. 

le combination 8 + G was met late in the course. Children left 
their own resomxes suggested several ^v•ays of obtaining 

e sum. For example, they said, "8 + 6=14 because G + ()=:12 
and 12 + 2n:lV' "8 + 8=16 and 16"2-=14,^* ••8'-2n:10 and 
10 + 4=14," and "8 + 6 is the same as 7 + 7/* 

Attention should be called to the fact that the teaching pro- 
cedure was planned in such a way that ihe pupils first made 
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records of activities \vhich involved social experiences. They 
manipulated concrete materials as a means of obtainin;^ sums 
until they were able, under the direction of the teachers, to 
discover useful generalizations by means of which the sums could 
be obtained directly. 

It should also be pointed out that the pupils were required to 
carry their practice with the combinations to the point that they 
could give answers readily. Timed tests were employed for pur- 
poses of increasing the speed of response to the combinations. 
The remedial work differed from that usually employed in class- 
rooms in that restudy \vas never on a single combination but for 
the purpose of recalling a useful generalization and reviewing it. 

The results of the study described were in keeping w'iih a 
previous study by McConnell.^'- The children who dealt with 
interrelationships within the number system in their study of 
the addition combinations surpassed children ^\ho studied the 
combinations by a method of repetitive drill in which no atten- 
tion was paid to intern- lionships. 

The issue at present is not ^^-hether the use of certain inter- 
relationships produces better results than the use of other rela- 
tionships. The issue is whether schools should continue to neglect 
relationships or utilize them in their teaching cf arithmetic. The 
evidence seems to be in favor of the latter. 

Interrelationships among subtraction, multiplication, and divi- 
sion combinations. Space does not permit a detailed discussion 
of the teaching of the subtraction, multiplication, and division 
combinations. At an earlier point subtraction generalizations 
were described. They included the ideas that certain addition 
combinations are related to certain subtraction combinations, 
and that certain numbers can be analyzed into tens and so many 
more. Illustrations were given of interrelationships bct\veen mul- 
tiplication and division combinations and between all types of 
combinations into which certain numbers could be analyzed. 
.•\mong the combinations of each process there are otiier inter- 
relationships which may be brought into a program (jf tcaclnng. 

Subtraction interrelationships. Tlie records of subtraction 

i-'I*. R. McConnell, Disromy Aulhoritalivr Idcnlifu nnnti in the Learning 
f}f Chililmu i;ni\eisitv of lawn Studies in Kdutation, Vol. fk, No. 5, September 15, 

mi. 
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situations may also be utilized for the purpose of stimulating 
children to discover interrelationships between the minuend and 
difference when the numbers subtracted are either 1, 2, 0, a 
number equal to, one less than, or one-half of the size of the 
minuend. Reference has already been made to interrelationships 
between minuends larger than 10 and differences less than 10 
which involve the ten's idea. In the use of these interrelationships 
the difference between two numbers such as 15 and 8 could be 
foimd either by first subtracting 5 and then the remaining 3 from 
10, or by thinking 8 and what makes 15 in the form of 8 + 2 = 10, 
10 + 5=15, therefore 15-8 = 7. 

The reader is again admonished not to infer that children who 
"think'* answers in the initial stages of learning subtraction com- 
binations, guided by the perception of interrelationships, must 
of necessity continue to do so. As in the case of learning the 
addition combinations, application and practice may be intro- 
duced and so directed that automatic response is achieved. The 
process is a long one recpiiring judgment on the part of the 
teacher regarding the progress of children, as well as purpose on 
the part of children to master subtraction combinations. It is 
conceivable that sonic time in the future children will be allowed 
two or three years rather than a semester or two for the mastery 
of number combinations. I he [)rocess of learning, according to 
this coiucption, is one of proufression from relatively crude but 
meaniiigtul procedures to a final stage at which a pupil is able 
to give the answers both readily and accurately. 

Generalizations among multiplication facts. Although the 
multiplication ( ombinations have been taught for many years in 
the form of "tables'^ or iamilies, little recognition has been given 
to the j)()ssil)ility of utilizing the relationships which are inherent 
in each so-called "table" amcmg the "tables.** It has been common 
practice to introduce sets of multiplication facts by demonstrating 
the repetition ol* ccpial units. However, this type of instruction 
has been and is followed in most schoolrooms by repetitive drill 
on the tables. In general little time or effort is used to cause 
children to build up their own "tables** and from examination 
of each "table ' to note useful generalizations about them. 

In the teaching of the multiplication combinations which are 
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necessary for ordinary purposes, two objectives stand out. First, 
the concept of multiplicai Ion as a (juick way of grouping equal 
units must be sensed. Second, the separate combinations must 
in time be habituated for the sake of efiiciency and economy for 
later computation with numbers. It is in the perception of the 
multiplication concept that social usage plays a part. However, 
as is pointed out in the chapter dealing with materials and devices 
for t :aching, concretcness of experience is an important charac- 
teristic of learning situations in which new concepts are formed. 
Thus the multiplication concept seems to grow out of situations 
in which equal groups of concrete objects are placed together. 
The school aids children in making symbolic records or these 
regroupings so that they in turn may make symbolic records when 
situations are described or imagined. The extent to which the 
regrouping of objects is carried on for real or simulated purposes 
is determined by the point of view held to^vard teaching in 
general. The strengths and weaknesses of various programs of 
education are briefly discussed in the chapter on curriculum 
problems by Suelt/,, Regardless of the point of reference, it is 
commonly agreed that children should know certain multiplica- 
tion combinations. 

The proposal is made that by focusing the attention of children 
in their earliest multiplication experiences on the soci 'i situation 
in which units of ten are involved, children may be jd to per- 
ceive certain principles inherent in all *'tables'' or sets of related 
multiplication combinations. For example, there is a sequence 
of products from decade to decade which most children quickly 
sense in the table of lO's. The sequence may be followed in a 
descending, as well as in an ascending, order. It may begin with 
any combination and move in either direction, i.e,, from 50 we 
may go to 40 which is 10 less, or to GO which is 10 more than 50, 
¥,ach combhiatio!) has a reverse. Each product has a certain 
ending; in the tabic of ]0\s it is 0, The relationships between 
products is the same as between multipliers, i.e,, the product of 
8 X 10 is twice as larujc as that of 4 x 10, Each of these interrela- 
tionships or ch.nacteristics may, by direction on the part of the 
teacher, be brought out in the study of the table of 10\s, 

If the teaching of the table of lO's is approached from the point 
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of view of having children think rather than memorize by a rote 
method, some liinc will be spent in examining xhe table. Under 
the guidance of the teacher, dechictioas such as those listed above 
may be made by children. The newly discovered interrelation- 
ships may in turn be used in other situations in which a knowl- 
edge of the table of lO's is rcciuircd. They will serve to help 
children think products if they c-mnot recall thcni readily. These 
are not rules which children learn and apply in specific situations 
but rather interrelationships or j»cnerali/:uion.> which individual 
children select as a result of their experiences. 

Although a high order of difficulty is ascribed to the table 
of 9*s when taught by rote drill nieihods, the combinations of 
this table become comparatively ea.sy to learn when taught mean- 
ingfully. After children have built u\) the table of 9\s, they may 
be led to discover the descending order of the one's digits and 
the ascending jrdcr of the ten's digits in 0, IS, 27, 3(), 15, 51, 63, 
72, 81, 90. In building up the tal)le by successively adding 9, 
they luilize the idea that the sum is one less than it would be 
if 10 were added. Children may be led to ol)Scrve that the sum 
of the digits of each product is 9: thus !)xG cannot be 50. Also 
the products of 9 and even numbers are even nurnhv-rs. The first 
two or three combinations are readily recalled as reverses of easy 
combinaiions. Forty-five am! 90 serve as reference points when 
near-by combinations inusi he "thought, out." In fact, the table 
of 9's contains so man\ in en el.itionshij)s that it may easily be 
vested with meaning. 

The inference should not he made that it shtndd be the purpose 
of the teacher to teach a set v\' generali/atiotis in a formal manner. 
The purpose should rather be to ^uide children in the discovery 
of numerous inieiielationship.s from among which individual 
children may select those whic h will best help them think answers 
in the initial stages of learning nnihiplication tables. 

The kind of ability which should result from the type of 
instruction described above is well illustrated in the accoimt of 
the boy to \viu)m Gladys Risden reefers in P)fi;j;n'^\ixfc lidncatioHy 
February. 1910. ^Fhe article is entitled. **\Vhat Price Mechani- 
zation?" Tlie bov (ould not meinori/e the tables of (S and 
In an out-of-school situation he found the products with ea^e. 
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When asked how he found that eight 8*s are 64, he replied; 

"I ihouglu ihat out two ways. Two eights are sixteen, four eights 
would be iwo sixtccns, and that would be twenty and twelve, and 
eight eiglus would be two tliirly-twos. and tliat wcnild be sixiy-four, 
and a quicker way would be just ciglu less than seventy-two, and 
ten less would be sixty-two, so eight Ic*^ would be sixty-four.** 

There are those who object to tepching which permits such 
thinking because they fear these roinidabout methods will inter- 
fere with memorization. There is no evidence to support this 
contention. 

Interrelationships in the processes of arithmetic. As children 
grow older, situations arise for which more than a knowledge of 
the simple number combinations of addition, subtraction, multi- 
plication, and division is required. The characteristics of our 
number system which may well servcj to unlock the mysteries of 
the processes of arithmetic for children are the folio .ving: the 
significance of ten as a base or as a standard group; the function 
of zero as a place holder; the principle of position or place value 
and the principle that groups — tens, lunidreds, thousands, etc. — 
may be treated just as ones or units are treated. The importance 
of each of these concepts and how they may serve to give con- 
tinuity to the study of the reading and writing of nimibers, and 
to the study of the facts and the processes, will be discussed. 

Number concepts and work in reading and writing numbers 
may emphasize basic characteristics of the number system. From 
the earliest work with numbers, the pupils* attention is focused 
upon the idea of groups. Pupils first become familiar with groups 
of things ranging from a single thing to a group containing many 
things. Pupils discover that a group of a given size may he rear- 
ranged in several different ways. For example, 8 may be grouped 
as 8 ones, or it may be separated into grc^ ij)s of 7 + 1. 6 + 2. 5 + 3. 
4 + 4, 3 + .S + 2, or as four 2*s, etc. This early work really includes 
the development of certain easy addition combinations. Fronv 
it many of the addition combinations may be learned. 

When the nmnbers from 10 through 19 are first met for 
puiposes of systematic teaching, regardless of the program of 
instruction in vogue, the s{)ecial significance of the ten group 
both in writing and thinking these numbers may 'veil be cm- 
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phasizcd. When groups containing from 13 through 19 objects 
are counted, pupils may be directed to listen for familiar names 
in the numbers they are saying. To exaggerate this similarity 
the numbers may sometimes be called three-teen, four^tcen, five- 
tren. six-teen, etc. Pupils soon sense the fact tliat the name of 
the ten group, changed slightly to say *'teen/' is heard in each 
of the numbers from 13 through 19» and that the other part of 
each word contains one of the familiar words three, four, five, 
six, etc. 

Groups of objects such as tickets, jackstraws. books, or what- 
ever objects are a part of situations under consideration, may 
next be consciously built up by starting in each case with a 
group of ten and adding the numl^n* of ones which is heard in 
the number name — 18 is a 10 group and 8 ones. In everyday 
life such grouping is connnonplace and therefore should find a 
place in the dassroom even if it were not helpful in arithmetic 
training. Kven thotigh ^'eleven'* and '^twelve'* do not seem to 
contain the words '*one" and '*two," it may be shown concretely 
that 11 equals a 10 group and 1, and tiiat 12 equals a 10 group 
and 2. Tluis ndvantage may i)e taken of natural experiences to 
lead children to make useful deductions about our munber system 
which many of thcni would not ordinarily perceive. That this is 
the function of the school is taken for granteci. 

It is particularly important that those children who have 
learned oral rote counting before entering school be given many 
opportunities to de\elop an appreciation and understanding of 
numbers through a study of number uses and number relation- 
ships. 

Equally as great importance attaches to 10 when pupils are 
first taught to ^^-rite tlie numbers from 10 through 19. To write 
10, pupils may note .hat we use two separate symbols — one of 
which looks exactly like the symbol used tf) stand for a single 
object. Likewise to write the numbers from 11 through 19 we 
use the same symbols used before but in a certain definite arrange- 
ment. Since pupils hiwc built the numbers concretely to 10 by 
combining a group of ten with a certain number of ones, they 
may be guided to see that in writing these numbers the figure 
1 in the ten*s place means 1 ten group. 
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\Vhcn the numbers 20 through 29 representing groups of 
familiar objects are analyzed and written, it becomes evident that 
here we use 2 ten's groups in combination with one or more units. 
As work in building numbers to 99 is continued, the teacher 
who is alert to the possibilities may continue to emphasize the 
imp(ntance of the ever-present ten's group. Children who have 
liad no instruction have been observed in the act of grouping 
playthings in trains and piles of 10 and so many more. 

A device sometimes Uucd when objects grouped in tens are 
counted is to have pupils say two-ty. thvcc-ty. four-iy, (ive-ty. etc., 
to make very evident that these numbers really mean two-tens, 
three-tens. four-tens, etc. It will be observed that in the con- 
sideration of numbers from 1 to 19. the order is objects — language 
—symbols, while from 20 to 99 the order is symbol — language — 
objects. Thus the ideas all cooperate; only the emphasis shifts. 

While children deal concretelv with the numbers to 100, a 
systematic number chart may be built like the one .shown below. 
The teacher places it on the board and each pujnl places a similar 
chart in the back of his notebook. Again the school is helping 
to organize learning which might otherwise remain unorganized. 
The point at which tnildren are ready for this is a matter of 
grade placement. 
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.Vs pupils are learning to use numbers to 100 in their thinking 
and writing, and after a ninnber cV .rt has been assembled, they 
may be guided to make some generali/ations regarding the im- 
portance ol the place in which a number symbol is written and 
regarding the function of zero as a place Iiolder. The path of 
learning is and should be from cvpciicnces with concrete objects 
to number symbols by which experiences may be represented. 
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To focus attention upon the concept of place value, the pupiis 
may be asked to show on the number chart all the numbers for 
which it was nccos.sary to write tlic symbol 1. Pupils will note 
that the symbol 1 occurs in 1, 14. 2h Ml, etc.. through 94, and 
in all of the numbers from 40 through 19. The two different 
values indicated by I may be illustrated through the use of con- 
crete materials. For example, if a situation involving tickets is 
the point of departure. 4 single tickets may be used to show the 
meaning of 4 when it is written alone or when it is written to 
the right of one other symbol. Four bundles of tickets, containing 
10 tickets each, may be used to show the meaning of 4 when it 
is written to the left of one other number or at the left of a zero. 
Further study will reveal to pupils that the same thing is true of 
7, or 5. or any of the other 9 symbols. This early study of place 
value will lead pupils io realize the dilference in value between 
numbers such as 17 and 71, between .SS and S;}, etc. Greater 
discrimination in writing mnnbers in cohnnns for addition will 
also be developed. Fxcrciscs in writing and comj^aring numbers 
will help pupils to develop the ability to use the terms "one's 
colunm" and **ten\s column" or "one's place'' and "ten's place" 
with understanding. 

lo focus upon the use of zero as a place holder, attention 
may l)e directed to the numl)ers 90, SO, 70. and to the fact that 
they mean 9 tens, iS tens. 7 tens, and not 9. 8, or 7 ones. Reference 
at this [)oint may be made to the concrete objects grouped into 
tens. It may also be pointed out that when we write 91. 82. or 
7!3, we have numbers which are made up of boih tens and ones, 
so we write a number in both places. Mowever, if we meant 9 
tens, but wrote simi)ly a 9, it would look as tliougli we meant 
9 ones, so we need something to write with 9 to sliow tliat it 
means 9 tens. This "something" we write is a zero. Tluis zero is 
rv dly used to indicate an absence of ones when a number is made 
up only of tens. 

Dealing with numbers to 100 by the metluMl suggested above 
may develop a consciousness C)f the sj^ecial significance of the ten 
group. The necessity lor thinking carefully about the relative 
positions in which the nine numerals are written wlien they are 
used to express numbers greater than 9 may also be appreciated 
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as well as a tendency to regard zero as a symbol which helps the 
numbers from 1 through 9 to indicate that groups and not ones 
are meant. In short, such activities as tliesc should disclose the 
rhythm of otir ntniiber system. 

In the next stage of developing number meanings from 100 
to 1,000 these characteristics repeat themselvei;*. They lead to a 
still fuller insight into die number system. When pupils assemble 
ten groups of ten each, they hnd that they are not named ten-ty, 
as might be expected, but are called by a distinct new name of 
**one hundred." When 10 tens are written, a third place becomes 
necessary, which is called the hundred place. Thus, 10 tens are 
grouped together to form a new standard group to help i;s in 
understanding all numbers larger than 99. Just as the group 
consisting of 10 ones was important as a measure of all numbers 
from 1 through 99, we now find that a group consisting of 10 tens 
is important as a measure for all numbers from 100 through 999. 

As pupils develop a number chart by Ts from 100 through 200, 
the need for a zero to keep figures in their correct positions may 
again be emphasized. We write 101 which means that we had 
enough objects to make 1 group of 100 and I object over. How- 
ever, to separate the 1 meaning hundreds from the 1 meaning 
**ones,'* we need a symbol, since we cannot write any of the figures 
from 1 through 9 in ten's place. .\ zero is therefore written to 
keep the ones of 101 in their proper places. 

If the work of studying number meanings to 1,000 has been 
thoroughly done, many of the pupils will have sensed the rhythm 
and order of the system to the point that they will be able to 
write the numbers beyond 1,000 \vith almost no assistance from 
tlic teacher. However, the teacher may need to point out the fact 
that 10 hundreds form a new tandard group and is given the 
name thousand, and that in the number 1.000 we can always see 
10 hundreds or 100 tens. Obviously the extension of number 
meaning to 1.000 can only occur when children have dealt with 
numbers suBicicntly to form concepts of larger nuT..oers. 

Understanding characteristics of number system gives meaning 
to the processes. Just as the idea of grouping in tens or powers 
of ten is fundamental to the development of the ability to think 
and lecord numbers, v.e find that it is also a basic idea in com- 
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putation by the difFerent processes, which may all be looked upon 
as fiuidamenially rearranging or regrouping procedures. 

When the occasion arises requiring the addition of two-place 
numbers, pupils may be led to perceive that tens may be combined 
just as ones are combined, However, if combining ones provides 
enough or more than enough ones for another ten group, then 
this new ten group is transferred or carried to the ten's column 
and combined witli the other ten's groups. It is this explanation 
which makes carrying appear as a logical, inulerstandable pro- 
cedure in contrast to the purely mechanical device which some 
pupils learn of always writing the right-hand digit of a two-place 
nimiher in the answer and carrying the left-hand digit. Further- 
more, if **carrying situations" are directly related to activities in 
whicli objects arc actually manipulated, the process of carrying 
is meaningful rather than mechanical. 

A few illustrations may be taken from each process, social 
settings for the illustrations being omitted. 

(1) 48 Coinhining ones gives 17. This is enough to form another 

ten. and there will be 7 on^'s left. Write the 7 in the 
87 ouc's column in the answer, (lonihiiie the new ten group 
with the others of its kind and we have 8 tens. Write the 8 
in tlie ten's colunni in the answer. At least during the 
early learning period it is advisable to indicate the carry- 
ing number. It is a definite part of a number record repre- 
senting real expeiicnces. Some chikhen aie able to com- 
plete the woik without it. 

(2) 728 8+4 = 12 ones. Chan.a;e to 1 ten 2 ones. Transfer the 
4-171 1 ten to the ten's (ohnnn. Cr)mbine tens: 1 -|- 2 + 7 = 

y()2 ^0 ims. This is eiu)ugh to make one larger group of 
1 hundred. Combine the hundreds: 1 •+ 7 1 = 9- 
When the given grtnips are combined and regrouped we 
have 9 hundreds and 2 ones. The? vamnt ten's (olunm 
nuist he filled, so a zero is written in ten's place to keep 
the ones and hundreds in their proper places. 

To deal meaningfully with the subtracticMi procress pupils need 
to keep in mind the ten's relationship and to note that again tens 
and powei's of ten may be treated just as ones are treated. 

In addition we combine like groups aiifl seek every o{Ji)ortunity 
to regroup into a larger grou{3 — ones into tens --tens into hun- 
dreds, etc. In subtraction it is often necessary to break up large 
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groups into smaller ones. This is precisely what frequently hap- 
pens when objective material is manipulated. 

(3) 15 To subtract 8 means that we wish to find out how large 
—8 the other grouj) will be if we separate 1 ten 5 ones into 

7 2 groups— one of which contains 8 ones. We may think 
8 from 10 leaves 2, These 2 ones with the other 5 ones 
make 7 ones, so 15 — 8 leaves 7. It is also possible to 
think of the 1 ten and 5 ones as 15 ones and subtract 
directly. 

4 10 

(4) ^ From 5 groups of 10 or 50 take 3 tens 8 ones. Regroup 
J— 38 the 5 tens as 4 tens and 10 ones. This may be done con- 

T2 netely. From these 10 ones take 8 ones, leaving 2. Only 
4 ten groups are left. Take 3 away and 1 will be left. 

Several illustrations will serve to indicate how the basic prin- 
ciples enumerated for addition and subtraction apply to multipli- 
cation and division. 

(5) 48 = 4 tens 8 ones 6 times 8 ones are -18 ones. Six groups, 

X6 each coniaining 4 fens, make 24 tens. 

288 24 tens 48 ones '318 ^>Jics may be regrouped as 4 tens 

8 ones. 'I hen we have 24 tens + 4 tens, 
or 28 tens. 28 tens may be fiuther re- 
grouped and written as 2 hundreds 
8 tens and 8 ones, or as 288. 
26 Here we have 1 grouj) of 100. 5 groups of 10. and 6 ones. 

(6) 6/15G' 'I'l^c numbers may rej)reseni tickets in bundles of the 

12 sizes desiguiued. VVe wish to j)UL the tickets into 6 equal 
-gg j)iles. We cannot j)ut a 1 hundred bundle in each of 
3P the f) piles until we break the I hundred bundle up into 
— 10 ten groups. Then we have 15 ten groups. This is 
enough to put 2 tens in each pile and we use up 12 tens 
leaving 3 tens. We may emj)hasize here that nothing 
need be written above the hundred's place, but 2 may 
be written over the tenVs place of the dividend since wo 
had enough tens to divide into (5 piles. Three tens is 
the same as 30 ones. 30 + G = 3f) ones. From 3() ones 
we can put fi ones in cadi j)ile. thus using up 3(5 ones. 
204 To regroup 8 hundreds. 1 ten. (i cnies. into 4 equal jjiles, 

(7) 4/8II) can put 2 hundreds and 4 nnrs in each pile. A zero. 

however, must be wiiiten in tlie ten's place between the 
hundreds and the ones to keep the hundred's digit in 
the proj)er j)!ace. 

The illustrations thus far have been given to indicate how each 
process with whole numbers may be sfiown to be a part of a 
unified system of ideas. Each phase of a process grows in com- 
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plexity hilt the same general i)iiaciples apply to all phases. When 
pupils grasp the hasie idea of grouping in tens or powers of ten, 
ihey should not experience j^reater difliculty in carrying from tens 
to hundreds than in carrying from ones to tens. They also have the 
background of understanding for carrying a number othor than 
one when cohnnn addition and nuiltiplication are taught. 

The fundamental processes with whole numbers may be 
extended meaningfully. In the illustrations which have been 
offered, place \aluc relationships have been limited to those 
between ones and tens and hundreds. For each illustration it 
has been suggested that the introduction of a new process should 
be in the form of a record of what transpires when concrete 
materials grouped as hundreds, tens, and ones are manipulated 
for specific purposes. One may logically ask whether or not this 
procedinc should be continued when pupils first deal with ninn- 
bers containing thousands. In other words, do children reach a 
point at which place value has been generalized to die degree 
that concrete materials are no IcMigcr needed? 

In that nmnber meaning plays a vital part in a program of 
aridmietic instrtiction, which is based upon a knowledge of place 
value, it would seem that first children must form conccj)ts of 
larger numbers if they arc to operate with them. Thus the prob- 
lem of determining when children may discotuinue the use of 
concrete materials in the learning of new processes raises a double 
question. Sj)ccilically it is — can pupils extend and enlarge the 
meanings oi ninnbeis from tens and hundreds to diousands, and 
can they manage niunbers with thousands after operating with 
tens and hundreds without direct reference to concrete objects? 
There is no valid answiM* to this (piestion. 

If the (lescri})ti()ns of introductory lessons offered by Wheat 
represent his conclusions on the matter, it would seem that he 
does not advocate the grouping of concrete objects beyond that 
of demonstrating the nimiber of tens in one hundred, hi his 
discussions he suggests: "It rJiouId not be necessary to explain 
the meaning of every set of symb(jls from 20 to 100 or to demon- 
strate ol)jecti\*ely e\'cry idea represented by them. It is assumed 
that the puj^Is, through various demonstrations and activities 
previously described, liave already develoj)ed some fairly definite 
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notions of the group of ten and of thinking numbers beyond ten 
in relation to ten/*^^ 

The same opinion is voiced in another statement by Wheat: 
"Of necessity, the pupils must rely less and less upon experiences 
with the concrete and depend more and more upon the system of 
dealing with tens just like units/'^* Wheat, then, would extend 
the processes of addition, subtraction, multiplication, and division 
to larger numbers by helping children realize that the method 
of dealing with tens and ones applies also to larger units. Others 
who have attempted to apply this meaningful approach to the 
computational phase of arithmetic as it relates to whole numbers 
agree with this viewpoint. 

Whether all pupils are able to transfer the principles learned 
objectively about ones and tens to larger units is an open question. 
It is conceivable that many children of the ages at which larger 
numbers are fast introduced may find it difhcult to make the 
necessary transfers of ideas. For example, it may be necessary to 
employ objective materials for the purpose of leading pupils 
who have dealt with numbers through 100 meaningfully to per- 
ceive that 1.000 is not only 10 hundreds, 100 tens, but also 
1,000 ones. The problem of transfer becomes even more serious 
when children find it necessary to learn how to operate with 
nuiliiplicrs and dixisors of two or more places. 

Place value in long multiplication. In a simple problem such 
as 24x18 the multipliers 4 and 2 have the values of 4 ones and 
2 tens. In multiplying by tens, is it suffKicnt for pupils merely 
to think, **iens are multiplied just as though they \vevc ones," or 
should an effort be made to have children ratiot^alize the opera- 
tion by thinking. "2 tens times 48 are 96 tens, or OOO"? Huswell, 
Hrowncll, and John'-" advocate the writing of the second partial 
product as 900 at nrst, thus emphasizing meaning during the 
early learning stages. 

In preparation for two-place multiplication, Buswell, Brownell, 
and John,^o Wheat, and others, have children multiply numbers 

13 W heal, nf\ r/r. j). 250. 
7/;/^/., p. 350. 

i^(;iiy T. liiisucll. \V. A. Hiowt^ell. and I.cnotc ](ihn, Daily Life Arilhmelics, 
Book One, p. HI. Ginn ari<I Coiiipanv, Boston. 1938. 
J'J pp. 4.S9 nO. 
17 pp. 315-316. 
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by 1 ten, 2 tens, aiul the like. Likcuise, by also using* 1 hundred, 
2 hundreds. :5 lunuhcds, etc., as sin;^le lunnbcr multipliers, mean- 
ing may be j^iven to three-phicc multiplication. Obviously there 
is need for research which will indicate the amount of experience 
cliildren nuisi have to percei\e the place value principles as they 
apply to number meaning and to the fundamental processes of 
addition, subtraction, multiplication, and division. Unless chil- 
dren understand what they are doim^*, they perforce must learn 
mechanically. It should be noted that tiiis approach to the more 
advanced forms of nudtiplication and divisicjn probably recjuires 
a mental maturity greater than cliildren may pcjssess when these 
t()})ic:s usually are studied. 

The meaningful approach to division by tens. The teaching 
of di visi(jn by tens has long been a stumbling block for many 
teachers. 'I'aught nie( lianically, it necessarily nuist be diflicult for 
most children to learn l)ecause it recjuires a complete control of 
many intricate steps. Taught meaningfully, children are able to 
guide their thinking and as a consecjuence many of tiie confusing 
elements are eliminated. Taught meaningfidly, division by tens 
is but an extension of division with one place divisors. This in 
itself sitnplifies tlie teaciiing of long dix ision. 

.\t an eailicr point an explanation of division bused upon place 
values was presented. Tiie lorui of the explanation was: 

(i/ljti I'j^i objects aie to l)e plated into fi etjual piles. IT)!) contains 
12 1 gn>up ol 100, T) gn)uj)s ol 10, and (i ones. There being an 
""ijjj insulii(ieiu number ot hnndieds to divide into (i groups, the 
1 handled iiiusl be dian.^ed lo tens*, en. 

There would be very little difleieiue between the explanation 
of this problem and a division problem such as 20/l«(). The two 
place divisor presems liitlo that is new if tfie multiplication and 
division tables liaxc* been extended to include the tens numbers. 
X'iewed a.s dixision by 2 tens the prnhlem might be that ol putting 
IH tens into piles with 2 tens in c^di pile. This brings into play 
the multiplication (onibinaiion Wx2 tons or x 20. \'ery littL* 
difli( nltv is experieiu cd in leading (hildrcn to extend the tnulti- 
pli(ation (omhinatioiis to indude combinations sudi as 9x20, 
cS X 10, 7 X no. :) X .^)0, liO X 40 x W) x 7, .')0 x etc,, whidi are 
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very useful in long division. They find use for these combinations 
in solving such problems as — "If a car which costs $180 is to 
be paid for in 20 equal monthly payments, what will be the 
amount of each payment?" **IIow long will it take to drive a 
truck 180 miles at an average rate of 20 miles per hour?" — and 
the like. 

The purpose of the problem 20/180 might also be to divide 
$180 between 20 people. Obviously no person can receive any 
$10 bills, there being only 18 of them to divide. Hence $1 bills 
must be divided. If the problem were to divide $184 among 20 
people, they would receive only SI bills. The remainder 4 offers 
no difhculty because it indicates the munber of $1 bills remaining 
after each of the 20 people had received the largest number 
possible. Division with one-place divisors taught meaningfully 
may give pupils an imderstanding of all the elements of the above 
problems. 

Progress from problems such as the above to one like 21/92 
represents an easy step. In this case the pmpose may be to find 
the mnnber of sheets of paper which might be given to each of 
21 children from 9 })ackages of pajKM", with 10 sheets in a package, 
and 2 e\tra sheets. It is apjxirent that each pupil could not be 
given a whole package of 10 sheets, necessitating the breaking 
of the packages into single sheets. Pupils accustomed to rounding 
off numbers can be directed in the soliuion of this problem to 
think 90 divided l)y 20. If there were 90 sheets for 20 cliildren, 
each could receive 1 sheets at the most. This represents the 
bcgimiing of finding trial cjuotients. It offers an explanation for 
use of the ten's figure as a guide in the determination of the 
trial quotient. In a mechanical plan of instruction usually no 
explanation is given. 

The progress might next be to a problem such as 34/11^. 
Again, if 1 1 packages of paper of ten slieets eacli arc to be divided 
among 31 children, 30 children (the roiuul number of chil- 
dren) (ould receive only 3 sheets each because 1x30-120 and 
3 x30r.90. The proof of this problem wcmld be 3x31-102 and 
8 more makes 110. This proof is not unlike that of a onc-j)Iace 
divisor j)roblem witli a remainder. 

I'he long division studies which have been reported do not 
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provide data with ^vllich to judge the efficacy of the meaning 
method as applied to long division. In particular, finding trial 
quotients by the mechanical method requires the application of 
certain steps in a definite order. Finding trial quotients by the 
meaninir method represents the hirther application of number 
ideas \vhich have been acquired over a period of time. Children 
very early may learn to round off numbers and to find approxi- 
mate answers. Thus finding quotients by first rounding off num- 
bers is not something "extra" which adds to the complications 
arising in long division problems. 

The point in this discussion is that the teaching of any part 
of a process of arithmetic by the meaning method cannot be 
evaluated on the basis of the description of that part. Meaningful 
teaching represents a building-up process in which old ideas work 
together in new situations; therefore what often appears to be 
complicated and difficult is in reality very simple for the pupils 
who possess the proper background of instruction. 

The application of place values to decimal fractions. Emphasis 
upon the basic principles of the number system throughout the 
work with whole numbers will pay dividends in the work with 
decimal fractions. Since pupils already realize that each numeral 
indicates the sue of a group by its position and indicates also the 
number of sach groups, they ^^•ill be able to apply these basic 
ideas to a study of decimal fractions. 

In the number 111 the first I on the left — 100, the next 1 to 
the right = 10, and the I on the extreme right means I unit. 
Thus 10 is 1/10 of 100. and 1 is 1/10 of 10. When we wish to 
represent 1/10 of 1 unit, we can do it by using some sign to 
designate the end of the whole number series, such as a dot \vhi(.h 
also ends a sentence, and then write a 1 after tlie dot. Thus we 
have 111.1, and we call our dot a decimal point. 

If w'c continue our series to the right of the decimal point ^^•e 
.see that we can rej:)resent 1 /lO of 1/10 or 1/100 and so on. Many 
teachers center these experiences in money values. In every sec- 
tion of the coumry children are familiar with dimes and peimies. 
There are certain areas in which mill tokens are in circulation, 
and there are speed and distance meters nn cars. 

Ciomputations with decimal fractions are made {>ossible because 
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of the extension of the same basic principles of the nmnber system 
as were developed with whole numbers. Tenths, hundredths, 
thousandths, etc., may be treated just as units aie treated if 10 
tenths arc regrouped as 1 whole; 10 hundredths as 1, 10; 10 thou- 
sandths as 1/100, etc. 

The topic of decimal fractions is treated more fully in the next 
chapter by Wheat. The only purpoa* of briuoing it into this 
discussion is to indicate briefly how the principles which apply 
to wliole number meanings and operations provide the foundation 
for more advanced work in arithmetic. 

Summary, No attempt has b'^en made to outline in detail a 
curriculum for the lower grades. That would involve matters 
pertaining to the selection of content, social as well as mathe- 
matical, grade placement, and other problems of curriculum 
making which are treated elsewhere in this volume. The aim of 
the writer has been to indicate how arithmetic in the lower grades* 
as it relates to whole numbers, may be taught meaningfully as 
a closely related system of ide:;5. Intimations have been made of 
how even the learning of the number combinations may be made 
meaningful rather thaii mechanical through the use of compre- 
hensive general ideas or generalizations. 

In the program presented, place value is the key to all opera- 
tions with numbers. The attention of pupils is focused upon 
place value when they first deal with !unnl)er,s larger than ten. 
It serves to help them think manv of the addition and subtraction 
combinadons. All o{)erations with lunnhcrs larger than ten are 
first understood from the point of view of place value. The 
degree to which this must be carried before children acquire basic 
principles which will enable them to deal with larger number 
situations is as yet an un.solved problem. 

Special emphasis has been placed upon the need for concrete 
material in a meaningful program of arithmetic instruction. This 
is in keeping with the idea that children should first make number 
records of situations in which objects are manipulated before 
moving to described or abstract levt ls. In short, an effort has been 
made to indicate the nature of an arithmetic program which may 
be termed meaningful. 
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THE PROBLEM OF CLASSROOM METHOD 

If we wish pupils to qyow in their knowledge and understand- 
ing of arithmetic as a closely knit system, it is necessary to point 
our teaching in that direction. Observation seems to indicate 
that only a small percentage of ptipils gain this basis of under- 
standing unless teachers aim consciously for it. 

Teaching which aims merely to tell or to show a pupil **how" 
to proceed step by step in the mastery of a process, or which 
merely provides a rule to be memorized and then applied, becomes 
purely mechanital. Pupils then have no challenge to reason or 
think out "why ' dictated procedures and rules work. On the 
other hand, pupils who come to understand the reasons for various 
steps in a process befoie they are required to use the process have 
the ability to redevelop it for themselves if memory and habit 
fail. It is contended further that a type of practice which inchides 
practice in thinking and practice in seeing relationships becomes 
a definite aid in the mastery of facts or in the perfecting of the 
steps in a process. 

In a program of arithmetic teaching which emphasizes relation- 
ships and aims to show how certain fundamental ideas bind all 
the simple processes and extensions of processes into a consistent 
whole, pupils are encouraged to develop resourcefulness in their 
attack upon new processes. If given the opportunity, pupils will 
often be able to discover for themselves the next step in a process. 
However, if ihe teaching ha.s been purely mechanical with no 
attempt to .study the characteristics of the number system or to 
emphasize general modes of attack, it is not likely that pupils 
will develop this resourcefulness. 

The foregoing statements in a sense deal with principles of 
method. If the principles which have been enimciated are ob- 
served in the classroom, the means which are employed to provide 
children with learning experiences necessarily must possess certain 
characteristics. T he principles to which reference is made were 
given a t the outset in this discussion. They are repeated here for 
purposes of reference. 

(1) Children should become accjuainted with numbers and use 
them extensively iccords of (juantitative experiences. 
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(2) Successful and efficient extension of number usage from 
the early experiences of making number records of quantitative 
situations can be facilitated by insight into the nature of the 
number system. 

Translated into classroom procedure, the learning of something 
new in arithmetic will begin with a problem involving concrete 
objects. Children wiW cither manipulate objects themselves as a 
means of solving the problem or observe manipulations made 
by another. Symbolic number records will be uMde of their 
observations or of the manipulatory activities. 

In accordance with the second principle, the experiences of 
observation, manipulation, and recording will culminate with 
the making of deductions or the discovery of generalizations 
which represent insight into the nature of the number system. 
For example, the pupil who makes deductions about carrying, 
in two-place addition, which will enable him to carry in other 
examples, has gained further insight into the nature of the num- 
ber system. A very important goal of meaningful teaching, then, 
is that of guiding children in their discovery of useful generaliza- 
tions inherent in the number system. 

Usually some direction or tuition is rccpiired from the teacher 
to carry children to the point of apjilying new generalizations 
successfully. For the sake of brevity the course of events from 
initial experience to hnal generalization and application are 
placed in a step sequence, Briefly the steps suggested are: 

(1) Fxperiences of a quantitative nature with concrete objects. 
(2j Making number records of the quantitative experiences. 

(3) Analysis of number records. 

(4) Moving from concrete manipulation as a source of number 
records to a level of description, thus providing p actice and 
application. 

(5) Working on the abstract level. 

(G) Further extension and application into social uses. 

This sequence may be followed in the teaching of any new idea 
or topic of arithmetic, whether it be number 'meaning, factual 
learning, or a process of arithmetic. In the chapter by Sauble 
the use of concrete materials in the teaching process is described 
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in detail. Thcrforc only brief descriptions of teaching pro- 
ccdures which employ the sequence listed above will be offered 
at tliis point. 

How addition doubles may be introduced. It is expected that 
the setting for all new learninsr will be in some situation of 
social, economic, or cultural significance. Whether the situation 
should be a part of a larger activity or a situation proposed by 
the teacher or the textbook involves matters beyond the scope of 
this chapter. Fen- purposes of arithmetic instruction it is im- 
portant that new learning should have its roots in experiences of 
social significance. 

Usually the addition dcnibles taught in the early grades include 

12 3 15 6 7 8 9 
+ 1 m2 +S +1 +5 +6 +7 ^•8 +9 
"2 '"l" '"()■ "S "To T2 "H T6 18 

In a meanginglul program the goal is not to teach a certain ninn- 
ber of specific combinations init rather to lead children to acquire 
generali/.a ions which ^.iH enable them to think answers for many 
related combinations. Thus the teaching of the doubles the 
goal may be to Irad cbildi<v. lo iKscover some interrelationship 
among the acUlitioi? doubl • which will make t!iem more mean- 
ingful, as. for example, a dcniDie succeeding any given doul)le 
combination is 2 nune. and the one preceding is 2 less than the 
siun of the given double. 

Experience setting. The problem at hand may l)e that of l)uy- 
ing two articles each costing the same auKnun. How realistic it 
will be to a gr'uqj of children will depend ujion the ingenuity of 
the teacher. Obviously the experiences of tlic children will be 
made significant to tliem if ai tides are |n-o{)crly labeled as to 
price and roins w ith which to make pavments are at hand. There 
arc some children who have profited educationally from experi- 
ences in making purchases to the extent that they cati begin with 
described situations. .Account of differences in experience nuist 
be taken by each individual teac her. 

In the teaching of the additicm doubles there is value in cor 
sidering the doul)les in older. The purchases may begin with a 
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purchase involviiio' 2^2. Coins may be laid out for each article 
and the total foiuid by couiuing if necessary. The purchase then 

-e 

should be recorded as -^'Ic 

Making purchases and laying out coins may be continued, lead- 
ing lo the number records: :5c 1^* f)^ These records may 

be reviewed in the order of the purchases. Following this the 
children may be challenged to make a record for the purcha.se of 
two articles each costing ()c without refeiring to the coins as 

a means oi obtainmg the sum. The child who can write +0^* 

iC Mc \h- lOc 11 0 
and continue with 7c Sc Uc lOcandllo has made an 

lie l()c bSc 20c etc. 
important di.scovery if he does not already know these combina- 
tions. The doors have been unlocked to many other lombiini- 
tion.i. Teaching woidd oiler few problenrs if children di.scoverod 
generalizations as readily as indicated in this acioinit. 

Tuition is reciuircd for children who do not perceive the uni- 
fying idea that each succeeding donble is two more than the one 
preceding it and two le.ss than the succeeding one. In this instam c 
it may be nece.ss.ay to rejjeat the evperiences of laving out coins, 
finding smns, and making symbolic lecords of ea( h pinchase. It 
may even be nece.s.sary to ask c hildrcn to demonstrate a conibina- 

tion such as -f- L! concretely and then change the concrete reprc- 

r 

.seniation of +2 to .show -\ \\ and in turn ^ I and f.^). Kinthcr 

direction may be lecpiired to the extent of asking what is done to 
each nmnbcr to produc e the nevt higher ( ombination. Obviously 
the discoveries of .some c liildren will be few and will c;onie slowly. 



Arithmetic in General Education 



75 



Nevertheless pupils derive satisfaction from making discoveries no 
matter how small iliey may be. 

Once a sencrali/ation has been perceived, it may be applied to 
described situations, thus j)r()vi(ling practice and application. In 
this manner a double pi • is served; children are provided 
with opportunities to use a nc\v generali/aii(Mi over and over 
again and at the same time the ability to apply new knowledge 
in social situations is developed. 

Finally a point is reached at which the numl)er combinations 
may l)e dealt with as abstract numbers. Some children reach this 
staj^e nuich more (juickly than others. Ilo\ve\er, children who 
have had meanini»ful experiences with numbers during the learn- 
ing process do not need to resort to guessing or finger counting 
when dealing with abstract combinations. They can think answers. 

In the program under discussion there is a place for drill if it is 
conceiN'ed to be practice in thinking from lo\ver to higher levels. 
The chapter by Buckingham deals \vith the drill phase of arith- 
metic. The writer is in accord with his point of view. 

Cienerali/ations, like other types of knowledge, are forgotten 
and must be rediscovered. It has already been suggested that it 
matters not whether children aj)ply the particular ^cMierali/ations 
with which .sets of combinations were originally connected, 
riiinking about numbers becomes more im])ortant tlian recalling 
sj)ecific number fac ts. 

In the brief account of teaching the doubles combinations the 
following steps appeared in the description: 

(1) Com rete objects were manij)ulateil for a definite and worth- 
while purp(\se. 

(2) Number records were made of the (piantitati\e experiences. 
Provision was made for the discovery of a useful generali/a- 
tion. 

(1) Practice and application were provided through described 
situations. 

{!}) C'hildren finally dealt witii number combinations on an 
abstract level. 

Using tens in subtraction. When usim; tens in subtraction is 
introduced, it is assumed that puj)ils possess the concept of sub- 
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traction as it relates to *'take-away" comparison and additive types 
of situations, that they know the simple subtraction facts, and that 
they have a working knowledge of place value. It is also expected 
that they can subtract both one-place and two-place numbers from 
two-place numbers in subtraction problems which do not require 
adjustments between the one's and ten's places of die minuend. 

The procedure for the introduction of using tens in subtraction 
may follow the coinse suggested for the teaching of the doubles of 
addition. The need for subtraction with so-called "borrowing * 
may he centered in a social situation. Objects may be manipu- 
lated and number records made of the activity. Pupils may move 
to the making of records of described situations. This may be 
followed by further applications and practice on the abstract num- 
ber problems. 

It is important that the social situation should involve objects 
which are usually grouped as tens, hundreds, thousands, etc. Our 
paper currency lends itself admirably to the purpose at hand. 
Other objects such as sheets of paper, counters, tickets, and the 
like, may also serve the purposes of the teacher. 

Suppose the social situation under consideration or the activity 
in which children are engaged required the {Yiynient of some such 
amount as S38 from $50. Then finding the difference between 
jf) and 38 becomes a problem. From past experiences children 
should be able to indicate symbolically the required subtraction 
in the form of $56 

Meaningful teaching woidd. in this instance, require a supply 
of SI and $10 bills prepared for classroom use. Six SI and five 
$10 hills would be counted out. The problem then becomes one 
of removing eight $1 and three SIO l)ills from those representing 
550. Not having a suHicient number of SI bills it becomes neces- 
sary to change one SIO bill to SI bills. By ingenious methods 
children can be led to discover this. The possession of sixteen $1 
hills may be indicated by either placing a 1 in front of the 0 or by 
striking out the () and {)laciiig a li) above it. Only four SIO bills 
remain, necessitating a record of this change, i.e., striking out 
the 5 and placing a 1 above it. Children with whom mnnber 
meaning has been emphasized will know from previous experi- 
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dices that four $10 and sixteen $1 bills is the same as five $10 and 

4 16 

six $1 bills. The number record now is -3 8 



The completion of the problem is a simple matter. It is, how- 
ever, su<>;u;csted that children should apply dieir knowledge of the 
subtraction in giving the difference between 16 and 8 rather dian 
obtaining it by counting. Counting is used for purposes of veri- 
fication. Occasionally it becomes necessary for teachers followitig 
this plan of instruction to ask children who do not readily know 
that 16- 8- S how they might think the answer. Replies are 
obtained such as: ••(S + <S=16, therefore 16-8=8"; "16-6=10 
and 10-2 = S*\ and ^\S + 2=10 and 10 + 6=16" This probably 
should not be necessary when this kind of subtraction is en- 
countered. 

When the difference of 18 has been found and recorded, it 
seems reasonable that the number record should be examined 
for the purjH)se of identifying the specific activities involved in 
manipulation of the bills. It is important that children recognize 
the U) as tne number of $1 bills at hand after one $10 bill had 
been changed to bills of the "1 denomination, the 4 as the number 
of SIO hills remaining after one has been changed, as well as the 
IS as the one SIO and eight $1 bills remaining after $38 has been 
taken out of the $5(5. 

The teacher nuist decide how many times children must deal 
directly with the actual bills before he proposes the finding of a 
difference withoiu the aid of them. When children are ready for 
that step the procedure becomes one of challenging children 
to "show with figures what you would do if you actually counted 
out the bills." Clomj)utat!onal arithmetic deals with records 
of quantitative experiences on the thouj>ht level. Individual dif- 
ferences among children re(iuire a repetition of manipulation, 
recording, and analysis in most classrooms. However, children 
who understand the new prr)ccss may he given the opportunity 
of working on the thou<>ht level as soon as they are ready to do so. 
This is a matter related to teaching technique. 

Mention has already been made of the problem of transfer 



ERIC 



78 



Sixteenth Yearbook 



from dealing with numbers u'hic:h represent objects uhich are 
usually grouped as ten., hundreds, thousands, etc., to numbers 
which represent objects n )t connnonly grouped in this manner. 
Proper attention lo the development of number meaning through- 
out the early grades should carry children to the point where they 
will deal with all numbers dec inially. 

Aticniion is called lo three signilitant points in the application 
of "meaning theory" of ariilnneiic instruction to the subtraction 
process. Fiist, children do not use the term *i)orro\v/' which is 
entirely incorrect. Instead of "borrowing." they change a given 
uiniiber to another lorm. hi the sid)traction of 3S from 56, the 
!'){) is changeci to 10 and 1() by converting one of the tens to ones. 
Second, no rules are taught. They are derived by the pupils in the 
form of a descripiirn of the scfjuence of events which takes place 
when the bills arc Mianij)ulate(i. Thus whenever rules are fornni- 
lated. they are in terms of the experiences of individu.d riiildren. 
^V'hen subtraction is taught mechanically children frecpiently bor- 
row because the subirahend number is larger than the 
mitiuend mnnber of the same place \alue. Taught meaningfully 
they make necessary changes because it woidd be impossible to 
perform the operation concretely \vithoiu doing so. Third, the 
pupils discover the methods employed in subtracting from 
minuends in which there are fewer ones than found in the subtra- 
hend. 

Problem solving. In a meaningful piogram of arithmetic in- 
siriuiion, problem-solving instruction does not assmne an inde- 
pendent role. Instead it is intimately bound up with the whole 
tea( hing proct^ss. The experienc es with ccMicrete settings through 
which abilities are developed provide experiences in using nmn- 
her for j)urposes of (juantitat ive thinking. Follo\ving this, the 
applications of these abilities to situations \\*hich are described 
r.illicr than "present to sense." cotui ibuies to the development of 
piohlem si)l\ ini>* ability. The lei iu renc e of the need for certain 
abilities provides the necessaiv re\iew. 

The important iacti^r in this pro^^ram is that of experience. 
In m.niv ( lassr onis (liildrcn obtain correct airswers by recalling 
a tool whiih has hern pie\iouslv (onneitcd \vitli other problems, 
rsually kcv words in the problems su^^cst the cue for its solution. 
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However, if nuinl)c'rs serve at all times as reiordji of uhat actually 
would transpire if the activities sug<;esied by the described prob- 
lem u*ere performed. j)r()blein solving recjuires a background of 
experience. Kor .xaniple, children may mechanically find the 
average number of miles per hour, the speed of travel, by having 
learned the ride that the numl)er of miles traveled is divided by 
the number of hoius of travel. IMaced upon a meaningful basis 
diildrcn must, among other things, appreciate what it means to 
travel a certain number of miles per hour, and that travcHng at 
that rate for several consecutive liours adds a given number of 
miles per hour, h would .seem that dramati/atiou, verbal descrip- 
tion, and illustration slioiild plav a larger j)art in the develop- 
ment of problem-solving al)ility than has been true in the j)ast. 
In the chapter bv Sauble the use of materials and devices for the 
purpose of j)r()viding experiences is discussed. 



CONCLISION 

It has not been ilic purpose ol the writer to ju'csent in tliis ( haj> 
ler an instructional program for the lower grades but rather to 
present a point of \iew. Illustrations liave been offered to indicate 
how generali/ations mav l)e featiued in the teaching of niuuher 
meaning, number c oml)inations. and oj)eratious witli mnul)ers. bi 
short, an elfori lias been made to place before the reader tlv 
writer's comeption of a program of aritbnu'tic instruction ior 
which McC.onnell has given the psvrhnlogical j)rinciples. Several 
progranrs embodving these principles ha\"e been develoj)ed and 
arc now in operation. Fmiher experience with iliem coupled 
with nnu h nt^eded researc h will bring aboiu manv refinements. 
It seems safe to assert that in these pjcigjams manv changes in 
grade placeuieni will be made down ms well as up. a larger 
supplv of conciete materials than is now if)und in most class- 
roonrs will he irsed. new mc^iMues ol arii hmet ical learning will 
have to be developed, new j)rol)lems of indixidual differenc es will 
be raised, changes will be made in the tnetliods of teachiu'^. ,nic' 
above all thei-e will be a need for a new i\pe of teacher training. 
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A THEORY OF INSTRUCTION 
FOR THE MIDDLE GRADES 

BY HARRY G. WHEAT 

WEST VIRGINIA UNIVERSITY 

. . . Your teaching of arithmetic . . . may merely train your class in a number 
of fmnrsses which will let them pass an examination at the end of the term. That 
is '"useful/' It may also help them manage their sax'ings accounts better or get a 
jnh on graduation. That is useful too — and this time xvithout quotation marks. 
Hut if ytju can develop in them an understanding of numhrr relations^ if you can 
teach thnn to visualize distances and (juanlities, to appreciate imaginatively the 
wraniug of ''ten million'' or of *' one-thousandth of an inch," then you are training 
ihnn cultutttlly: they xrill forever after be more sensitixr, more appreciative, more 
UTidersfuruliug, even though they may do no better on n formal examination, 
{from Henty IV, Simori, ••Preface to Teaching/' p, U, Oxford University Press, 
Xric York, 1938,) 

ARiTHMKTic is a systeiB of ideas. It is not a collection of objects. 
It is not a set of signs. It is not a series of physical activities. 
Arithmetic is a system of ideas. Being ideas, arithmetic exists 
and grows only in the mind. It does not flourish in the world of 
things. It does not arise out of sensory impressions. It has noth- 
ing to do with the amount of chalk dust forty pupils can raise in 
a schoolroom in thirty minutes. Arithmetic exists and grows 
only in the mind. Being a system, arithmetic must be taught as a 
system. It is tiot an outgrowth of the individual's everyday ex- 
periences. It is not learned according as the interests or the whims 
of pupils may suggest. It is not anyone's personal di.scovery or 
invention. Arithmetic must be taught as a system.^ 

Arithmetic, as a responsibility of the school, seems thus to create 
a kind of paradoxical learning and teaching situation, to furnish 
two opposing sets of demands. On the one hand, arithmetic can- 
not y Miposed upon the pupil, but must be developed by his own 

1 III thi^ ch:ipt<*r. ariihniclic is considcrcti as a <vst(in tt) be aa|uirc(l by a study 
of munbcr idationships. DKreicnt point< of \iru \,\\\\ i(sp(ti to u.ivs in which 
rchitioii'^hips mav he u^vA .tu ilc\( hipcd in ih.ipu i- hv Hnuikner. .S.iiUile. Ihielc. 
and others. — {Editorml Board) 

So 
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individual responses and reactions. On the otiier hand, arith- 
metic cannot be left to individiia! caj)rice, but must be made 
the subject of explicit instruction. Putting the two apparently 
oppo.sing .sets of demands togetlier, we seem to avoid our para- 
dox. Thus the pupil learns arithmetic only as he builds up 
meanings for himself, and thus lie learns arithmetic only as he 
builds up meanin^^s that are consistent ^vith the number system 
which society through its school impresses upon him. hi other 
words, the pupil must be an active learner, but he must be 
taught: he nuist be subjected to instruction, but the instruction 
must be individualized. 

The thesis \vliich it is the purpose of this chapter to present 
is that the demands ot the number system on the one hand 
and the interests and experiences of the individual pupil on 
tlie other are not necessarily incompatible. Hie learning and 
teaching paradox, to whic h reference has been made, wiW be pre- 
sented in a few typical settings, or in a few of its typical forms; 
and etfort will be made to show how the apparently conflicting 
demands of the paradox may be resolved into a more or less 
consistent basic theory of instruction.. Special reference will 
be made, wherever possible, to the ^^•ork of the middle grades; 
bnt, for the sake of clearness, and because dohciencies in earlier 
insiructi()n frecpiently exist and need to be made up, illustration 
and application will necessarily be made to reach down at cer- 
tain points into the eai Her grades. The discussions will develop 
the following main topics: I. The Number System versus Puj)il 
Kxperiences; II. The (Continuity of the Course in .Arithmetic: 
III. ^riie Cloiuimiitv of Ideas in Fractions; I\'. Individuali/ation 
of Instruction: and \\ Teaching Methods of Thinking. 

I. rilK NTMHER SV.STEM VERSI S PI PIL EXPERIENXES 

The number system and individual learning. Ai e\ery point 
in his admini^tiation of the pioi^ram in arithmetic the teachci 
is confronted bv the contrast bet\v'cen \v'hat number thinking has 
•ome to be as a highly perfected science anci the haph:i/ard and 
unsecpiential methods hv which it is frequentlv learned in the 
school. On the one hand, number as a science is systematic and 
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con.si.stcni; on the nilu'i liaiul. nuiubcT as a praciical an is often 
a scries ot uiirehiU'cl, nit'Lliaiii/ccL and nilc-ot-tluunb procedures. 
Tlu* iiulividual pupil is usually lound lo he tar from any very 
conipleic accpiisiiiou oi the nuuibcr system \vhicii the race 
ihroui^li loUi'' ages of trial has bujughi lo its present stage of 
jjerieetiou. 

rile te»i(lier lends to read to the contrast in (jue, sonietinics 
Ijoih. ot ^^•a\s. Piiluqjs ihe more Kunnuju reaction is to 
ne>;le( t the niunlK-r s\sii'm and c()n( entraie upon the indiv idual 
pupil. *l l)e iiMcher uoii's the wide ;^ap heiweeu the complete- 
ness of the nunihcr s\steui and the hii^hly incomplete accom- 
plishment ot the pupil, ami. with apparent l();^ic. is impressed 
with the entJiUKHis dillunhv. it not inipossihiliiy. of successluUy 
chjsiui^ the ,^ap. He tuins away from any thought or sug- 
f^estion ot brin^inii* tiie number thinking of the pupil into con- 
formity W'hh the number system, and chooses instead to select 
from the number s\siem those iienrs vvhich seem t'- (onform to 
the pupil, to his interests, experienc es, and needs, or to \vhat the 
teacher deems 'liey are or ought to be. We shall consider pres- 
ently the t onsequeut es of such reaction. 

On the other hand, the tea(hei* may give thought to the num- 
l)er system and how it has come to be. He notes how the sys- 
tem has come out racial experience, and he is impressed, either 
through his own thinking (jr through the force of traditional 
practices in the schools, with the fuial success of the experiential 
learning (jf the lace. He draws a parallel between racial develop- 
ment and a po.^^sible individual development of the pupil whicli 
he perhaps can foster. 

It is easy thus to imagine a parallel bet\veen racial develop- 
ment and individual developnu'ut, and to set uj) an argument 
that the conditions and situations that were instrumental in 
furthering lacial progress should be duplic ated in order to pro- 
vide the motives and the settings for the progress of the incli- 
vidual. Indeed, it is alvsays dillic idt for the present to break 
avsay from the influences of the past .and to make adjustments to 
j)rescnt conditions. lint the attempt to duj^licate the situations 
that Confronted eailier sorieties in cjrder to fnrnisli the nic)tives 
for learning in piesent societv is a distortion l)oth of modern 
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siiuaiions and ol the conception of the tviic motives for learn- 
ing. 'rh(JUi>Ii the pupil must learn the numher system the race 
has evolved- at least something;' of the system, the conditions that 
smroinid him are radically dilferem. He has to learn in a short 
time what it took the race a h)n,^' time to develop. He shoidd 
be steered clear of the mistakes the rac'» has made. He should 
not he allowed the loni; i)eii(uU of exp^'i imentation \s'ith inade- 
cpiate methods of thinking- t!iat the race tlu'oui^h accident hnd 
to expel icnce. He is smioundcd tioni hiith hy a pertected num- 
her s\stem in daily use 1)\ the older ^^eneialion, and throu<^hout 
his formaiixe \ears. if utu his whole litelime. he may profit 
throujih siuli expeiience; wlicieas the lace enjoNed no such ad- 
vantaj»e hetause it was at all points (onlKHUed with the ta^k 
of creaiin'4 »i umnber system and l)iin;4in<;' it to perfection. 

The only item in the paiallel is the uninhi'r sv.sicm itself. 
Through blind trials extcndiu'^* oxer Vnv2, ct-niiuii's the race li.is 
succeeded in treating and de\ eloping a nnmhcr svsieni: it is this 
same numher s\stem that the pupil shoidd recie.ite and redevelop 
under the svsteniati( guidance of the sdiool. The race lacked 
L^uidauce and consecpicnt 1\ tell into nianv dillicidties; the efforts 
of the pupil may he j^inded in (he diiection of the siucessfid 
methods of attack that the race throiu'li trial and niucii error 
tinally came to adopt. 

The problem approach. Harkinj^ l):u k to racial experience 
is the present-day theory that new topics, new procediu'es, and 
new lessons of an\ sort shoidd be a])proached by way of a 
problem which is made to contront the pupil. In racial expeii- 
rnce e\erv ninnber situation posed a problem and was a situa- 
tion in which doubt was inxolved. no\\' to deteiinine the si/e 
of a i;roup \Viis on(c» a prohU-m, because then early peoples knew 
little about coiintinu;. How to di\ide a lai'^e '^roiip into smaller 
ecpial groups wiis once a problem, because* then earlv pe(^ph*s 
knew no svsteniatic and certain method of di\ision. I'liev at- 
tacked their prohlenis. to be sure, and iiriixcd at sohnious. 
Kven then, the problems icmained. bei.iust> the soluticnis «4.uned 
were mueitain onc*s. I'inalb. liowexer. solutions >;ained 
and the prohlenis now no loiii;er cxisi. 

It frtMpieiitlv lia;)pciis, iie\ ei tlieless. th.it the school seeks to 
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introduce tlie lessons it would teach as problems for the pupil to 
solve, llius, a situation iliai requires addition in order to be 
grasped is presented as a means of leading the pupil to an 
understanding of addition: or. thus, the situation of borrowing 
and lending money which involves percentage is taken up for 
consideration as a means of making the pupil aware of the 
significancx' of percentage. The thought is that the pupil will feel 
a need for learning* and have a motive for learning addition or 
percentage, as the cise nia* be; and this, of course, before he 
has any realization of the part either addition or percentage 
plays in the situation before hini. In short, whether consciously 
i)V not. the efhnt is made to repnuiucc tluj learning situations 
of earHer days with the thought, no doubt, of inunediate resuhs 
simihu* to those which in earlier days were finally brcnight to 
jjass. 

There aie at least three obvious fallacies in such procedme. 
The first is the fallacy o{ time. The school life of the pupil is 
loo .short to permit the clujjlication of the slow {)r()gress the race 
made in the j)ei lection cjf our number system. A second fallacy 
IS the fallacy of assuming that the pupil's j)oint of view with 
lespect U) sui rounding situations may be inferred from the 
adult's ptnnt of view. The aduli is perfectly clear that the 
situation of f)orrowing and lending recjuires for its complete 
imderstanding a ktiowledge of percentage; the pupil who has 
never been introduced to jjercentage does not know this. More- 
o\c\\ the felt need for the learning of percentage is the teacher's 
rather than the pupil's. .\ third fallacy is the fallacy of parallel- 
ing the learning situations of tin pupil with the learning situa- 
tions of early peoples. The pupil may be a primitive individual 
but he does ncn live in a primitive .society. Whether the school 
is ever justified in withholding learning lor the sake of creating 
a problenu or in attempting to duplicate the ncce.s.sarily incidental 
ways of learning of earlier days, is a matter of serious doubt. 

Arithmetic t'rom the pupils experiences. The problem ap- 
proach to the pupil's lessons in arithmetic frccpienilv moves 
ahead from a method of presentation to a detenniner of content. 
.\s a consecpience. the teacher is ronfroiued with the at;parentlv 
conflicting demands of *'mathematicar* anthmetie— so-called, and 
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"social" ariihnioiic — so-called. Here as elsewhere, the teacher does 
not feel himself to be entirely absolved from some measure of 
responsibility to the number system; while at the same time he 
feels impelled u> ^cc!; in the pujMTs experiences in various social 
situations the arithmetic the pupil shall learn. When he is 
reminded, either by his own forethought or by such experiments 
as that of Hanna.- for example, of tlie inadecpiacy of pupil con- 
tact with social situations as a means of determining; and introduc- 
uvr the arithmetic he feels the pupil might learn, the teacher 
faces the problem of whether to make up the deficicncv by what 
he considers inierior tnethods or to nniltiply the experiences 
set up for the j)upil. 

Perhaps the teacher should not look upon "social" arithmetic 
as a particular "kind" of arithmetic, distinct from other "kinds," 
such as 'Voniputationar' and "informational." Perhaj)S lie should 
look upon it. if at all, as a method, as a means to an end, as a 
mode of presentation rather than the thing to be presented. 
In such rase, his point of \ic\\' would be reversed. Instead of 
determining the arithmetic which the pupil should learn in terms 
of the pupil's experiences in various social situations, the teacher 
would find himself making use of the pupiTs experiences as a 
mode (d* throwing light upon the arithmetic whic:h he sets the 
pupil to Ic'arn. He would thus avoid the temptation of presenting 
a hapha/ard content; moreover, if he found such mode of en- 
lightenment inadeciuate. he would not thereby be discouraged 
from varving his methods. 

How and when the pupil's experiences in vari(nis .social situa- 
tions are to be uiili/ed .ire ])erhaps the important issues. \ 
choice of answers is offered in the following account of the 
activity of plaving store that was set up in aj)parently identical 
ways in two third grade classrooms. 

As an e\fM ise in snc ial c\peiien:c a "storo" was set up in each class- 
mom undtr flic diteiiitm nf the leachei'. A (fMUitcr. shel\(\s. and 
unnds lo Ik- "bdunht" atid "Mild" were niosidcd in eadi. and the 
[uipih took tuniN airiiii; ;is dnks and customeis. At this point tlie 
idcufifs siMj)s. In the <Mic (lasMfuun. the stoieke'.^pinq; was und(Miaken 

'V U H.mn.i .ni.l n'hcis. '■Oj)}u>uHMjt icn f<ir the I \(« (jf Arirhriu'ric in an 
\(n\it\ iMc.^i ini/" / /./• Ir.trhnii: Anthmrtir, j.j). ^."i-U^n. Iriuh NVarhook of 
^ht• National C'l'inuil ol Icuhci^i ol \fatluni.iti( lO.i.5. 
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lo slimiilaic ihc Icarm'iij^ t)f ilic siinpU' atUliiions atul MihiMiiions ami 
a few of ihf simple nuiltii)litaiit)n'<. In ilu» oihcr. ii was uiulertakrn 
to provide one of several means ol praclit ini;* the nu'anin.ufnl apj)li- 
taiions of the .sinii)le processes nieniionetl. ofirr ihey liad been learned 
ami understood by the pupils. In the otie t hisMooin, the aritbmetieal 
operations Avcre engaged in as a kind of tUstrai tin;*' aiti\ity that ^^•as 
insisted npon by tlie teatlier as netessary for the other activities of 
stoiekeepins Avhitli possessed meaning; ami Avhen the teacher lessened 
her insistence the otlier activities ^vent aloni; cpiitc* as u'ithoui 
tlie aritlnnetical operations as ^vith them. In the other c lassroom, tlic 
aritlnnetieal operations were not divorced bv the pupils from the 
other activities, but were used to oi\e them an exactness they other- 
wise tlid ncM ])ossess. In both classrcionis, tliere was manifesicHl con- 
siderable imerest in the experieiues to he had. in the social situations 
presented, in tlic *Vsocial" aritlnnetic prosided: but iheie was a dif- 
ference in tlie character of the interest that was manifested. 

The recall of experiences. Soinethinj^ slunild be said also about 
the kind of pupil experience that is of value. Again, the issue 
may be presented by means of an illustration. 

A fifth grade teacher.-'^ in the elfort to develop a method of teach- 
ing the ideas of si/e ami number iti the coiiiniou fractions to his 
pupils, found considerable disciepamy bet^\•een the possession of the 
ideas and the ability to recogni/e their svmbolic rcpresetitatioii. Iti a 
preliminary test, he scunied to d'sioxcT that the pupils knew very little 
about the relative si/es of the simple fractions. They made main 
blunders in recognizing the lai^c^^t of three writun representations, 
such as and -.j . : and the stiiallest of thue writtcMi 

representations, sndi as ^.j, and ^j, V-.* almost t^vice as 

nianv incorrect estimations as correct one . Htjwcver. when he bc\gaii 
his instruc tion, he discovered at om c* that the coiurct;' ic] )rcseiitai ioiis 
of the si/es of the coimiion fractions, one-half of an a]}ple. two-thiuls 
of a circle, and so on. wcw not unfamiliar to the pupils. Indeed, wlien 
he gave the opportunitv, niDst of the puj)ils \vere able to jnovide 
ample illustration frnm their ^-vn expeiiemes. and gave clear evidence 
of the possession of the* nlc^anillgs of the frac lions whose- wiiticMi repre- 
sentations had bc^en (Ofifusinu. Tlie tt'adier found that he did not 
have to teatli si/e at all at the- outset, but intlu'i the wav of lepre- 
sentinc: ^i/e. He found the idc\i of si/e ])U'sent. but that it had to be* 
recalled and conceiitrnied I'jion. Ilf, there foie, bv su*j:gesiion and 

tfw Ielr{i\ (if \/:/' ({till Xtonhi y hi :hr * ' (' '>*}**t'i*} f- *,:rf intn. M.isn'i'^ junli 

Ic iii on U\r iti the* (^fluf dt ilu* (iMilii.iif Co'intil. W'c^i \ t *iii\ci n^v. Ntoi 

•j.niKuvn. n^I^S. 'Miiv and (idici ^iinil.ti ^Uhli' v .i\r iiscil tut illu^n.Hixc pnipoMS 
in ihis rhriptrr priiuniilv hccan^c thc\ icpt c^rtit.uiNc (>f tlu» t\]ic ni qu.ilii.ili\c 
rrsrarch into trarhinq: pKxnliJirs whirh fc.uhci^ tlwin^clxc^ cm t.uiv ftnwaid 
Amid the busy activities of the classroom 
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oilHT\visi\ i niniiia};cil ihc? waxW ol those expeiienccs which scivcd lo 
\n\\\^ to the lore the desired iden; 

Tiw ih'i: (ine ol two hunteiii killed a deei . I low do you think they 
nuide an e(|nal division? Did one nuin take both liont legs and the 
ndur man lioih hind legsr 

lUihil: No, thai would give one man more than halL They would 
(lit tfie (Un soaight down the middle followioK die backbone. 

Tm hn; How do yon know that wotdd divide the deer into halves? 

PujiH: Uuanx! my lather furnished tin* feed lor a pig. and another 
man fmnislud the pig. I'hey meant to dividt the pig e(|ually when 
it was killed. I'hi<y took an axe and ihopped right down tiie middle 
following ihe baikoone.^ 

Another illiisiratioo ol resort to a particular type of ptipil 
experience as nu-.nis ol recalling ideaii already possessed, of con- 
centrating ttpon stich ideas, and of giving them further develop- 
ment, is drawn from the work of a teacher in the sixth grade 
in iiurochicing percentage.'^ 

1 hr work was introduml througli recall U) the pupils, under the 
Niinnilaiion and guidame ol ihe icadicr, of expeiiemes with per cents 
in (oimiKiion with giadcN on iheir spcllinj^ test papers, with connnis- 
^ion received by ihcir ilassioum ou a seed-selling project, with the 
pa)meni ol ihe U per leni sales lax, and so on. I.ater, their experiences 
in dealing with hadicuis and decimals were recalled, throughout, 
the elloit wa.s made lo head up familial meanings toward a new form 
ol expression. 

One of ihe pupils had mcinori/eci ihe relaticm beiwcrn the expres* 
sions i/j and lia^;. hut persisted in representing other expressions 
by an incorieci shorihand method of liis own; % ecpuds 4o%; 
ecpial.^i ; : and so on. 

l^'tirhrr: If of a dollar i.s 25 cenis, what is % of a dollar? 

Ih cent.s, heeause 75 cents is ilnee limes 25 tents. 
Tent lit'}: Can you change % to a decinuii? 

Puf^il: Ves. 'liviile 4 inio li, ( The division was performed correcily.) 
l^cadirr: Can you ( hajjge youi* answer lo per cent? 

Ves, .75 eciual.s 75';; . 
Tmdirr: Nmv change \'\ lo ijer cent. 
hil^il, e(iuals 30'^;. 
Trathry: Are you sine that is correci? 

hfjiil: 1 can divide and see. (ihe pupil divided correctly, and 
conec led his error.) 

UhitL. p. i:s. 

fl.Mwl (i. R()lnlu)nj;li. Thr Drvrlofwiru} mul Admiuistratinn of n Method of 
l9il)otluri)ti^ thr iftrn nf Vruvnt to Si\tlh(hfiil(* Pufuis, pp. 27 .SI, .53-r)l. Muslci's 
pinlilrm fm iili- in ihv oW'nv of lUo C;i;ulu;iiu Couiicit. \\'vs{ Virginia fnivcr.siiy. 
Miii;;;inunMi. IWMl 
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It should 1)0 added to the pim'iuation of the two illustrntinns 
whiel) liiive just been oll'ered tliat in each Instance the mcaningi 
of the pupils were headed up through the recall of experience* 
toward a urnty, rthith in a sense was a new meaning, u new 
idea for use both in discussion and i\\ application; and that as 
the unity took shape the pupils went about their exercises with 
absorbing interest. 

Number ideas in new situutioii&. In the uses of the experi- 
ences which we have described, it .should be clear that the 
intention has been to suggest the development of number idca."», 
and not UR-rely coniputational activity which may or may not 
aid in such dcvelopnicm, The preceding chapter has suggested 
activities which lead to generalizations relating to the mean- 
ings of addition and the other operations in earlier grades; the 
,)resent discu.ssion has suggested uses of experiences which aid 
in building up the meanings of the fraction and the per cent. 
The usi's to which the latter number meanings can be put have 
not as yet been indicated. 

The pupil experiences which to this point have been indicated 
in the illustrations are tluwe which have become familiar, either 
through outof-school contacts or through the instruction of the 
.school. Hut the pupil must gain new experiences. The concept 
of "social" arithmetic suggests it. The nature of the world in 
wlu'ch the pupil now lives and into which he will shortly be 
thrust as an individual having re.spon.sibilities requires it. What 
of such new experiences? What part do number ideas play in 
gaining them? Upon what shall the greater emphasis be placed— 
the number ideas or the new experiences? Here again the teacher 
is confronted by the apparently condicting demands of "mathe- 
matical arithmetic and "social " arithmetic. 

Whatever may be the ans^^ers that come first to minrl, upon 
one point at least we can l)e clear. The situations which the 
teacher sets up for the sake of pupil experience in arithmetic 
have all within them a number pha.se or a number element. 
Where emphasis shall be put depends upon the relative impor- 
tance of the number phase or element. It is suggested here 
that the number element in number situations is tlie c.s.scntial 
element, and that a subordination of the number clement to 
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oth«ri ii cottipniable to the production of Hnmlft with the part 
of the Vviuvi! of Denmark pinyetl in a minor role, Let us turn 
to the work of the upju'r grades for Illustration. 

In the U|)per grades the pu()il is Introduced to the personal 
and husiness situations tvhicli are common to the everyday 
activities of |)t'ople— situations which are everywhere faced by 
adults and which as an adult he cannot avoid. He is tnu{;ht 
about the lending and borrowing of njoncy, and the interest 
which is charged and |)aid for the u.sc of money. He is taught 
about l>uying and selling, and the piviliis and losses which are 
incident to sucli transactions. He is taught about saving and 
investing, and the returns which result therefrom. He is taught 
about insurance, and the obligations and benefits which belong 
thereto. He is taught about installment buying, and the neces- 
sary charges and costs thereof. He is taught about discount, 
connnission, taxation, and other related situations, which are of 
innnediate interest to older members of his family, if not already 
to him. 

In all such personal and business situations, the pupil is re- 
quired to give attention to a connnon factor, whether or not hi 
lecognizes it as cominon. The common factor is the factor of 
quantity, of size, of amount, of magnitude. Thus, he must learn 
not only that interest is paid, but also how much; not only 
that money is made and lost, but also how much; not only 
that an insurance policy requires a premium, but also how 
much; not only that the installment agreement of "a dollar 
down and a dollar a week" is a convenience with a price upon it, 
but also how much; in short, that the factor of "how much" is the 
factor of essential significance and central concern. Moreover, 
in all such pcrscnal and business situations, the quantitative 
side is relational in character; and it is this relational character- 
istic that the pupil must be aware of if he really gains a grasp 
of the situations. Thus, for t-xample, the "dollar down and dol- 
lar a week" for three momlLS on a ten-dollar purcha.se may ap- 
pear as a .small pi ice to pay for tlie extra convenience provided, 
but the price a.ssunus its proper i)roportions only when viewed 
as a relational amount. 

The study of situations in tlie upper grades ap])oars as a study 
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of lituations jwr w*. It is in reality a of cxmiH'fi in the 
ituerpretatiot) of wholes, exercises io which otic whole nimnitu is 
8eeti as a si^tiiiicatu lelatioti to atiother whole ainoutn. It is 
in reality the appHcation of the tools of nutnhtr thinkitig, which 
the pupil is supposed to have aciiuited in earlier grades, to the 
shnplest atul most easily understood situations of the social and 
busiiiess life which surrounds hitn. 

Practice in number thinking. If the teacher concludes from 
such considerations as the foroj^oin^^ that the ntMuhcr lement 
is a characteristic and signilicnu eletuem in all number situa- 
tions, he wilt find in his conclusions the answer to the question of 
what to emphasi/.e when number situations are called to the 
pupiTs attention. lie will also have a definite purpose in mind 
when he calls number situations to attention and when he in- 
vokes and provides experiences involviufj number thinking. 

At the outsell before any given number idea has been ac((uired 
or developed or before any given type of numb'M* iliinking h.ts 
been engaged in by the pupil, the teacher will look ahead to the 
need of acquainting the pupil with certain personal, business, 
or social situations which contain the idea or require the think- 
ing as a characteristic and significant element. VUq teacher will 
be aware of other important features in all such situations, fea- 
tures to which the pupil must give attention. He will be aware 
also of the aid the possession of the nmnber idea or the ability 
in number thinking will contribute to introdiuing the other 
features and to making them clear, and of the didicidty. if not 
impossibility, of sensing the significuue of such other features 
apart itnm their quantitative relations or when ihcir (juantilative 
relations iire not understood. He will seek, therefore, to intro- 
duce the ninnber element in advance. 

Moreover, the teacher will be aware that the number element 
in situations is not a thing in a vaciumi, as it were, whatever 
the itnportance it may seem to have in its own right. Accord- 
ingly, as was suggested in an earlier topic, the number element 
will be introduced in and clarified by situations which aie already 
tanuMiar, Later, as and when the numhfv clement becomes 
familiar, it will ])e put to u.sc to lend familiarity to new and 
imfamiliar situations. 
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l.ct us illujitratc tlio promtiiir jiisi iiuliraied by reference to 
Ihc iiunnliuiidn. dcvrlopiiuMit. aiul application of pcrceiUngc. 
Ah an vnvVwv topic lias iiulicaicci, ptMreiuago as a new lauKunKC 
and as n new nuulc of expressing relations between (pumtitics is 
introdiiml by snji;>;e.sting past experiences which provide the 
necessary intnuhu (ory nieanioKH* As these meanings head up into 
a unity of nieanin^i>\ developMient is provided by an abinuiance of 
ilhistrations. suKuvsted and evoked by teacher and textbook. The 
illu.urations are laniiliar sitisuions which involve and recpure the 
thinking of two nund>ers together in tei*nis of their percentage 
relationship. Tlie illustrations are connnonly called ''problems/' 
though they ne not properly problems at all. Properly cliosen, 
the illustrations do not leave the pupil in doubt, but throw fur- 
ther light upon an idea which already has been introduced. 
Sometimes the complete illustration is given, that is, *'the prob- 
lem is worked"; scnuetimes the illustration is given in part and 
the pupil is rccpiired to .supply the missing elements, that is, 
"work the problem**; and sometimes tlie pupil is recptired to sup* 
ply his own illustration, that is, 'Mnake up his own problem.'* 
In any case, ^he 'problem" is the presentation of a familiar situa- 
tion which illustrates the idea of perceiUage and recpiires the 
con.sideraiit)n of the percentage relationship between two cpian- 
titles. 

Finally, the pupil is prepared for introduction to new situa- 
tions in which the percentage: relations between cpiantities arc 
invnivrd. Tirst of all, the pu[al needs U) be introduced to the 
general, (pwditativc features of the situations. Next, he needs 
to consider special ca.ses. to view the (piantitative features. 

If the topic is interest, for e\am})le, the pupM uuisr become 
iiiformed of the needs of individuals and of businesses foi the 
u.se ol ready money, of the risks of lenders, of the obligations of 
l)orrow{M's, of the advantages the borrowers gain, of provisions 
for .safety and security, of the similarity between usuig another's 
money and using another's j)ropertv. of the methods of reimburvS- 
ing the lender lor the use of his money, and of like matters. 
The pupil needs to gain uleas of what interest is, why it is charged 
and paid, the situation that involves it. and the concerns of the 
people who are involved in it. 
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As and when the pupil gains the general idens of interest, he 
can profit from considcrniion of sjjecial cases. Mere again, he 
should have illustration after illustration: not of pcrtentage 
merely, because the percentage relation has already heconje fairly 
clear, but of the situation of interest. Kere again, he .should have 

problems" to "solve." The |)urpose is to throw light upon the 
situation of interest from various angles. To thiou light, the 
I iistraiions must relate to matters which arc as familiar as pos- 
sible. The situation of interest is partly familiar through its 
general introduction. It is highly important that the number 
element be familiar. The value of the illustrations is determined 
in the mam by the degree of familiarity of the number element. 

The pupil as an active participant. Our discu.ssion to this 
point has been devoted in the main to the resolving of the para- 
dox which the apparently conn.ciing claims of the number sys- 
tern on the one hand and of pupil experiences on the other seem 
to present. We find that no paradox need exist, that the develop- 
ment of number ideas and »he use and extension of experiences 
may be brought into relation each with the other. Or. to .state 
the matter in another way. we find some excuse for a paradox 
in the thinking of the teacher, but no necessity for one in the 
(levelopnig ideas and experiences of the pupil. We need to give 
further and .somewhat more pointed attention to the pan the 
pupil plays in the learning of arithmetic. We shall do this, lirn 
by mthcating the continuity of the ideas wh-'ch the pupil may 
gam ni the whole course in arithmetic and particularly in the 
^^•ork of the middle grades, and, later, by considering certain 
general suggestions relating to the individualizing of instruction 
and by ranva.ssing the po.ssibilities of leaching the pupil method.s 
of self instruction. 

II. THK CONTIMIITV OF THK COruSE IN ARITHMETIC 

The study of wholes. At the outset of his work in arithmetic 
the pupU studies small, easily apprehended groups, either inci- 
<lentally or syste.natically. If tlu- latter, he both learns systematic 
methods of study and emi)l()ys such methods in his study of 
grou])s He studies groups by counting them, by comjjaring one 
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group with atu)iht>t , aiul by sepamtiiig groups Mto cuntpouent 
smaller groups aiul conihining smaller groups into larger. He 
Icat-ns, by one means or another, to deal with the group oi ten 
as a standard, and to conihinc and analyse groups in terms of the 
standard group. As he proceeds, he learns the language of num- 
ber, both the oral and tlie written; and he learns to use the writ- 
ten language as an aid in dealing with groups as well as a means 
of recording the results of his thinking. Moreover, he develops 
certain general ideas oi combination, the ideas of addition, sub- 
traction, multiplication, and division. That ^s to say, he learns 
not only how to add, or divide, but also when to add, or divide, 
and why; or, to put the nuu'cr in another way. he acquires and 
develops nieanings lor the procedures of adding, subtracting, 
multiplying, and dividing. From first to last, if Ms studies arc 
systematic, he not only handles groups, but also gives attention 
to what he is doing. 

As the pu])il moves along through the work of the primary 
grades, he learns to eiigagu in what are called the more complex 
processes ol the lundaniental operations. This is only another 
way ol saying ihut he gradually leaves the study of small groups 
which he can hiuulle and study by direct means to engage in the 
study of groups which are too large to handle and which must be 
studied by iiulirect means. He learns, sometimes by rule-of-thumb 
methods, souietimes by deliberate attention to what he is required 
to do, to relate the combinations of the larger groups to the com- 
binations which he earlier made of the smaller; and occasionally 
ho is made coiwciously a\vare of the relatic -.'up, which is by 
way of the standard group of ten. Thus he learns, consciously 
and understandlngly or other^^•iJC, to group tens, tens of tens, and 
so on, in addition, subtraction, multiplication, and division, 
just as he grouped his ones at the outset. Throughout, he learns 
about whole lunnbers: hrst, those which are readily and directly 
giasped, and, later, those which need to be brought back in 
proper relationships to smaller and easily apprehended wholes. 

The primary grades are the grades in which whole numbers 
are studied. In tlic primary grades the method of .studying whole 
numbers is the method of combining and recombining whole 
numbers. Through the use of such method the pupil is carried 
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at last to the |H>iiu wheie he needs a new inelhoci of study if he 
is to continue to cnlarg«» ami claiify iiis ideas of wholes. The 
combining of wholes Inially introduces such wholes as cannot he 
grasped through combhiaiions alone. Then a new method of 
relating wholes must he learned if progress in thinknig is lo 
continue. 

The study of parts. Tlie new intellectual device to which ref- 
erence has just beer made is the idea of the part. The device 
is ac<iuired through ihc study of pans, and the manner of employ- 
ing it is learned through the study of the uses of parts. A double 
task thus coufront.s the pupil. He is placed in a situation which 
is comparal)le to thai of the farmer when he bought his lirst 
tractor. The farmer lirst faced the problem of actpiiring the trac- 
tor (of paying for it) ; he next faced the problem of learning 
how to run it. 

At the outset parts are studied much as wholes were studied 
in earlier grades, l-irst. each part is studied in isolation as a given 
sized '.livisioh of a whole. Next, parts are analyzed into smaller 
related parts, and the smaller related parts are combined to 
form the original larger ones. Next, parts are compared as to 
their relative sizes, and, iinally, they are combined and separated 
in additions, subuactions, nuiltiplicaiion«. and divisions. 
I hroughout, the language of parts is learned and used both to 
aid thinking and to state the results of thinking. In proper 
sequence, ih.: various forms are learned and used: the language 
of connnoii fractions, the language of decimals, and the language 
of per cents. 

Mie study of p;>rts. though it begins with ever' day uses, 
ijuickly m()\ es far beyond any everyday uses the pi;j)il has or ever 
will have lor parts. He engages in additions, subtractions, multi- 
plications, and divisions of parts which are never employed by 
the common man outside the .schoolroom, riie purpo.se is to 
give a command of the idea of the part which transcends direct 
usage in ordinary everyday situations. "Ihe purpose is to give 
uh a coinniand as will enable the pupil to use the idea in- 
directly. 

The part as a relational idea. Through the indirect uses of 
pans the pupil returns to the study of wholes. He leanis to deal 
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\\'h\\ wholes in a ncu' way and l)y a new method Now th«* pupil 
combines what he has learned of parts and of wholes, hmcI em- 
ployn parts as ideas and statements of relations between wholes. 
The new method of studying wholes docs not substitute for the 
earlier methods, but supplements them, and thus provides larger 
and clearer ideas of wholes than were possible through the use 
o*! the earlier methods. 

The pupil learns to deal with the part as the expression of a 
relationship between wholes through throe kinds of exercises, 
in one exorcise he learns to find an unknown number that is 
stated as a given part of a known niunber. In another exercise 
he learns to express a given number as a part of another num- 
ber which is known to him, In a third exercise he learns how 
to find an unknown number when a given part of it is known. 
He engages in these exercises when he has studied connuon frac- 
tions, and again when he has studied decimals, and again when 
he has studied per cents. 

In the middle grades the pupil studies parts. Through such 
study \\c learns, first, the direct uses of i)arts in ordinary every- 
day experiences and situations^ and» next* the indirect uses of 
parts as expressions oF relations between wholes. His study of 
parts thus proceeds to the study of wholes and pares, iiy means 
of the latter {)hase of his study the pupil is iHcpaicd for the 
study of the practical applications of wholes in succeeding grades, 

The interpretation of wholes. When the pupil comes to the 
upper grades, ii is assumedi often cpiite incorrectly to be sure, 
that he has learned how to think of one quantity as a part, or 
per cent, of an(Ulier. In the upper grades, he is given c pportunity 
to put what he is supposed to have learned to a rse which can 
be seen lo be of immediately practical importance. The fact that 
many pupils come to the upper grades not thus prepared merely 
serves to stress the resi)0!vsibility which earlier grades are supposed 
to have met. On Oic surface it appears that the pupil is en- 
gaged merel> iti becoming acquainted with prac^tical situations. 
Actually, however, ho may be doing much more. Me may !)e 
carrying forward the activities of dealing with parts as inierprctii- 
tiot^s of wholes, of learning and using wholes, which had their 
beginnings in earlier grades. 
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The acilvity of inierpreting wholes extends through the high 
school, though nrithmeiic as one of tlie common brandies of study 
is discontinued at the level of the upper grades. In the high 
school every pupil must pursue what are known as the social 
studies. In such studies the pupil has his attention called to the 
institutions of society and to certain of th^ major prolilems with 
which organized society has to deal. He must stiuly the activities 
of organized society in its attacks upon such problems— problems 
of public education, of poverty, of crime, of housing, of popula- 
tion, of social security, of industry, of capital and labor, and the 
like. Kach set of activities or each problem is described in the 
pupil's te-vtbooks and other reading materials. His task is the task 
of reading the descriptions. 

The desciiptions which the pupil is called upon to read are of 
two kinds, presented simultaneously. One description deals with 
the characteristics of a social institution, with the kind of social 
activity, with the nature of the problem. The other deals with 
their magnitude. One is a qualitative description; the other is 
quantitative. The one is printed in the language of the alphabet; 
the other is printed in the language of the .Vrabic numerals. 
Neither can be fully read and understood without the reading 
of the other. To read one and neglect the other results in a dis- 
torted view which misleads the thinking. 

The nimicials which appear in the descrijnions of social insti- 
tutions, activities, and problems must be more than pronounced 
They must be inter])reted. They do not impress themselves. 
They become impressive only as meanings are read into ihem and 
read out of them. The numerals represent large numbers, num. 
bers which are far beyond direct apprehension, numbers \vhich 
touch the individual only in the fractional degree in which he 
IS a part of society, numbers which take on meanings only as they 
are brought do;vn through many relations to tiie point wiiere 
they touch individual lives more or less directly To read such 
numerals, the pupil must bring to bear upon the activity all the 
resources of nimiber intcr{)ret:uion which earlier grades can pro- 
vide him. Unless he is well ecjuipped. he is in con.stant daiUer 
of getting lost in the maze of relational thinking th.a is demanded 
for adequate interpretation. 
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in. THE t:ONTINl!ITY OF IDEAS IN FRACTIONS 

The idea of number of parts. ^Vhat h.is just been s-iid about 
the possibility of a sequential and on-going single progiam of 
learning activity for the pupil throughout his whole course in 
arithmetic applies with equal force to the work that may be 
laiil out for him in his study of fractions. His study of fractions 
can be made a program of developing ideas* such ideas as gain 
in clarity ,is his study proceeds and in turn render his study more 
and more unified and meaningful. To illustrate, reference will 
be made to the ideas of number and size of parts, to the new 
application of the decimal form of numeration, to the fraction 
as an expression of relationship, and to the so-called three kinds 
of pioblems. 

The ideas of numbers which the pupil Iws developed in 
earlier grades h.ivc general aijplicability. This fact the pupil 
has recognized from the outset. For example, when he learned to 
count, he became aware that he rould count anything. He 
counted tlir buttons on his shoes, the pictures on the 'vall, the 
plates on the table, the trees in the yard, and, with equal facility 
and certainty, the pieces (fractional parts) of an orange on his 
plate, or the pieces into ^^•hich a pie, or a cake, or a melon had 
been cut. Similarly, when he learned the combinations, he be- 
came able to combine parts as well as wholes. Thus, for example, 
he could add Jie 3 pieces of orange he had had and the 5 pieces 
he was yet to have quite as well as he could add 3 oratiges and 
5 oranges. 

The fractional parts whkh the pupil is thus able to count and 
to rearrange in various combinations are each regarded by him 
as a unity. To each he gives the .same type of attention as is 
commonly given in the standard fractional parts of various meas- 
ures. Tlioiigh one may recall, if he is so disposed, that a quart 
is a fourth part of a gallon, he commonly regards each quart 
measure .is a whol#> \n and of itself. Similarly, he deals with 
minutes is unities, and with feet as unities, usually without con- 
sidering them .Ts fractional parts of the hour and the yard. Like- 
wise, the pupil counts c.idi piece of his orange as a whole piece; 
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to him ihc lialf piiu buttle o( ctcnin which he biiiigs tinin the 
store is i whole bottle. Vs a coiisequeiuc. the coiuuin^ aiul 
combiiiin{;r oi parts are at the outset identical with the counting 
and combining of wholes. 

The school could, il it would, take advantage of the i>U|jirii 
developed ability to count and to combine as one means oi 
introducing him lo his systematic study ot fractions, While the 
idea of etpiality of sizes is being introduced, and is as yet not 
fully grasped, the pupil might well be direcied to the (ouming 
of parts and to the combining of parts in additions, subtractions, 
multiplications, and divisions, treating the parts as he has here- 
tofore treated them, that is, as unities, In such activities, the 
pupil would find hiiiisolf on familiar ground while he is trying to 
gain another view that is as yet relatively unfanuliar, Me would 
gain conlidence in his ability to deal with fractions which other- 
wise are being explained in terms thar temporarily at leasi seen) 
to lessen his conlidence, Moreover, his induction into iluf ctmi- 
putations with Iraciions that arc eventually vetpiired would thus 
be by easy stages. 

The idea of size of pait.s. just as the pupil's ideas of nundn-rs 
may serve to connect his c.irlicr study of wholes with his new 
study of pans, so may the idea of size bcconie a unilying idea 
as his study of fractions pnu.ceds. At the out,set. the sizes of parts 
are called to attention, 'I lu; half is iraroducecf, explained, and 
illustrated as one of two etjnnl parts, and the third .^s one of three 
e(}ual parts. Moreover, the relaiums between the Ii;df and the 
fourth, the third and the sixth, the half and the third, and so on, 
are made clear by ilh' iraiion. Atieniion to si/e is the (irst nienial 
activity .set up and directed in the intnjduction of fractions. 

Somewhere along the line. h<*WTver, the pupil usually fails to 
contintie to hold his attention to size imd to relative sizes, :ui<l at 
such point his didiculiy bcj,ins. Many pupils in the .school meet 
with much dilficidiy in dealing wiih the denominators of frac- 
tions. Such difliculty is with that feature of the fraction that 
both historically and in the experience of the pui^il is the lir.st 
to strike the attention. The first fractional numeration was the 
forni of the unit Iraclion which (oncenlralcd attention on size; 
and the young child without benelit of .schooling is never at a 
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loss to distin}{[uish between the sizes of two pieces of candy when 
he is offered a choice, lUit because teachers and textbooks either 
take an understanding of size for grunted, or neglect to stress the 
importance of si/e, ov mislead the pupil in his consideration of 
size, much confusion results. 

The pupil ccmies to the study of fractions after learning to deal 
with numbers, Perhaps, therefore, his understanding of niun- 
ber in the study of parts may be taken for granted. But not so 
the feature ol size. He must be taught to think exactly with 
regard to this feature. \'ovy commonly the pupil is misled in his 
consideration of size by mistaken ()cfinitions forced upon him by 
teacher and textbook. It is the common practice to advance such 
definitions as the following; '^'rhe denoniinutor shows the num- 
ber of jjarts into which the thing has been divided." '*The nu- 
merator shows the uinuber of parts to be taken." In short, both 
denominator and numerator are said to show number of parts, 
which is half false and half true; and then, in order to indicate 
a distinction where none has been made, a misleading phrase, 
like "to be taken," or "that you have," etc, is added to the 
definition of the numerator to becloud its meaning. After such 
definitions, ihc teacher ^s•onders why the pupil, who at the out- 
set has "o trouble distinguishing halves, thirds, fourths, etc., 
proceeds to add two-thirds and three-fourths as follows: 

2 3^5 

The pupil, having been confused about sizes, or having no 
systematic guidance in the recognition of sizes, or having been 
taught to treat them as numbers, kno^vs very well that he can add 
2 parts and 3 parts, and the result will be 5 parts. He proceeds 
so to add, as just indicated. Since the denominators in die 
addends po.ssess a false meaning, he might just as well set down 
a false meaning (or any meaning) in the denotnina.or in his 
ans%ver. 

The history of fractions reveals that the lace made little if any 
progress in the development of ideas of fractions so long as size 
w*as emphasized at the expense of number, nr ;ong ai> num- 
ber was emphasized at the expense of size. The same revelation 
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is to be noicd in ihe case histories of pupils in the school. They 
make m progress in clcvclt)ping a working unilurstaiuliiig of 
fractions so long as either distiiigutshing feature of the fraction is 
neglected in their thinking. Pupils must be led to study si/e us 
well as number. 'I'hey must not be diverted from the study of 
si/e once such study is begun, 

The decimal expression as an extension of decimal numera- 
tion. The charat teri.stic feature of the Hindu-Arabic numeration, 
to which the piipil is introduced in the early grades, is the 
positional value which attaches to the numerals. In learning die 
system thereby represented, the ptipil learns Inst to deal with 
groups to ten and next to deal with tens and multiples atui 
powers of ten. He learns to use the numerals to represent num- 
bers (of individuals to ten. ami then of groups), and to use posi- 
tion to represent si/e (of groui)s). Niunber and size as coordinating 
ideas thus properly must be encountered, whether intelli- 
gently or not, before the pupil is introduced to his suidy of 
fractions. Here, again, we note the possibility of continuity in 
the ideas which the pupil may be led to develop. The continuity 
that is indicated ina> extend into die pupils" study of decimals. 

If the pupil who is to be introduced to decimals has learned 
the decimal notation, that is, has come to an appreciation of die 
signihcance of its characteristic feature, and if, in addition, he 
has been kept auarc of the ideas of number and size in his 
initial study of fractious he will find in his study of decimals 
nothing new to learn. In decimals, he needs to deal with only 
two or three or four standard sized parts (tenths, hundredths, etc.). 
and these he may represent in the old, familiar way: the numerals 
are used to represent nimibcis of parts, and the positions in 
which they are phued are used to represent sizes. 

The fraction as a relational idea. The use of the fraction as 
an indication of relationship between two numbers begins in 
the pupil's activities dealing with division of whole numbers. 
In division, the pupil is frccpicntly required to find one of the 
equal parts of a quantity by dividing the quantity by the num- 
ber of parts (Icsiml. The answci secured, which is the quotient 
of the (Uvi.sKm, is not an absolute residt, but one that must be 
thought of in its relation to the niunber that has been divided. 
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The question asked at the outset, and usually repeated as part 
of the description oi ilie quotient, serves to bring the (luotient 
into rehuion with the original quantity. Thus, when the pupil 
is asked, "What is one half of 2i?" he linds and gives the answer. 
"11> is one half of 2-1. " Thus, he usci the expression, one half, 
to describe the relaiicni 12 bears to 21. 

A preceding discussion has indicated the later uses in tlie prac- 
tical affairs of life of the fraction as a mode of stating one num- 
ber in its relation to aiUither. The point ^^•as impressed that the 
relational idea of the fraction, which has its beginnings in activi- 
ties that precede the systematic study of fractions, continues a.s a 
use'ul idea after the systematic study of fractions has been left 
behind. 

The three kinds of problems. Not merely before and following 
the pupil's study of fractions is to be located a possible emphasis 
upon the fraction as a relational idea. Much of the study of frac- 
tions is a study which is intended to make clear the family tree of 
numbers. Thus, the continuity remains unbroken from begin- 
ning to end. 

In the study of fractions, the pupil encounters ^^•hat we have 
termed the "three kinds of problems." He meets the situation 
that r. '(uircs him to find the part of a number; a second situation 
that requires him to find what part one number is of another 
number; and a third situation that requires him to find a number 
when a part of it is giVen. In decimals, the pupil meets the 
.same three kinds of situations: again in percentage he meets 
the .same three kinds. If no attempt is made to have the pupil 
make comparisons, he may remember the situations (if he does 
succeed in holding them all in mind) as "nine kinds of problems." 
On the other hand, if comparisons and relations are emphasized 
from the beginning, he will c(mie to understand them as the 
"three kinds of problems"; and moreover he will understand 
their relations and distinctions. .Studying the "three kinds of 
problems" in fractions helps in the further study of the .same 
three kinds in decimals and still more in their study later in 
percentage. As the pupil moves from one chapter in his arith- 
metic to the next, he is aided in handling the new chapter on 
a higher level of understanding by the u.se of what he learned 
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about the same situations in the preceding chapter. He ap- 
proaches the study of the new chapter with some ideas about the 
new chapter already formed and ready for use. A general method 
of attack is thus gradually developed. 

Moreover, in the later stages of arithmetic, the pupil is re- 
quired to study what a^'e called the '^applications of percentage*' 
— interest, savings, investments, gain and loss, cost and selling 
price, insurance, taxes, etc. Each topic is new and unknown 
before it is studied. Each is in some degree a separate topic. 
Each may continue to appear as something entirely new and 
different. But if the pupil approaches the study of each topic 
with an understanding of the *'three kinds of problems** and of 
the relations and distinctions between them, he may be led to 
view the various apparently different topics, like interest, sav- 
ings, and investments, each as further illustration of the same 
**three kinds of problems" he already knows about. Thus, in 
the study of interest, the pupil will learn about certain business 
practices previously unknown to him, and, what is more to the 
point, he will at the same time gain a better understanding of 
the old and familiar "three kinds of problems." Thus his general 
ideas will develop along with the gaining of new information, 
and thus his preparation for the study of succeeding topics will be 
strengthened. Such a procedure in studying brings into a single, 
unified scheme of thinking or method of attack what otherwise 
might easily be a dozen separate, distinct, and unrelated **appli- 
cations'* of percentage. 

IV. INDIVIDUALIZATION OF INSTRUCTION 

The meaning of individualization. The continuity of ideas 
which runs through tlie course in arithmetic may become the 
pupil's continuity. This is to say that the pupil himself may make 
the ideas and the thread of their relations his own possessions, or 
in other words, that the instruction achninistered must have an 
individual bearing. 

Individualization of instruction has a double meaning. The 
following excerpts from the rc J-t of an elementary school prin- 
cipal on the methods pursued to develop number ideas among 
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the pupils ol her scliool give illustration o£ the double meaning 
of individualization.^ 

(1) hulixfidual Ohst ivatiofi. Since meaning and understanding are 
the main goals, ihc teachers should not depend too greatly on the 
results of \vriiten and oral icsts as evidence of progress in meaning 
and understanding. Analysis of the daily oral and written work will 
aid the teacher in locating weaknesses and indicate some of the reme- 
dial work lequired; in addition to this, however, the teacher should 
make careful observations of the individual pupil while he is doing 
the work in arithmetic to find out his methods and how he gets his 
answers. If there are signs that the pupil is developing poor habits 
of woVKing or thinking, proper remedial methods may be promptly 
applied. An instance of this observation and alertness on the part of 
the teacher is in coimection with a girl in the fifth grade who was 
having diiliculty in column addition; occasionally the answers she ob- 
tained were coirect, but generally they were not. From observation 
and questioning the teacher discovered that the child always ''carried" 
the larger digit; if the units column totaled 29, for example, she 
would write down the 2 and carry the 9. because, as she put it, ''The 
tens are larger than die units." Snecir.l attention has been given to 
thia child to correct this error, and ehminate the habit. 

(2) You will note, throughout the activities in these divisions, the 
unity and siniphciiy of the method. The children, under the guidance 
of the teacher, are discovering the number facts for themselves. Nat- 
urally practice must be given; the number facts must be rediscovered 
and leverified again and again, the grouping and the results repeated 
over and over until mastery is acquired. But the children acquire 
that mastery through practice, and, if they do not remember, they 
can always veiuvn to the group and rediscover and reverify the results. 
As an example of this, in one of our First Grades, a httle chap who 
had developed his ideas through groups, noticed that his companion 
was in difiiculty al)()ut the results of an arrangement. "Go back to 
your group." he said. "Here, Til show you," and took the material 
and arranged it from the beginning, sturdily explaining that — "when 
you take two blocks away from the {^roup, you have three blocks left, 
and when you put them together again you have the same five blocks." 

The first of the foregoing quoted paragraphs illustrates the com- 
mon and generally accepted meaning of individualization, namely, 
the application remedial instruction according to the special 
deficiencies and special needs of individual pupils. The second 
of the paragraphs illustrates individualization in its broader and 

« Fihcl L. Ni( holson. "StiulyiriK Groups as an Approach to the Development of 
Nuin])cr Ideas in the Piimaiy C;ra(lcs," University of Pennsylvania Bulletin, 39: 
296-297, June 26» 1939, 
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fuller meaning, namely, rhe stimulation and direction of the 
learning activities of pupils to the end that each pupil will develop 
ideas, meanings, '.mderstandings. Individuali/ation may or may 
not be individiia' instruction. It may occur in the case of one 
pupil or in the case of each of several pupils in a group. In ai.y 
case individualization implies that the pupil is made mentally 
alert to the essentials of the situation before him through the 
ideas and meanings which he develops and which thus become 
peculiarly his o^vn. One may observe the process especially well 
in that type of instruction in the vocabulary of arithmetic in 
which the pupils learn certain words, not as mere words, but as 
names for ideas which already have come into their possession. 

Learning as an individual matter. Let us take for example the 
acquisition of the word "division." In the midst of their study 
of a group of eight, let us say, the teacher raises the question, 
"How many twos are there in eight?" No one knows, of course, 
and no one knows how to fnid out. The teacher sets down before 
the pupils a group of eight: 



or takes charge of the group of eight on a pupil's desk, and 
demonstrates the arrangeuient into groups of twos: 



The teacher no^v counts and has each pupil count the twos; "One. 
two, three, four." "There are four twos in eight" is the answer 
to which each arrives. As the pupils catch on to what is implied 
in the question and what the question requires, they each take 
over the activity of rearranging the group of eight into twos. 
The question may be asked orally, as indicated above, or in 
writing thus. 2/H. In eitiier case, each pupil fmds the answer 
for himself and gives the answer he discovers. Next, similar 
questions are asked: "How many threes are there in twelve?" 
"How many twos are there in ten?" 3/12, 2/TO, etc., and for each 
question each pupil discovers and gives his own answer: "Four 
threes are twelve," etc. 

The point of tiie illustration thus far is tiiat each pupil is 
learning the meaning of division. Tiie exercises in division con- 
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tinue. With each exercise the meaning of division is added to, 
becomes clearer, becomes more a personal possession. Finally, at 
some convenient time the teacher supplies the name: "We call 
this division." "When you do that, you divide," 

Similarly, the development of such ideas as "average" and 
"per cent" is an individual, personal process. First of all, the 
pupil gains the idea; and, finally, he is supplied the name. Thus, 
in the case of the former idea, each pupil is stimulated to give 
his attention to the suppositions: "If he had traveled the same 
distance each hour." "If everyone had been given the same 
number." "Supposing he had received the same amount for each 
evening's work," etc. When each pupil has found the correct 
ansAver to a number of such exercises as are indicated, and more 
especially, Ashen he has given attention to the supposition Avhich 
gives meaning to the answer, the teacher supplies the name: "This 
is called the average." "We call this distance (or number or 
amount) the average distance." By a similar procedure Avith per- 
centage, attention of each pupil is directed in a special manner 
to one of the several parts, or fractions, with Avhich he has already 
gained some familiarity, namely, the hundredth part. Through 
discussion and illustrations, which are both supplied by the 
teacher and dnwn from each pupil's experiences, attention is 
directed to several of the more easily understood special uses of 
the hundredth part. Finally, as the idea groAvs, the name per cent 
is supplied. 

Individualization and grade placement. With the suggestion 
that arithmetic is a system of ideas Avhich the pupil himself must 
be led to develop, belongs its corollary that arithmetic can be 
learned only as the conditions of maturation of the pupil provide. 
In recent years many have become greatly exercised over this 
matter of maturation, and certain ones have attempted to solve 
the issue by an external, predetermined scheme of grade place- 
ment. Their latest solution is that of meeting the difTiculties of 
instruction in a given grade by passing along the difTiculties to 
the teachers in succeeding grades. One may call to mind the fact 
that many teachers had been aAVare of this device of solving their 
problems long before the Committee of Seven made its original 
report. 
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It is the suggestion in this discussion that it is the pupil to 
whom we should turn for answer to the problem of maturation 
and grade placement of topics. Each pupil must develop the ideas 
of arithmetic for liimself through methods of thinking which he 
may learn and use. As a consequence, the ideas in arithmetic 
develop no more slowly or rapidly than the pupil develops them. 
To illustrate, the pupils who are ready to learn the meaning and 
the name of the process of division in the manner which the 
preceding section has indicated are those who already have been 
engaged in an intelligent handling of groups. Similarly, the 
pupils in the experiment, to which reference will presently be 
made, will be found to have been ready to undertake the learning 
activities involved only when their teacher got them ready through 
preparatory exercises. And similarly, as an earlier section has 
pointed out, the pupils in the later grades who are ready to 
study the practical situations of life in which the idea of per- 
centage is a characteristic element are those pupils who through 
their earlier training have come into possession of a working 
understanding of the percentage relation between quantities. 

In what grade shall the pupil be taught percentage, or in what 
grade shall he be taught division by two-place numbers? The 
answers cannot be given in advance. The pupil may or may not 
be ready for the one in the seventh grade or for the other in the 
fifth. Everything depends upon his previous preparation, upon 
the extetit to which he has been led to develop ideas of arithmetic 
and to use the methods of thinking in arithmetic in earlier years. 
There are many pupils in the seventh grade \vholly unprepared 
to give attention to percentage, and there are many pupils in the 
fifth grade wholly unprepared to undertake division by two-place 
numbers. On the other hand, many sixth grade pupils can and 
do develop an understanding of percentage and many fourth 
grade pupils divide by t\vo-place numbers with good understand- 
ing of what they are doing. The answer to the questions in either 
case is that the pupil is ready when he is ready. In other words, 
it is the pupil's use of the methods of thinking which he may 
be taught and required to use which sets the pace of his learning. 
This is only another way of saying that if we teach arithmetic 
according to its nature and peculiarities, we shall not need to 
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worry about the issues of maturation and nrade placement of 
topics; such issues will solve themselves. 

If the issues require answers, they require answers which are 
relative, not absolute. The issues are much the same as that 
which could be raised about one*s readiness to take any given 
step in going upstairs. When is one ready to take the sixth 
step, for example? The answer cannot be at eight in the morning 
or at four in the afternoon. He is ready to take the sixth step 
only when he has mounted without undue haste and with suffi- 
cient care to the fifth step of the stairs. In this connection 
Dantzig*s story may be repeated. 

Dantzig' tells the story of a German merchant of the fifteenth 
century who, desiring to give his son an advanced commercial 
education, appealed to a university professor for advice as to 
w*here he should send his son for training. The reply was that if 
the mathematical curriculum of the young man was to be con- 
fined to addition and subtraction, he could obtain such instruction 
in a German university; but if instruction was desired in the 
difficult arts of multiplication and division, he would have to go 
to the universities in Italy for such advanced training. (Fortu- 
nately, the grade placement of the four fundamentals did not 
remain at the university level. Fortunately, no fiat of grade place- 
ment kept them there.) 

V. TEACHING METHODS OF THINKING 

The direct versus the indirect method of instruction. The fore- 
going paragraphs may be summarized in the statement that the 
problem of grade placement is the problem of establishing appro- 
priate sequence among the learning activities of pupils. The 
sequence, as has been implied, is internal in the developing 
understanding of the pupil, not merely external in the progi^am 
and plans of the teacher. The sequence, if this is built up, turns 
out to be more than a mere arrangement of learning activities, 
primarily a means of guiding them. How internal controls of 
learning activities may be provided the pupil may very propeily 

7 Tobias nanti^ig, Sumhcr, the Language of Science, p. 26. The Macraillan 
Company. New \*ork. 1930. 
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engage our attention at this point. Canvassing tlie possibilities 
of teaching pupils methods of self-instruction may help to reveal 
the part the pupil plays in the learning of arithmetic. 

The learning and teaching paradox, to which reference has 
been made from time to time, confronts the thoughtful teacher 
as what may be called the basic problem of instruction. The basic 
problem of instruction is the question whether to teach the sub- 
ject directly to pupils or to teach pupils methods of learning the 
subject so they can teach it. or much of it, to themselves. Shall 
the literature teacher teach poetry to his pupils, or shall he teach 
his pupils how to read poetry? Shall the science teacher teach 
the products of scientific thinking, or shall he teach his pupils the 
methods of thinking of science? Shall the arithmetic teacher 
teach arithmetic, or shall he teach his pupils the ways by which 
they may build up the ideas of arithmetic for themselves, and, 
as he does the latter, stimulate his pupils to use the methods to 
teach to themselves what arithmetic they learn? 

The thoughtful teacher must weigh the merits of the direct and 
the indirect methods of instruction, as they are here defined; 
indeed, he must make a choice between them. He may not have 
to choose one method to the neglect of the other, for, as it may 
readily be seen, the two methods are not mutually exclusive. 
The literature teacher, for example, must tech some poetry as 
a means of teaching his pupils how to read poetry, and may very 
well teach some reading while he is engaged in teaching poetry. 
Nonetheless, the teachei- must choose between the two methods, 
determining, if nothing more, which method he will emphasize. 

At first glance it would seem that the direct method is the 
better method in the ca.se of arithmetic, at least in the case of 
reaching the objective goals of arithmetic. The objective goals 
of arithmetic teaching which arc commonly set up as the true 
goals, and which give the appearance of being the true goals, are 
no doubt reached more quickly and apparently more surely by 
the direct approach. liut however much and whatever arithmetic 
pupils do learn under the tuition of the direct method, they learn 
something else also, something subjective, which is not commonly 
revealed by the tests and examinations at the end of the term. 
While they learn arithmetic, or such arithmetic as may be taught 
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by the direct method, they learn dependence upon the teacher. 
On the oiher hand, by tlic inch'rect method of learning and using 
methods of self-instruction, pupils, though they may reach fewer 
objective goals or reach them le -' qUiCkly, likewise learn some- 
thing else also, something subjective, which is not commonly 
revealed by tests and examimtions. While they learn arithmetic, 
such arithmetic as they teach to themselves, though under the 
constant stimulus of the teacher, they learn self-reliance. It is 
a sad commentary on the methods of teaching arithmetic in com- 
mon use that the farther most pupils progress in the subject the 
more dependent upon the teacher and textbook they become. 
Conversely, it is a surprise and pleasure to behold a pupil who, by 
accident or in spite of the instruction he has been receiving, has 
discovered a way of explaining to himself the arithmetic he is 
learning, and has thus learned to rely more and more upon his 
own developing ability to understand. The thrill is almost as great 
as the thrill which such a pupil himself experiences! 

Whatever may be the ans\ver to the basic problem of instruc- 
tion in other fields, in the field of arithmetic there appears to 
be only one answer. Arithmetic is a system of ideas. Arithmetic 
exists and grows for the learner only in the mind of the learner. 
Arithmetic must be learned in understood sequences or relations. 
The answer to the problem is that the only real way for pupils to 
learn arithmetic is to learn and use the methods of thinking which 
slowly and gradually cause the ideas of arithmetic to grow up in 
their minds. 

Self-instruction a possibility. The objection may be raised 
that it may be very well to suggest methods of self-instrucuon in 
the later grades of the school, but that such methods are beyond 
the abilities of pupils in the elementary school, especially in such 
a diflicult subject as arithmetic. It may be objected that in the 
earlier grades especially pupils are and must remain dependent, 
that they can take only such arithmetic as is given to them, and 
that only in homeopathic doses. To such objection it may be 
replied that even the beginner in the first grade does not have to 
be told that two and tiiree are five, for example, provided he has 
been taught to count as a means of finding out for himself the 
size of a group. He can count out two, then three, and next he 
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can put the two groups into one and count the five. Such a pupil 
is not taught that two and three are five. His teacher does not 
tell him. His teacher asks him what the answer is, and he finds 
it for himself. All that is required is that he taught counting 
as a method of thinking and directed in the proper use of such 
method. Using such method and other somewhat sniilar methods, 
such as have been described in the preceding chapter, pupils in 
the first grade can find the answers, that is, teach .;hemselves the 
answers, to forty-five additions and forty-five subtractions. Using 
such methods, they can, if their teacher desires, interpret simple 
questions in division and discover the multiplication answers. 

Moreover, to carry the illustration further, pupils do not need 
to be taught the thirty-six more difficult additions. Instead, they 
can be taught a single method of grouping into a ten and so many 
more, and then they can use this method to teach themselves the 
thirty-six additions. They do not need to be taught the thirty-six 
corresponding subtractions as thirty-six separate bits of informa- 
tion to be learned. Instead, they can be taught a single method 
of subtracting from the ten, and then they can use this method to 
teach themselves these tliirty-six subtractions. They do not need 
to be taught the simple multiplications, because they can work 
them out from the actual procedure of dividing larger groups into 
smaller equal groups and counting the groups. They do not need 
to be taught the more difficult multiplications and divisions. In- 
stead, they can be tauglit the single method of transforming the 
groups to nine into groups of ten and counting the tens. They 
can be taught the simple procedure of reversing the method to 
determine the related divisions. Then they can use this method 
and this procedure to teach the multiplications and divisions to 
themselves. They do not need to b; taught the complexities of 
the more difficult operations in the fundamentals. Instead, they 
can be tauglu tlie special si.<?!:i:kancf=; of ten, and it special posi- 
tion, and the method of dealing with tens just as though they 
were ones. Just as soon as tlie pupil begins to be conscious of the 
fact that he can and does deal with tens, as he puts it, "just 
like ones," the complexities of the difficult operations are reduced 
to a single simplicity. He is in possession of the single key which 
he himself can use to unlock each successive door as he comes to 
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it. Besides, as he moves from door to door, he gains greater 
facility and greater conCidence in his use of the key. Finally, the 
pupils do not have to be taught how to solve problems in arith- 
metic. Instead, they can be taught the methods of wovk and the 
methods of thinking things out for themselves, such as an earlier 
section has indicated, and their pioblems turn out to be illustra- 
tions of number relations and of practical situations which they 
already understand in part and are engaged in examining. 

What has just been said is that arithmetic is not an encyclopedia 
of facts and answers w hich the pupil is given and which he stores 
away for use. but instead a systematic method of thinking out 
number -^^i itions which, when employed, provides him with the 
facts and answers. What has just been said is that this systematic 
method of diinking is mastered only through use, and that it is 
the function of the teacher merely to introduce pupils to the 
method and to direct them in its proper use. From that point on, 
at every stage of his piugress, the pupil is his own best teacher. 

A third grade experiment in self-instruction. At this point evi- 
dence will be brought to bear upon the proposition that pupils 
can be trained in methods of self-instruction. Reference has been 
made elsewhere' to successful efforts to provide such training: 

Puf)ils ran learn self-reliance while they are learning arithmetic. 
L. A. Gump tauglu two groups of second grade pupils a method of 
discovernig for themselves tlie answers to the thirty-six more difficult 
additions, and P. C. Michael tauglu a third grade group a method of 
self-instruction in the thirty-nine more difficult multiplications. The 
pupils were successful in learning and in using the methods of self- 
mstruction taught them. Every one of the forty-four pupils in the 
second grade groups succeeded in learning the thirty-six additions in 
nine trials on the average per pupil per combination. Every one of 
die forty pupils in the third gracle group succeeded in learning the 
thirty-nine multiplications in tweniy-one trials on die average per 
pupil per combination. Moreover, all the pupils concerned developed 
a degree of personal priilc in their ability to depend upon themselves 

During the sdiool year, 1938-1939, M. V. Givens" repeated anci 

sH. G. Wheat. "Qualit.itive Annlvsis of Certain Imponderable Oiitromes of 
.Anthnietic TcachinR." Ahstiatt in Research on the Foundaliom of American 
n C^'S^^'" Research Association. Washington. 

0 M. V. Givens, Using a Method nf Srlf-ln.stmctinn in the Third Grade in Learn- 
ing the Thirty-nine Mnrr Diffinill Muhij^liralimn. NfiKtcrs' thcsi<; on file in the 
office of the Graduate Council. West Virginia University, Morgantown. 1939 
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cxiciulcd Mr. Michaorn siudy in ihe case i)f nfiy four ihird Riailc 
mipils in iwo elcincmary schools in Marion C:ouniv, West Virginia. 
Nl«'. (iivcMis taught his pupils a nicihod ot liiuling the answers to the 
thirty-nini! nuiltioHiations whose pnuhuis are iweniy-nno to eighiv- 
one. I he method was thai of urnupinjr into lens. Tlliis. in ihe inul- 
tipHuuion, four uines, the process taught was lo group the nines 
into tens and to count the tens, Thv procedure in thinking was: 
•'Four nines aie three tens and six, Four nines are thiriv-si\." Hy 
ilhisiration and exnhuiation the point was made that the nuihiphca- 
tion, four ninrs, asks, "Four nines are how many tens?" 



Following instruction in the method, the pupils were given practice 
in using the method to determine ea( h for himself the answers to as 
many of the ihiit>-nine muhiplit aiions as he had not as yet learned. 
The practice was individual. Fath multiplication was indicated on 
the obverse of a small caul, and on the re\crse the grouping into tens 
was shown by means of dots. The pupil looked at the indicated nml- 
liplicaiion on the from el the card and. if he lould not give the 
answer, he looked at the grouping on the hack and deteiuiined the 
answer, as indicated above, and gave it thus; "Four nines are three 
tens and six. Four nines are thirtyvsix." 'Fhis he did once each day 
with each muliii)lication, each on its card in a pack, until he hacl 
exhausted the pack. F:ach day the nujjil went through the cards of 
the pack until he had mastered all the multiplications. The criterion 
of mastery was the correct answer without looking at the back of the 
card on four successive davs. Each answer to he counted had lo be 
given in ilu: time the teather took to count f»i<\ hco, tinrr. four to 
himself. A daily record was kept of each pujjirs answers. 

The general charac ter of the responses of ihe pupils is des( ribed bv 
Mr. Ciivens, as follows: 

.Vs the instructor worked wiih each pupil individuallv. it was in- 
leresting to noie ihe clexelopment of iwo kinds of comi)eiition. First, 
the pupil was eager to surpass his record for the preceding practice! 
Invariably he would ask, "Flow many did I get right?" ^Vhen told, 
he would compare his achie\enu'nt wiih ihat of the dav before, and 
if noticeable improvement had been made he would ex'prcvss satisfac- 
tion. Hie second kind of competition was ihat between individuals 
and the group. Ofien someone would ask, "Who is ahead?" Another 
cpiesiion frecpiently asked of other pnjiils was. "How manv nmliinii- 
c ations do you know?*' 

The attiiude of the pupils in general toward the woik ^^^•ls excep- 
lionally good. T\u< was shown bv their ea.jreiness to participate in 
the learning activiiv. \o uiging was necessarv, for ihe pupils worked 
diligently at their assignment. 
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The general reactions ot ilie pupils to the method of self-instruction 
are nulKait-fl by some of their remarks, such as the following: 
"No one lias to tell nic the answer. 1 can find out for myself." 
" I he lives are easy to change to tens." 

"You have more tens wiien tiie numbers (the factors) are big." 
"Soiw o( tliem are hard, but you don't have to tell me. 1 can count 
liie tens and ones." 
"If 1 forget, 1 can find out on the back." 

The answers are in dots. 'I'hey help me to remember." 
jjl wisii I u)uld take these (ards home I'd learn diem real ciuick." 

1 hese are so easy 1 can learn them by myself." 

Certain of ilie authoi's conclusions are indicated thus: 
The nmety-lour pupils in the two groups required a total of seventy 
thousand three hundred eigluy-six (70.386) responses to learn the 
tlurty-nmc more- ddhcult multiplications, or an average of approxi- 
mately nineteen and two lentiis (19.2) responses per multiplication. 
However, on the average, approximately thirty and four-tenths prac- 
tice peiiods, during each of which all thirty-nine multiplications were 
studied, were required to learn satisfactorily the thirty-nine multipli- 
taiions. Consc(iuentlv during ca(h of these j)raciice periods an aver- 
Eiied ''1'1""'^"""'^'^> ""'^ three-tenths multiplications were 

Ihe greatest numl)er of responses required by any pupil on the 
jmiltiphcations as a whole was one thousand lour hundred eighty-nine 
(1.169), and the least number of responses necual by any pupil was 
two hundred tinrty-seven (237). The least number of prictlces re- 
quired by any pupil oii any multiplication was four, and the greatest 
number of piaitKcs recjuired by any pupil on any multi.dication was 
sixty-lour, ihe aveiage number of responses by individuals on the 
multiplications as a whole range from six and one-tenth to thirty- 
eight and two-tenths. ^ 
While the disparity in the amounts of practice required by the in- 
tlmduaLs ot the two groups is conceded, in no case does the amount 

0 practice appear indefensible. Instead, it suggests the desirability 
ot methods ol learning which can be adaj)ted to individual needs 

It IS iughly .signihraiu that the ninety-l'our pupils were successful in 
learning the meiiiod of self-instructitm. and tlia! by this method eac 
piip.l taught uiiLself the thiriynine more difficult multiplications 

1 hat Ihe pupils not only learned the multiplications but also enjoyed 
dic^leainmg activity was manifested by their attitude toward tlie 

Many intercsiing analy.ses of the responses of pui)ils were made pos- 
sible m the c.mse of the expe.inunt. ami the experimenter arrived 
at a number of interesting ob.sci vations. With all these wc have no 
occasum here to deal. It will he suflicient merely to repeat a caution 
of the experimenter m a staienunt of his purpo.se. He pointed on 
that his jnirpose was not to demonstrate the superiority of his method 
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of st'lt-instruction over other nictluulsi nor to offer it in substitution 
lor meihocls of practice and drill. He nio^ely ^vishcd to try out the 
method to discover if [)upils could learn it successfully, He did ob- 
serve, however, that alter his pupils had used tlie method to discover 
and verify pioducis, they tencled to abandon the method as the prod- 
ucts began to become habituated. 

An experiment with retarded pupils, During the school year 
of 1939-40, W. P. Cunningham*^ tised the method of self-instruc- 
tion, just described, with 40 retarded pupils in grades lour, five, 
and six. He reports that the pupils all learned the method 
without difhculty and used it with interest and success to teach 
and reteach each to himself the unlearned or forgotten multi- 
plications. 

Other illustrations. Following are other illustrations of instruc- 
tion in methods of thinking. 

Rcfciencc has been made to the efforts of a teacher in the fifth 
gradc^^ to call to the attention of his pupils the significance of the 
idea of size in dealing with fractions. I'he result was that his pupils 
all became conscious of size in considering the expression of a frac- 
tion. How large is each part?' Are the pans in tliis fraction larger 
or smaller than the parts in such and sud) other one? How much 
laigei? How much smaller? Such cjuestions as these became questicms 
which needed answx-iing. Finally, when the pupils moved ahead to 
the adchtion of fractions, they were aware of the nuportance of chang- 
ing the Iractions to he added to **parts of the same size." To illustrate, 
when their teacher sugj»ested proceecHng at once to the adchtion of % 
and 7.,. he was called to a halt by the admonition, *'\Ve have to get 
them 10 the same si/e, because you can't add fractions unless tliey 
have a denominator of the same size.** 

In an attempt to develop a method of instructing his pupils in the 
distinctions betwecMi the **three kinds of problems'' in iracticms and 
decimals out of their successful and unsuccessful wavs of responding 
|o such problems, a teacher in the sixth grade^- louncf that instruction 
in the comnutational processes left the pupils dependent upon him to 
make the clccisions about what process to use in a given case. He sat 
clown with each pupil and tried to encourage him 10 ''think aloud.*' 

low. \\ Ciitniingh.Mii. Trarhivg Retarded Pupih a Method of !sclf Instruction 
in Multiplirntif)fi. Ntastci's pnihlcin on file in the ofFicc of ihe (;ra(lu:uc Council, 
Wi'st \*ii]i;ini;i I iiivcrsiiy. Nlorj^aiuoss n. 1910. 

• 1 Dotson. of), fit., p. •t2. 

12 Rrx M. Smith, Mrtliod^ of f.r(nfU))jT to .\fahr Di^fifirtinrn Hrtirrrn the Three 
Kinds of Piohlrfti'i in Innrtinns and Drrimals in Si\fh ('trade Arithmetic. Master's 
(jrohlnn on lilc iti the oHitx' of the Civaduiitc C^onncil, West Virginia University, 
Moi^aniown. 1937. 
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Then in terms of the way the pupil seemed to be thinking, the 
teacher undertook to point out ana describe the distinctions. His 
nupils had no trouble in distinguishing the "second kind" of prob- 
lem, Iheir difficuUies in the main were two in number: They were 
uncertain about the divisor and dividend in the "second kind" of 
problem, and thev had no ready means of distinguishing between the 
first kind" and tlie "third kind" of problem. The distinctions taught 
were as follows: 

1. When you are asked to find what part one number is of another, 
put the mimbtr being asked about in tne numerator or the dividend. 
This is the "second kind" of problem. 

2. When a part is given of a number that is given, multiply by the 
part. This is the "first kind" of problem. 

3. When a part is given of a number that is not given, divide by 
the part. This is the "third kind" of problem. 

Through individual and group instruction the pupils were made con- 
scious of these distinctions, and they became still more conscious of 
them as they attempted to note distinctions. In their practice ex- 
ercises, if the problem was the "second kind," they asked themselves, 
"What is the number being asked about?" and they looked for this 
number. If the problem was not the "second kind," they asked them- 
selves, "Is the per cent of a number that is given, or of a number that 
is not given?" and they looked to see if the number in question was 
present or absent. I'hev were not always successful. They made mis- 
takes; that is, they made incorrect decisions. But thinking was pres- 
ent, even when their objective responses counted for nothing. Look- 
ing for distinctions was number thinking, when the effort was un- 
successful as well as when it was successful. Having in mind what to 
look for contributed to appreciation of discovery even when they 
needed help in making it. Over a period of eight weeks the pupils 
reduced their errors, as indicated by objective tests, 66 per cent. The 
teacher had cause for thinking that the consciousness of distincuons 
amon^ his pupils had improved beyond what was indicated by their 
objective responses. 

A somewhat similar study of learning activity was carried on by an 
elementary school principalis among sixty-nine pupils in his eighth 
grade. Here the effort was made to teach pupils how to look for and 
to make^ distinctions between the "three kinds of problems in per- 
centage." The method of instruction was the same as was pursued 
by the sixth grade teacher in pointing out distinctions between the 
"dnee kinds of problems" in fractions and decimals, and the results 
were much th^ same. 

In his preliminary testing at the outset of his study, the principal 

13 F. D. Robinson, Learning to Make Distinctions Among the Three Types of 
Problems in Percentage. Master's problem on file in tbe ofTice of the Graduate 
Council, West Virginia University, Morgantown. 1939. 
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.secnicd to find among (criain of his pupils evick-nte of an ability 
which lie later (liscovLMcd they did not possess. For example, he found 
that certain pupils sohed correctly a number ot examples and prob- 
lems which rccpiired the lindiiig ol the per cent one number is of 
another, but were in contusion on oilier similar examples and prob- 
lems. 1 he test seemed to show considerable ability, but not mastery. 
Upon later impiiry, his pupils revealed the secret of their niethocls. 
Some lollowed the rule: "Always divide the smaller number by the 
larger," and others lollowed the rule: "Di\ide by the lunnber that 
comes alter of." 'I'lie former group did not understand why their rule 
which ])rodueed the light answer most of the time did not produce 
the right answer all the time, and the latter group was always in 
confusion when the statement ot a problem made too free a use of the 
distinguishing pieposiiitm. This group was disconcerted by the of in 
problems that dealt with flocks uf chickens, barrels of apples, and 
bushels o/ potatoes. Among both groups, number thinking had lagged 
far behind its objective nianilcstations. 

Kollov/iiig instruction in how to look for distincticms, the pupils 
were given prmtice in looking h)r and trying to make distinctions. 
As was the case wit)- ihc pupils in the sixth grade whose ellorts have 
just been described, they too were not always successful in noting dis- 
tiiu tioiis. Nevertheless, their ideas of what they were to look for were 
sulfideiuly clear for ilieni to recognize discovery when their teachc;r 
or their classmates had to give help in making it. Over a period of 
mne weeks they rechicecl their errois 73 per cent. Here again, there 
was cau.se tor thinking that the ton.sciousness of distinctions had ini- 
proved beyond what was indicated in the oljjective responses which 
were readily nit-asuiable, 

Distingui.shing between what should be taught and what should 
be self-taught. Runniiig through the di.scu.ssions which have just 
been concluded is the stiggestion of a j)ara(U)X between the 
instruction of the teac her and the learning of the pujjil. On the 
one hand, die in.st ruc tion of the teacher may lead to dependence; 
on the other, the learning of the puj)il may involve nuic h wasteful 
effort and lead to confusion. Ihit the teacher must instruc t, and 
the jjupil nni.st he nnuh nioie than a recejjtivc learner. The 
systematic rharac tc-r of arithmetic inipo.scs the former lecpiire- 
ment. and its subjec tive cliat ader imposes the latter. Vet a paradox 
need not exist, for in the total makc-uj) of arithmetic are methods 
of work, which may be learned most exjjcditiously through direct 
instruction, and the jnodut ts of such methods, which re.sult only 
from individual u.sagc. The teacher s ic-sponsihility is to teach 
methods of work and guide j)upils in their use of methods; the 
pupil's responsibility is to use the methods and thus to teach 
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himself their i)i()(lucts. Tlie teacher's problem begins with the 
questions: What are metiiods? What arc products? 

Partial answers to these questions have already been giwn and 
others may be su^sested for illustration. Thus, the teacher should 
teacli counting, but the i)ui)il may use counting U) determine for 
himself the sizes of groups. The teacher should teach the analysis 
of groups, but the jnipil may use analysis to teach himself the 
various subtractions and divisions. The teacher should teach the 
.synthesi.s of groujjs. but the pujiil may use synthesis to teach him- 
self the various additions and multijilications. The teacher should 
teach the sjiecial grouiniigs into tens, but the pujiil may use these 
special grouiiings to teach himself step by stcj) the more complex 
processes. The teacher should teach the coinpaiison of parts, but 
the pupil may use comparison to teach himself the sizes of parts 
and the relations between them. The teacher should teach the 
distinctions between the so-called thiee cases of percentage, but 
the pupil may use these distinctions to teach himself the si)ecial 
use of the idea of per cent in a given situation. The teacher 
.should teach methods of work, but the ])upil may become his own 
best teacher through his use of the methods. 

VI. IN .SI MMARV: A I HI'.ORV OF I.NSTRrCTION 

Number thinking is a pin t ol the total exjierience possible for 
the individual in many of the situations of his daily living. He 
nmst bring the thinking to the situations; otherwise the situations 
are powerless lo stinuilate the thinking which gives them clarity 
and exactness. Number thinlTrngj^therefore, must be cultivated 
in advance 

Number thinking is introfhic cd and carried along by reference 
to personal experiences already gained which give it meaning. 
Without mcam'ng. the inorcduve is lontine. and not thinking. 
Moreover, number thinking is not in isolated bits, however much 
one may be able to analy/e it oikc he has learned to engage in it; 
it is rather a unity, a system, a .series of .sequential relations. It 
is a process which develoj)s through ordered methods. 

Teachers may teach the pupil methods; it is a subversion of the 
purposes of in.structitm to permit the pujiil to develop hajihazard, 
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unproductive, and confusing methods in his own way. The pupil's 
responsibility is to learn the methods and to use them as means 
of developing his own number thinking. Teachers cannot do the 
pupil's thinking for him. The number thinking that the pupil 
learns, therefore, is in a very real sense the product of his own 
self-instruction. 



Chapter VI 

ARITHMETIC IN THE SENIOR HIGH SCHOOL 

BY HARRY E. BEN2 

OHIO UNIVERSITY 

I. A NEW EMPHASIS FOR ARITHMETIC 

THE purpose of this paper is to explore the possibilities of 
teaching arithmetic in the senior high school. Some readers 
will at once recall that this is being done, and may %vonder why 
time and space should be devoted to a discussion of the desirability 
of a practice which is already accepted. However, the procedure 
to be recommended is not so commonly followed as some may 
believe; furthermore, the fact that a proposed educational reform 
is already established practice in some schools does not argue 
against advocating the extension of such a reform. This should 
be continued until the proposed revision of procedure either has 
been adopted as good practice in a considerable number of school 
systems with a comprehensive, critical, scientific program of 
curriculum revision, or has been scientifically evaluated and sub- 
sequently rejected by an equally significant number of schools 
of the same type. It can be a. ^erted with confidence that neither 
of these two procedures is descriptive of the situation with refer- 
ence to the proposal herein advanced. This will become more 
apparent as the thesis is particularized, definitions are advanced, 
and practice is described in terms of the objectives which the 
proposed program is supposed to achieve. 

More arithmetic. The reader may well be on his guard against 
wh?^ may seem to be just another proposal on the part of repre- 
sentatives of subject-matter interests to extend the beneficent 
influence of their subject by adding a course in that field to the 
already overcrowded high school curriculum. This charge is fre- 
quently made, and it is recognized that the proposal herein made 
invites this criticism. The situation should be recognized. In the 

"9 
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present instance it may well be admitted that the merit of the 
proposal shoulfi 'je judged by independent curriculum experts 
who arc not especially interested in the subject, but rather in the 
curriculum as a whole, and in its influence on the development 
of the child. It is believed that this proposal possesses merits 
which will make it appeal to critical and informed students of 
education, rc" arc 11 ess of their subject-matter afliliations. If it 
canncjt connnand sup])()rt from such individuals, it certainly 
should not beccmie part of the curriculum as a result of either 
more persistent vocalization or more skillful maneuvering on the 
part of its proponents. 

Varieties of approach. Fin ther disclaimer of the intention on 
the part ol proponents of this material to expand a subject-matter 
field still hirther may be found in the fact that the suggested 
objectives can be achieved without resort to another course in 
the hi.^h school at all. It seems likely that the probability 
of securing the desired results would be greater if a new course 
for the high school could be set up. But a new course is not 
absolutely necessary. It is simply proposed that certain material, 
conveniently designated by the word "arithmetic." be taught on 
the senior high school level. There are at least four ways of 
accomplishing this. The fust is through the medium of a course 
.set up for that purpo.se. Such a procedinc is most likely to be 
successful in a school with rather definite preferences for the 
organization of learning into the usual course clas.sifications, and 
with the content of these courses well circumscribed by relatively 
rigid coinscs of study, custom, or teacher conservatism. A second 
metliod of achieving the desired results is to incorporate the 
material in other courses in mathematics. Such a procedine will 
necessitate a flexible organization of subject matter and a will- 
ingness to make careful comj)ari.sons of values. .\ third pcxssibility 
is to include the material in other courses in whicii it might 
logically fit. It seems a bit difficidt to understand just where 
some of the material later to be propo.sed will fit, but much of it 
can no doubt l)e worked into courses in economics, government, 
home economics, industrial arts, and otliers. In addition, many 
high .schools are now exj)erimcnting with new comses which do 
not ht into the older categories very well, but which involve 
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socially useful material ^vhich is deemed wonh teaching. Many of 
these subjects have mathematical aspects which could be illumi- 
nated by a consideration of some of the toj)ics indicated below. 
A fourth method of achieving the results intended, available only 
to those schools which happen to have a curriculum organization 
which ij^norcs or greatly minimizes the inij)ortance of the older 
subject cla.>sihcniion, is to present the material desired through 
die medium of activities which transcend the usual subject 
boundaries. Similar adjustments could be made in the use of a 
core curriculum or any of the many variations of the integrated 
curriculum .gradually coming into experimental use in many pro- 
gressive high schools. 

The aj)pr()ach to the problem is theoretical rather than ex- 
perimental. Wry little e\{)crimentation lias been found, the 
conclusions of which have ini{)lications for the problem at hand, 
but certain arguments seem to have significance and validity, and 
these will be examined. 

At first thought the proposal advanced above seems to be a 
suggestion for revision of the grade placement of curriculum 
material. It is that and more. Since it is tliat in some measure, 
the broad problem of grade placement will be involved. 

II. SPECIFIC SI CGESTIONS .VS TO TYPES OF MATERIAL 

Attention should be directed at once to samples of the kinds 
of material which are being suggested h)r inclusion in the cur- 
ricidum of the senior high school. Practically none of the material 
herein suggested is the product of the writers ingenuity. Most 
of it is collected from textbooks in aritlimetic, textbooks intended 
for use in other branches of matliematics. books on the teaching 
of arithmetic or high school mathematics, and miscellaneous dis- 
cussions of the teaching of arithmetic. Contributions to the 
develoj)ment of the point of view underlying the presentation of 
.some of this material have been made by many other writers, as. 
for exam[)le. by liuckingham and P>uswell in the Tenth Yearf)o(»k 
of the National (Council of Teachers of Mathematics, and by 
these nnd other individuals in many other writings, too numerous 
to mention. It should he ncncd, liowevcr, that many of these 
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discussions have presupposed that the material suggested would 
be taught in the upper grades of the elementary school, or in 
the junior high school. No comprehensive survey of practice is 
available which ^vould indicate the extent to which this is being 
done. The suggestion that this material should be taught in the 
senior high school need not deter teachers in the upper grades 
from making such contributions to the achievement of the objec- 
tives as conditions will permit. It should be noted that only 
"samples" of possible kinds of material are here presented. The 
classroom teacher reading this Yearbook would no doubt prefer 
a syllabus, or a comprehensive outline of proposed material. To 
write such a syllabus at this time would be impossible, and even 
to attempt it would be presumptuous. To expect such a specific 
suggestion is to misunderstand the purpose of the chapter. That 
purpose is to call attention to certain possibilities ^\'ith reference 
to the inclusion of material commonly called "arithmetic" in the 
program of the senior high school and to illustrate the various 
types of material which are available. 

Several types of material may be included in the arithmetic 
presented in the senior high school. Four of these ^vill be dis- 
cussed in turn. The first may be called for want of a better term, 
applied arithmetic. This may emphasize computation, or infor- 
madon, or both. The second type of material will be concerned 
with arithmetic as a science, as a branch of mathematics, as a 
system of ideas. Much of this material has values more cultural 
than practical; but it may w'll contribute to insight into many 
of the phenomena of life, as well as insight into the nature of 
arithmetic. The third type of material really represents a union 
of the ideas involved in the first two. Some study may be made 
of the everyday applications of number science— how an under- 
standing of the nature of the number system and of number 
science meets certain needs of everyday life, and how the nature of 
the number system conditions the nature of arithmetical processes. 

The fourth group of topics includes those which are presented 
primarily because of their interest values. They will occupy a 
more prominent place in an elective course than in a required 
course; they will bulk larger in those curriculums which are not 
primarily practical than in those which have a vocational em- 
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phasis. Many of these items should be found in optional, supple- 
mentary work of individual pupils. 

Applied arithmetic. Consider first the possibilities in the field 
of informational and social arithmetic. 

At this point some explanation may well be made relative to this 
term "applied arithmetic." Many readers will begin to think in 
terms of the "application of the four fundamental processes to con- 
crete situations." But it is precisely this somewhat restricted con- 
ception of applied arithmetic which has been criticized as being 
somewhat too narrow to be maximally fruitful. It is erroneous 
to think that a person is "applying" arithmetic only when he is 
engaged in performing one of the four fundamental operations 
with a pencil, or, for that matter, performing it mentally. He 
is also applying his arithmetic when he selects the process to be 
used, ^vhen he makes rough approximations, or when he simply 
appreciates the mathematical relationships and mathematical im- 
plications in what he experiences or in what he reads. 

This is all closely rehted to the matter of "meaning" in arith- 
metic, which is given considerable emphasis in this Yearbook. 
Further elaboration of this viewpoint is not necessary here, but 
will be found in other chapters. Suffice it to say that only that 
individual who has learned the meaning of number proces.ses and 
number relationships is able to make the maximally effective use 
of "applied" arithmetic. 

Consider first, as a sample, the subject of taxation. As pointed 
out in other chapters in this Yearbook, much of the material now 
taught in arithmetic is characterized by a type of approach much 
more characteristic of work in the social studies than in mathe- 
matics. The reader will note that much of the material here 
suggested fits this description. It is believed that the reader will 
also see possibilities in this material which can be realized some- 
what better if the subject matter is studied in the senior high 
school than if an effort is made to interest cliildren on the eighth 
grade level in it. Under the general topic of taxation such matters 
as tlie following may be studied: 

1. Kinds of taxes, 

2. Just what is taxed by cadi kind. 

3. Who finally pays each kind of tax. 



ERIC 



124 



Sixteenth Yearbook 



4. Passing taxes on to someone else, finally on to the elusive "ulti- 
mate consumer/' 

5. How taxes "pyramid." 

6. Taxing various groups: consumers, manufacturers, the rich, the 
poor, motorists, middlemen, government employees, etc. 

7. The political implications of various kinds of taxes. Why it 
is relatively easy to tax many people small amounts. 

8. Tax-collecting machinery: slate, federal, local. 

9. l ax limitation laws and constitutional provisions: their value, 
their harm. 

10. Taxes as fees for services. 

11. Taxing frugahty, thrift, enterprise, inventiveness. 

12. How tax money is spent: a study of governmental budgets. 

13. Taxes \yhich save money; e.g., new fire fighting equipment may 
reduce insurance premiums. 

14. "Hidden" taxes. 

A similarly extensive study could be made of the subject of 
insurance, with attention given to phases of the topic which are 
now neglected for reasons indicated above. Attention could be 
given to such matters as the nature of an insurance estate, the 
disposition of the proceeds from an insurance policy, kinds of 
insurance suitable for special purposes, and the savings feature of 
life insurance policies. 

As another illustration of a broad topic which might be of 
interest and value to high school pupils, we may consider the 
arithmetic of leisure. Much has been written on the subject of 
leisure in recent years, and it is generally believed that people 
have much more of it than ever before. There is much concern 
over the apparent disinclination of people to use this time in ways 
which certain persons consider important. Little attention has 
been given to the fact that to spend leisure time profitably and 
''constructively'* costs money. \ acations are expensive approxi- 
mately in proportion to their value in meeting acceptable criteria 
for the spending of leisure time. The following points are merely 
suggestive of a vast area which has been quite untouched in our 
curriculum: 

1. Automobile t.>uring vacations 

a. Planning auto trij)s 

b. Reading and using road maps 
r. Selecting routes 

d. Computing driving (c^sis 

e. Computing living costs on the road 
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2. The cost of hobbies 

n. Fishing: Hteuse, equipincnt, transportation, etc, 

Stamp colla ting: stamps, equipment, membership in stamp 

clubs, subscription to a journal, corresponding with others 

interested in the same ihing 
r. Attending basel^nll games: ''following the team," admission, 

transportation, buying a program, buying newspapers to get 

the news 

d. Playing golf: etjuipmcnt, clothing, green fees, club dues, caddy 
fees, balls, lotker fees, tips, transportation, wagers. 

The whole field of consumer education has received so much 
attention recently that no discussion of the possibilities in this 
area is necessary in this paper. From the standpoint of arithmetic, 
the topic to be presented would probably be "The Arithmetic 
of Intelligent Purchasing/' This will include such considerations 
as the purchasing of "dressed** vs. "undressed'* chickens, forming 
accurate judgments relative to the size of containers of various 
shapes, the purchase of ''ready-packed" vs, "counter-packed*' ice 
cream, and a whole host of similar problems. The reader will 
be left to consider for himself other possibilities in this area. 
As a sample ot an important topic, which some might consider 
within the area o^ consumer education, while others would not, 
we may suggest a topic. "The Arithmetic of Real Estate." Among 
the topics to be considered would be the following: 

1. Factors allccting the value of land 

2. Factors adecting tiic value of a building, especially a house 
8. Rates of clcj)reciation of houses 

•1. U'uys of determining the value of property 

T). 'Flie relative cost of owning and xenting a home 

(). Interest on morigagcs 

7. 'I'he legal status ol mortgages 

8. 'Fhe resale value of property 

y. Taxes and assessnunis on real estate 

10. Tlie aritliinetic involved in house building: architect's fees, sur- 
veyor's Ices, when to pay a contractor, where and how to borrow 
money. F.H.A. plan, cost of various plans of houses, planning 
the tnost ec(jnonii(al heating system, etc. 

11. How (ity property is surveyed, measured, and described. 

Sufiicient attcntiori not been given in discussions of the 
arithmetic cmTicuhnn to the cultural possibilities inherent in the 
study of the arithmetic of specialized vocations. There was much 
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of that material in the older arithmetics, but most of it has been 

eliminated. It was originally included because of the prevalence 
of an economy in which many persons perlorjucd for themselves 
ccitain tasks wUidx were expedited by a kiuMvledge of the 
aridimctical topics in question. Papering offers an illustration. 
Formerly many persons hung their own wallpaper (some still do), 
[n time Mie topic ^^•as eliminated from aritlmieiic textbooks 
because of the belief, perhaps correct, that not enough persons 
still hung their own paper to justify the inclusion of the topic. 
It was also believed that such of the pupils as did use this ability 
in L'ter life would have forgotten what they learned in school by 
the time they needed it, or ^s•ouId be able to figure the thing out 
for themselves if they had not had the study, It w.is alleged 
that professional paperhangers did not make ihelr computations 
according to the methods ^^■hich the book used, The critics usually 
overlooked the irrelevance of this last point. 

Interest here is in the informational values to be derived from 
the material in question rather than in the contribution which 
it may make to vocational effectiveness. It is not unthinkable 
that the items here under discussion may have value from a guid- 
ance point of view, and certainly some insight into how people 
in various occupations perform their duties is part of the equip- 
ment of an intelligent person. Only a few illustrations can be 
given. Some insight into the arithmetic which a farmer uses may 
well be part of the cultural equipment of the urban consumer of 
farm produce. The computation of butterfat yield by cows, the 
study of formulas having to do with mixing fertilizer ingredients, 
and the way vai ious kinds jf farm products are measured and 
^^•eighe(^ when sold, are suitable topics for investigation. At the 
moment of writing it is reported that the corn-hog ratio has 
changed so that it is more profitable for farmers to sell corn than 
to fatten hogs with it. An appreciation on the part of urban 
dwellers that one of the farmer's problems is to try to predict this 
ratio a year in advance might contribute to a more sympathetic 
attitude toward government efforts to alleviate the plight of 
agriculture. 

Many occupations have their peculiar computational practices. 
Many of them offer opportunities to use arithmetical skills which 
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we try to teach, and arithmetical concepts which we decni im- 
portant. The motivational values here should not be overlooked. 
As a final iUustration. printers like to use paper of such a shape 
that the ratio of the leni^ili to the width is equal to the square 
root of two. A sheet of this shape may be folded any number of 
times, and tlie resulting shape is the same. The values of an 
item of this kind in developing an appreciation of the mathe- 
matical relationship involved are at once apparent. 

Another group of problems in the field of social arithmetic of 
a type beyond the comprehension of elementary school pupils 
may be found in the field of solid geometry. Most present-da 
textbooks in that subject contain many computational problems 
involving the measurement of solids. It is not necessary for the 
pupil to have memorized the relationships involved, or to be 
able to demonstrate their truth logically in order for him to 
make the computations and derive at least some of the apprecia- 
tional value which the material contains. 

Space does not permit more than a passing reference to the 
whole field of financial arithmetic. The mathematics of finance, 
of course, can easily go beyond the limits of a course in arithmetic. 
However, there are important sections of the subject which are 
primal ily computational in their nature. Much can oe done with 
the topic by pupils who have made no formal study of algebra; 
still more can be done by those who have studied the amount of 
algebra now normally expected as a part of the usual junior high 
school mathematics program. 

Numbers and processes. Much is said in this Yearbook about 
teaching arithmetic for '^meaning.*' There are many ways in 
which meaning can be brought into arithmetic teaching. It is 
especially important, both from the standpoint of broad cultural 
objectives and from the standpoint of facility in computation, 
that pupils be brought to a high level of understanding relative 
to the rationale of tlie computational processes. Teachers in the 
grades in whicli the manipulative skills are taught arc now beino- 
urged to ,<i;ivc the pupil as complete and compichensive an insight 
into the nature of tlicse processes as is possible. Many teachers find 
it very dinicult to do this as uell as they \vould like. It may be 
that insufficient mental maturity is responsible for this difficulty. 
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If a course in arithmetic is offered in the senior high school, some 
attention niny well be given to this matter of the rationalization 
of the fundamental processes. First the teacher may attempt to 
determine to what cMent the pupils possess a respectable com- 
prehension of the reasons for carrying on these processes as they 
do. If investigation reveals that the pupils do not possess enough 
insight, some time and attention may well be given to the problem 
of remedying the situation. In any case it seems quite reasonable 
to expect a marked einichment in the pupils' understanding of 
arithmetic as a result of giving some attention to this problem. 

Much controversy can be stirred up by a suggestion that atten- 
tion should be given to the general subject of number theory. 
It is not suggested here that the high school student should be 
given an introductory course in that diniculi and involved branch 
of mathematics which is usually designated by that title. Rut 
some understanding of the nature of the number system and how 
it works, its internal structure and its functioning, may well be 
taught in schools. Some attention will be given to this in the 
elementary school if suggestions for presenting material which 
are made in other chapters of this Yearbook are followed. A 
study of the nature of arithmetical processes, and the numbers 
and number relationships which are luili/ed will lead to the 
objectives here proposed. Some study of a nmnber system on a 
non-decimal base should he included. Ways of performing the 
ordinary computations different from those now usually taught 
often throw light on number relationships. AuifMig these the 
following may be suggested: adding by writing sums for various 
columns in their entirety, thus avoiding carrying, then adding 
the partial sums; dividing fractions by reducing to a connnon 
denominator and then dividing the numerators: multiplying by 
reversing the order in which the digits in the nudtiplier are used; 
and performing long division by subtracting, as a calculating 
machine does it. These and many either variations ol computa- 
tional processes can throw light on the nature of compiuation and 
the number system. 

Applications of number theory. Perhaps the natiue of tlie 
number svstem can be better understood from a study of certain 
applied topics which have been included in the third classifica- 
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tion. Clertainly a study of logaiithnis and the slide rule would 
hnd a phue aniono- the topics projxjsed for study. Interpolation 
IS a more ((.uuiu." i.tivity in everyday life dian many realize; 
It IS oltcn necessary in reachng a railway timetable and is a com- 
mon mental activity among those who peruse road maps. This 
would indicate that its study should not be limited to the con- 
venticmal uses which are found in the classroom when using 
matheuiatical tables. .Attention has been called elsewhere to the 
understamling of the number system to be derived from a study 
of the use of letters on automobile license plates, and the various 
library classilication systems.' 

In this connection something should be said about the im- 
portance ol providing some education in the applied mathematics 
ol chance. We seem to be engulfed by a veritable ^^•ave of schemes 
of varujus kinds which depend for their effectiveness on the 
average person's ignorance of the most elementary notions of 
probability. I'nnunibered individuals purchase "fjank-nighf 
tickets in order to participate in a drawing for a cash prize, who 
have shghi interest in the picture being .shown, or indeed do 
not attend the performance at all. "fot-o'-Gohr schemes of 
various kinds are rampant. Slot machines take their toll of nickels 
and chines ficin persons who can ill afford to lose the money 
Radio programs cater to the public interest in getting something 
for nothing. It would .seem that some actual experience in tossing 
coins, dealing cards, and studying permutations and combinations 
might ccmtnbiite to social welfare by teaching children just how 
their interests are involved in these schemes. It is not to be hoped 
that gambling can be diniinated from the world by a revision of 
the .school cunicuhim. hut perhaps people can be educated to 
protect their own interests even when thcv g-,-ible -V study of 
the maihematics of chance might afso protect peojjle from super- 
stitions. It .seems (piite probable that one-.seventh of all had hick 
occurs on I riday. and that al)oiit one-thirtieth of it occurs on the 
thirteenth of the month. 

Interest values. Tncler the fourth heading we may consider 
topics which do not classify otherwise, or whic:h are of value 

.Ma>'"r<.:.x; ^'">'> ",irs Teacher, 31:195. 
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chiefly for purposes of stimulating interest. Certain historical 
items having to do with arithmetic and the study of arithmetic 
may be mentioned; for example, Nicholas Pike's arithmetic in- 
cluded a section dealing with changing the currency of New 
Hampshire to that of Connecticut. "Foreign Exchange" appar* 
ently was closer home in those days than it is today. How the 
Romans computed with their unwieldly numbers might interest 
some youngster. A study of the abacus, Napier's rods, and odier 
historical items might be included. Mathematical puzzles and 
mathematical recreations are available in unlimited numbers. 
Many pupils will be interested in noting everyday exceptions to 
the arithmetic taught in school. For example, on the financial 
pages 106.27 does not mean what it is usually considered to mean 
in textbooks. The 27 is the numerator of a fraction whose 
denominator is 32. liaseball standings are usually referred to as 
"percentages*' although they are expressed to three places, and 
many newspapers do not bother to print the decimal point. 
Finally, is a ''batting average" an average or is it a ratio? 

Only a few suggestions have been made to indicate the wealth 
of material which is available to add interest to the study of 
arithmetic on a higher level than that of the elementary school. 
Skillful teachers will find many additional items. Other sugges- 
tions have been made for the presentation of a large amount of 
material which will have social value, and which it is believed can- 
not be adequately treated in the elementary school. 

III. THE QKESTION OF GRADE PLACEMENT 

Some may believe that arithmetic is an elementary school sub- 
ject, and as such has no legitimate place in the high school. Such 
a position reveals a lack of knowledge of the history of the subject. 
A brief siunniary of this history may be approj^riate at this point 
in our discussion. 

With due regard for qualifications which are necessary for a 
complete understanding of the situation it may be pointed oiu 
that arithmetic was at one time a respected and honored subject 
for study in the college. In that famous classic of early American 
educational history, Neiu England's First Fruits, we find arith- 
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metic listed among ilie studies of the third year for Harvard 
College. Moving from the scvenicenth century to the nineteenth, 
find arithmetic listed as one of tlie required branches of 
study in the freshman year at Oliio University in 1825. Reverting 
for a moment to tlie situation in the seventeenth century, it 
seems quite reasonable that a requirement in arithmetic should 
have been included ni the college curriculum. Not much is 
known about the secondary scliool programs of that day, but they 
contained very little besides the study of the classics. A complete 
program of the Boston Latin School for 1789 makes no mention 
of any branch of niatlieniatics; neither is any knowledge of 
arithmetic assumed for entrance. Inglis says that arithmetic was 
introduced sometime between 1814 and 1828.^ This statement 
should not be taken to represent the first appearance of arithmetic 
on the secondary level. But tlie conclusion seems justified that 
aridinietic was taught on tlie college level because little or none 
of it was learned before, and that little must have been of a very 
elementary type. Kandel reports that arithmetic made its first 
appearance as a college entrance requ'remcnt in 1745' and he 
refers to it as -common arithmetic." I he academies introduced 
arithmetic as a subject of study somewhat earlier. Certain private 
tutorial schools scein to have made the study of this subject 
available as early as 1700. One description of a school listed 
among the studies available ".Vrethmaiick, whole Numbers and 
Fractions. \'ulgar and Decimal."' This emphasis is of course 
entirely understandable in light of the predominating philosophy 
of the academy. 

No definite date tan be given for the first appearance of arith- 
metic in the elementary school, nor for the time when it had 
come to be established a.s an ek'tnentary school subject. In an 
age of flexible curriculums, when adaptation to pupil needs 
was acceined practice rather than defensible theory, there was 
much variation in practice. Several brief quotations from Parker's 
book are instructive. In 1789 "arithmetic . , . was often taught 

3 Alcx.in(lcr IiiHlis, Prinnl>lrs af Sr, ,m,l,i,y Educalinn, p. 165. HouL'hton Mifflin 
IJoston. lOl!^. n . 

1018 ' " "f ■'^''<"»'l">y /■I'lurnii,,,,, p. 122. Huughton .Mifflin. Boston. 

*Ihi(l.. p. 1(59. 
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in the elementary schools." "Very few teachers were competent 
to teach more than the fundamental operations." "The arith- 
metics of Nicholas Pike of Massachusetts were famous. Pike's 
complete work, containing five hundred twelve pages, with a 
rule for nearly every page, was used in the grammar schools and 
universities. An abridged edition issued in 1793 was intended 
for the elementary schools. . . ." "The curriculum of the Ameri- 
can elementary school down to the American Revolution included 
reading and writing as the fundamental subjects, with perhaps 
a little arithmetic for the more favored schools." » It may be noted 
in passing that even in arithmetic an abridged edition of a text 
intended for college use was considered suitable for use in the 
elementary school. 

Eventually, however, arithmetic came to be stabilized in the 
elementary school. It became one of the basic subjects of study, 
ranking with reading and spelling in importance in the minds of 
teachers and public. It practically disappeared from ihe high 
school. At least it ceased to appear m the iorm in which it had 
appeared previously, namely, as a first course, involving instruc- 
tion in the fundamental operations together with their appli- 
cations, for pupils who had received almost no previous instruction 
in the subject. 

Division of labor. In the last century or two we have witnessed 
a curious division within the field of mathematics. Much has 
been written and much has been said about "correlated mathe- 
matics" or "fused mathematics." The division of mathematics 
into discrete branches, as it has been taught in American high 
schools for the past one hundred years, is a comparatively new 
development. Euclid's "Elements" included much material which 
we now classify as algebra and arithmetic. But somehow, high 
walls came to be erected between these branches of the sul)ject, 
and the typical algebra course of 1900 was about as completely 
innocent of anything arithmetical as it could he. Many courses 
did not take up even the most obvious numerical applications 
of algebra, such as. for example, finding the product of -18 and .'52 
by the algebraic technique of finding the product of the sum and 

Co' '^Boston'^^'lOP '"^ History of Modern Elementary Education, pp. 83 ff. Cinn and 
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difference of two numbers. Geometry also was purged of all 
references to other branches of mathematics, and in many courses 
even numerical applications were ignored. Thus arithmetic came 
to be overlooked as suitable material for study in the high school, 
either as a separate subject or as a branch of the subjects of 
algebra or geometry, and so far as mathematics was concerned 
the high school devoted itself to the pursuit of these "advanced" 
subjects, leaving arithmetic to the elementary school. The ele- 
mentary school, at the turn of the century, was strictly minding 
its own business, giving its pupils as extensive and comprehensive 
a mastery of arithmetic as the time available, the intellectual 
capacities of the students, and the limited knowledge of the 
dynamics of learning would permit, but carefully protecting them 
from exposure to those other mathematical studies, the teaching 
of which had come to be associated with secondary school prac- 
tice. Thus there grew up the idea that arithmetic was properly 
an elementary school subject, and that it did not belong in the 
high school, while algebra and geometry were thought to be more 
suited to the mental powers of secondary school pupils. This 
somewhat unfortunate division of labor became accepted and 
continued to represent common practice until the inception of 
the junior high school movement made possible a new attack on 
the problem of the redistribution of subject matter. This, how- 
ever, was more effective in bringing small amounts of algebra 
and somewhat larger amounts of geometry into the seventh 
and eighth grades, than in moving arithmetic into grades above 
these. Up to the present time the general mathematics move- 
ment has had relatively little influence on the grades above the 
eighth grade. 

IV. CONSIDERATIONS RELATING TO PROPOSED MATERIAL 

Dichotomy. The title of this paper, and the general trend of 
the discussion up to this point, would seem to imply a point of 
view held by many high school pupils, namely, that arithmetic 
and mathematics are two separate and distinct, even though 
related, branches of knowledge. The proposal here made is that 
arithmetic be given more attention as a high school subject. It 
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ha" been pointed out how before the beginning of the junior 
hign school movement the division of labor between the elemen- 
tary school and the secondary school with reference to work in 
mathematics was quite definite. Consequently, many pupils over- 
looked the fact that arithmetic was a branch of mathematics, 
closely related to these other branches. And an arithmetic- 
mathematics dichotomy arose which was not to be completely 
dissolved even by the correlation movement of the last two 
decades. 

It should not be understood that the proposal in this chapter 
impHcs any such dichotomy. A suggestion is here made for the 
inchisicm of certain specific oubject matter. This material more 
(loscly resembles that which has long been taught in the ele- 
mcniary school under the title of arithmetic than anything which 
has generally been taught in the secondary school. It is believed 
that anycme after examining the material would classify it as 
arithmetic. But it does seem that the division above referred to has 
done much to prev-nt the acceptance of the material herein de* 
scribed as appropriate for the consideration of high school pupils. 

As any reader will readily recognize, this dichotomy is more 
apparent than real. It developed as a matter of convenience. 
But if any consideration of algebra, or geometry, or other 
branches of mathematics can help in the understanding of the 
material })ro[)oscd. certainly such consideration must be given. 
It happens that in onlv a feu* instances is the understanding 
facilitated by such consideration. Hence the material proposed 
will generally fall in the field of "arithmetic." And since it does 
it seems logical to propose the addiiitm to the high school pro- 
gram of studies of a course in this subject. 

Requirements. The question arises whether the study of the 
material herein proposed should he required of all pupils, or 
whether it should be offered for t!ie benefit of those who elect 
to study it. That question must find its answer in terms of criteria 
which are usually applied in otlier similar situations. One of the 
difficult problems in the administration of t!ie high school cur- 
riculum is that of relative values. Tliis has two aspects, that 
dealing with the values of subject matter for individual pupils, 
whether strictly as individuals or as curriculum groups, and that 



Arithmetic in General Education 



135 



dealing with the sccoiulHiy school population as a whole. If the 
material here indicaied possesses educational values superior to 
those possessed by other material uiiich now occupies a place in 
the pro^jram, it should displace the less worthy material. How- 
ever acceptable tlie generalization in the last sentence may be 
on its own merits, only a very nai\ * practitioner of educational 
administration would accept it as a solution of the problem. 
Vested interests, curricular inertia, .radition, interests of teachers, 
availability of instructional materials, theories of the nature of 
learning, ideas about the relation between education and voca- 
tional effectiveness, curious definitions of culture, prestige, college 
entrance recjuirenienis. j)uj)il whims, and many other factors of 
varying degrees of relevance have their influence on the cur- 
riculum. However, a more functional point of view of the 
curriculum is gradually gaining acceptance by public, parents, 
pupils, and school administrators. Some may be so impressed 
with the imj)()itance of the material proposed in this chapter that 
they will wish to place it among the constants in the curriculum. 
Others will prefer to permit pupils to make their own judgments 
about the significance of the material for their educational pro- 
grams. No suggestion will be forthcoming as to whether the work 
here suggested should be '*ref|uired" or **elective." Most of it is 
not available at all at j)re.sent. t'erhaj)S ino question of prescrip- 
tion can be loft to the future. Vhe material will need to be or- 
ganized, instructional instruments devised, classroom methods 
invented and evaluated, and results carefully investigated, before 
it can be known whether a body of educationally valuable ma- 
terial sufiitiently signihcant to justify its prescription has been 
proj)osed. 

Grade placement. Can the arithmetic which is here proposed 
for introduction into the secondary school program be taught in 
the elementary sihool, where the subject already has a recognized 
place, and where the efficiency of its teaching is steadily being 
improved? This again brings up the whole matter of grade place- 
ment. In a sense the j)roposal to teach arithmetic in the general 
curriculum of the high school represents a radical departure from 
established practice. It is not thr* jnirpose here to discuss the 
problem of grade j>laccment of topics in arithmetic; this question 
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is thoroughly examined elsewhere in this Yearbook. The reader 
will do well to evaluate the proposals in this chapter in the light 
of what is said about grade placement in the discussion in 
Chapter III. However, since these proposals do in the last 
analysis constitute recommendations for the assignment of certain 
subject matter to new locations, responsibility for some discus- 
sion of the theoretical basis for such recommendations cannot be 
evaded at tliis point. 

Careful examination of the concrete suggestions above will 
indicate that there are important aspects of arithmetic, the com- 
plete understanding of which depends to a large extent on the 
mental maturity of the learner. For example, it is doubtful that 
typical pupils in the eighth grade would be able to develop any 
genuine understanding cf logarithms, or of some of the other 
topics suggested, although some superior pupils will. A certain 
amount of mental maturity seems to be necessary for the intel- 
lectual manipulations necessary for the understanding of various 
kinds of abstractions. Then there are other topics which seem 
to require social maturity, not only tor understanding, but also 
for that amount of genuine interest whicli is necessary for good 
learning. An example may be found in the topic of insurance. 
No one would deny that children in the sixth or seventh grade 
might be ab.e to understand some of the fundamental concepts 
involved in the study of this topic. However, there are other 
aspects which are sufficiently elusive to tax the powers oi compre- 
hension of the typical adult who is attempting to make that 
delicate balance of factors involved in the setting up of a prac- 
ticable, and, at the same time, adequate, program of protection 
for his family. Since this topic is customarily given some attention 
in those cour-^es in arithmetic which are offered in commercial 
curriculums in many high schools, it ought to be relatively easy 
to measure the effect of social maturity upon learning. This, 
however, has not been done, so we must again run the risk of 
taking a position based solely on good logic and on what seems 
reasonable. Consideration of other topics'with important merits 
from the standpoint of social utility leads to a similar conclusion. 

Needs. Is there a need for a course of the type under discussion? 
Before proceeding to a discussion of the ways in which such a 
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need might be discovered if it exists, we should come to some 
agreement on what constitutes a need. Needs are relative. And 
the existence of needs is always a function of the point of view of 
the individual who is trying to recognize, identify, establish, or 
satisfy them, and of the educational philosophy against which 
they are projected. Hence, rather than make an attempt to 
establish a case in terms of needs, an effort will be made in this 
section simply to direct attention to certain situations which it is 
believed point the way to the desirability of the introduction into 
the high school program of some of the material which has bem 
described. 

All this does not mean, however, that such a need cannot be 
established with some degree of certainty, but rather that it is 
not con\enient to do so at this time. Evidence may already exist 
which would establish the case; no systematic search for such 
evidence has been undertaken. It is likely that it does not exist 
in usable form. But evidence of the need for the introduction 
of this material into the curriculum will be derived from a com- 
prehensive study of the failure of a large number of persons 
to make the maximally effective adjustment to their environment 
because of the absence of that material. Or it will be derived 
from a collection of instances in which individuals have found 
use in everyday life for those abilities and that information which 
the proposed material should provide. 

One of the reasons for teaching arithmetic in the elementary 
school is that people may be able to perform computations which 
occur in the normal activities of the everyday lives of typical 
adults. Any reader can supply his own evidence, perhaps anec- 
dotal in nature, to support the generalization that there are 
many adults in the world today who use their arithmetic with 
less than maximal efTiciencv. They may have learned the funda- 
mental operations with integers, fractions, or decimals, at one 
time, but they show slight evidence of liaving done so. They 
stumble when they find it necessary to perform a simple com- 
putation under the observation of others, and frequently retire 
from the scene in embarrassment. Admitting for the moment 
that the elementary school is rapidly improving its procedures 
in the teaching of arithmetic, we must face the question, does 
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tl:%high school owe anything to tlic individual typified above? 
The arithmetic of college students has been investigated he 
quently, but only one sample of the results will be quoted. In 
one large state university "lialf of the students made scores below 
the eighth grade norms in operations with integers that involved 
problems in division. In other aspects of arithmetic the per- 
centage below the eighth grade norms varied from 4 to 40. On 
one of the tests 14 per cent of the college students fell below the 
fourth grade norms!"*^ Many other instances of similar studies 
of the arithmetical ecpiipnuMit oi high school pupils, college 
students, and adults, could he cited. In addition, there is need 
for further attention to the informational aspects of arithmetical 
topics. The lack of knowledge on the part of adults along these 
lines has not been so definitely established, but common observa- 
tion indicates that it is as significant. 

Cautions. Certain c unions may well be presented relative to 
the proposed material Some of these apply with particular 
cogency in the case of a spec ific course set up for the purpose of 
achieving the results implied in this paper. In the first place, 
it is not proposed that tlie arithmetic of the elementary school 
simply be given a thorough review. There are some courses in 
arithmetic in high schools today which do not go beyond that. 
Sometimes the teacher has hi.L>her ambitions, but he seems to 
think that fi. t things should come first, and that there is no use 
in attempting to build a superstructure on a shaky foundation. 
So he tests the pupils, finds them weak in the fundamental opera- 
tions, and begins b^ giving a review. Frequently the semester is 
over before the review is completed. In the second place> the 
course must not wear itself out in a futile pursuit of "100% 
accuracy.** I.est these proi)()sals seem to contradict what was said 
above about the needs of adults for a better command of the 
fundamentals of arithmetic, let it be said that this contradiction 
is more apparent than real. .Also, the course must not be one in 
number theory. Certain aspects of number theory are both 
interesting and usehd in the education of the average adult. 
Suggestions were made for the inclusion of certain material along 

«.\lvin C. Kurich, In Crurml Efhunlifm in the American Callrjjr, Thirfy'eit^hth 
Yrnrbook of the Xationnl Snriefx for the Stud\ of Education, Tart II* p. 8K Public 
School Publishing Co.. Bloominmon, 111. 1939. 
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thid line. Hou'cver, the matheniaiically trained teacher may be 
tempted to approach this material from such a highly theoretical 
point of view as to defeat the purposes intended. This is not so 
likely to happen if the material is not presented in a special 
course, but in connection with other courses. In the fourth place, 
there is some danger that the proposed course may degenerate 
into a course in "rapid calculation/' Such courses used to be 
taught, especially in commercial schools in the days before book- 
keepers had the benefit of adding machines. Drill materials for 
this type of work are still available, and no doubt are used in some 
courses in ''Commercial Arithmetic.'* This point of view may 
be appropriate in its place, but does not belong in the treatment 
of the material assumed in this paper. Finally, the course must 
not become a .series of complicated and difTicult verbal problems, 
dealing with socially unimportant situations, but interesting 
chiefly because of the demands which they make on the learner 
for ingenuity and dogged determination in finding a solution. 
The point of vie^^• here referred to was sometimes present in 
the one-room rural school of the nineiccudi century, when the 
teacher was possessed of a high intellect and a liking for mathe- 
matics, together with a consummate faith in tlie disciplinary value 
of the involved arithmetical problems which he assigned such of 
his advanced pupils as were interested in attempting to do the 
work. Such a teacher frequently possessed a private library of 
pet problems with which he bafRed his students and impressed 
the public, and often embarrassed other teachers who did not 
possess his interest in that particular form of intellectual activity. 
Many such problems found their way into early textbooks. An 
example of such a problem, taken from a book publishef* in 
1880, follows:^ 

If IT) men (ut 180 sters of wood in 10 days, of 8 hours each, how 
many boys will it take to rut 11.^^2 stcTs of wood, onlv 2/r> as hard, in 
1() days, of fi hours carh. provided that while workine^ a hov ran do 
only 3/4 as nnuh as a man. and that \/:\ of the hoys arc idle at a lime \ 
throughout tlie work? .-Vns.. 21 boys. 

7 Joseph Ray, /?/iv*5 Sew Higher Arithnwtic, p. 1S7. \"aii Antwerp. Bruffe, and 
Co., New York. 1H80. 
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THE SOCIAL PHASE OF ARITHMETIC 
INSTRUCTION 

BY LEO J. BRUECKNER 

UNIVERSITY OF MINNESOTA, 

IN the modern school the primary purpose of the curriculum 
should be the provision of a series of learning experiences 
that will develop in the learner constantly enriched social insight 
and understanding. To evaluate a particular learning experience 
we may apply such criteria as the following: In what ways does 
this experience make more meaningful to the learner the present 
social situation and h • him to interpret it? How does the unit 
lead the individual to see the contrasts between the present status 
of practices in an important area of human endeavor and condi- 
tions in that area in the past? How does it lead the learner to see 
the part that human intelligence has played in the solution of 
problems and difficulties that have arisen in the evolution of 
social institutions? How does the experience bring to the atten- 
tion of the learner the emerging problems and difficulties in an 
important area of human affairs and the ways in which it is 
proposed to solve these questions? Does the experience lead in 
an increasing degree to the development in the individual of 
an appreciation of the need of his active participation in the 
redirection of social affairs through the exercise of intelligent 
human control? 

It is the purpose of the present chapter to consider the impli- 
cation of these criteria for arithmetical instruction. They reveal 
the necessity of considering the possible contributions arithmetic 
can make to the social function of the school. At the same time 
it will be pointed out that these considerations do not in the 
least obviate the need of providing fully and adequately for 
effective training along definitely mathematical lines. 
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THE RELATION OF THE MATHEMATICAL AND SOCIAL 
PHASES OF ARITHMETIC 

The importance ol" tlie above named criteria in connection witli 
the aritiimetic curriculum has been clearly recognized in the 
preliminary report of the National Council's Committee on 
Arithmetic^ In this report tlie Committee took the stand that 
"the functions of instruction in arithmetic are to teach the nature 
and use of tlie number system in the affairs of daily life and to 
help the learner to utilize quantitative procedures effectively in 
the achievement of his purposes and those of the social order of 
which he is a j)art." This point of vie\v recognizes two major 
mutually related and interdependent phases of instruction in 
arithmetic, namely, the mathematical phase and the social phase. 
Full recognition of both phases is essential. Emphasis on the 
social phase to the neglect of the mathematical phase will not 
develop in the pupils the quantitative concepts, understandings, 
and insights that should be the outcomes of a well-rounded pro- 
gram of instruction in arithmetic. On the other hand, em])hasis 
on the mathematical ])hase to the neglect of the social phase will 
not lead the learner to sense completely the social significance 
of number in the institutions and affairs of daily life. A balanced, 
well-integrated treatment of both phases is essential. Arithmetic 
should be both mathematically meaningful and .socially signifi- 
cant. This is essential if arithmetic is to make its maximum con- 
tribution to the development of socially competent individuals. 

The evolution of the arithmetic curricuhim. Arithmetic was 
introduced into the schools of this country because of its "prac- 
tical values in business." The first textbooks contained business 
applications which represented definite needs of the period, almost 
always on the adult level. With the passing of time new applica- 
tions were introduced, but the school, always a conservative 
institution, retained almost everything that had in the past, been 
taught. Gradually the arithmetic curriculum (lcvelo{)ed into an 
unwieldy ma.ss, containing a body of content, much of which was 
useless and impractical, and with little meaning to the j)upils 

1 R. L. Morton, ""nie Naiion.il Council Committee on Arithmetic," The Mathe- 
matics Teacher, 31:267-272. October, 1938. 
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because they never encountered in their daily experiences many 
of the processes and topics taught. Arithmetic was usually taught 
by people who had had very little, if any, business experience* 
Academic-minded persons began to emphasize the historical posi- 
tion that arithmetic is *'the science of numbers," and to stress 
the purely mathematical phase of the subject to the neglect of the 
social phase. Gradually the possibilities of the science of numbers 
were developed by those who were in charge of our classrooms 
and by those who wrote our textbooks. Thus, the purely mathe- 
matical phase of the subject became the basis of the major content 
of the arithmetic curriculum. It was inevitable that arithmetic, 
which was introduced into our schools because of its practical 
values, should therefore become more and more academic and 
unrelated to the affairs of daily life. Its continuance in the 
curriculum was increasingly justified on the grounds of mental 
discipline rather than its practical utility. When the theory of 
mental discipline was exploded, other values such as "culturar* 
values, "preparatory" values, "conventional" values, and "leisure- 
time" values were substituted. To a considerable degree these 
values still dominate the work in arithmetic in many of our 
schools. 

The changing arithmetic curriculum. 1 he present century has 
been marked by a number of attacks on the arithmetic curricu- 
lum which have greatly modihed it. In the period from 1910 
to 1020 numerous studies were made by vari(Mis investigators, 
among them Wilson, jessup, Bobbitt, Woody, and Charters, to 
determine the arithmetic that was useful in the affairs of he 
daily lives of adults. Hiese studies revealed the fact that actual 
social usage of number processes included a much narrower and 
simpler range of skills than those commonly found in current 
courses of study. Many topics dealing with the applications of 
number were found to be obsolete and useless. l;nfortunately, 
these studies dealt with adult n^cds rather than child needs. 
As a result of this group of in\ estigations. the arithmetic cur- 
riculum has been greatly sinij)lified. and much of the accumu- 
lated dead wood has been eliminated. Topics such as cube root, 
surveyor's measure, complex fractions. :md many others of no 
social utility today except Un workers in specialized occupations 
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are no longer found in up-to-date courses of study and textbooks. 
The place of these obsolete topics is being taken by ricli units 
of social experience in wliich the pupils may learn about im- 
portant social institutions, and, at the same time, practice in- 
• "easingly mature and refined mathematical procedures and tech- 
nics for dealing more effectively with the quantitative aspects of 
their daily affairs. 

Anotiier group of studies dealing u itii various aspects of ciiild 
development has also led to significant changes in the arithmetic 
curriculum. It was early demonstrated that above grade two 
more pupils failed in tiie subject of arithmetic than in any other 
area of the curriculum. Studies of factors thougin to be con- 
tribudng to this situation led to the conclusions that (1) in- 
structional materials were not effectively organized, (2) many 
of the processes were being taught at levels in the school at 
which many of the pupils did not have the mental ability needed 
to master them, and (3) instruction tended to emphasize unduly 
the computational phase of arithmedc with the result that much 
of the work in the classroom was without significance to the 
pupils. The need of more adequate provisions for indi\idual 
differences in readiness for the learning of various topics, in 
rates of learning, and in diflicukies encountered was also revealed. 
As a consequence of these investigations much has been done 
to improve tiic quality of instructional materials, to adjust the 
gradation of topics more nearly to the facts known about child 
development, and to enrich and socialize instruction so that the 
work in arithmetic may be made increasingly more significant to 
the pupils. 

The child psychology movement has also led to the recogni- 
tion of the need of giving more adequate attention to what 
the National Coimcil Committee has called the "social phase" 
of the arithmetic curriculum. Undoubtedly one of the chief 
problems of the school is to determine fiom the ividc range 
of applications of numbers those tiiat the great majority of people 
can profitably use in their daily affairs. .An important rcction 
of these social needs and problems about which our youth should 
be made intelligent consists of those that appear in the normal, 
desirable activities of boys and girls both in and out of school. 
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an area as yet practically unexplored. The writer^ has shown that 
analyses of current social problems as seen by frontier thinkers 
in the fields of economics, sociology, and political science con- 
tain many problems that are closely identified with topics that 
are now included in the arithmetic course: for example, issues 
related to taxation, to the consumption of goods, to the distribu- 
tion of wealth, to wise expenditure of funds, and to the support 
of the indigent, handicapped, and unemployed. The selection 
of suitable and significant topics dealing with social processes 
in which number functions directly as a basis of units of in- 
struction at various levels of the school is strongly recommended 
by this Committee. 

At the same time consideration must be given to the organi- 
zation and gradation of the basic curriculum material so that 
the pupils will have the mental ability required to master the 
units of work at the time they are introduced, and so that the 
work will be within the range of their experiences and interests. 
The recognition of the fact of maturation of ideas, skills, and 
concepts requires that the instructional programs be so organized 
as to contribute to the continued development of understanding 
of, and insi^irht into, mathematical relationships as the pupil ad- 
vances from stage to stage through the school. 

Attainment of the mathematical aim of instruction in arith- 
metic is rct;arded as possible only if meaning, the fact that the 
(liilduM) sec sense in what they learn, is made the central con- 
sidtMaiicjn in arithmetic instruction at all stages. As is indicated 
in the fiist rcj)()rt of the National Committee. *\'\rithniv?tic is 
c()n( cived as a closely knit system of understandable ideas, prin- 
ciples, and processes, and an important test of arithmetical learn 
ing is an intelligent grasp of the number relations together with 
the ability to deal with arithmetical situations with proper com- 
prehension of their mathematical significance." The desired out- 
comes, related to the mathematical and the social phases, can 
most likely be secured by making certain that the pupil has vital 
social experiences in which he is led to see the number in- 
volved in situations that are tneaningful and significant to him, 

2 1x0 J. Rnicckncr. "Scxial Problems as a Basis for a Vitalized Curriculum in 
Ariihmciir.*' Jnurnnl nf Experimentnl Education, 1 : 320-322. June, 1933. 
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and if at t..c same time the teacher takes the steps needed to 
make certain that the matliematical meaning' of tlie number 
elements involved is fully grasped by the learner. The teacher 
should plan definitely and systematically to develop number 
meaning by making the pupil conscious of the ways in ^vhich 
number fiuictions in the experience and then seeing to it that 
insight into the quantitative procedures is developed. The aim 
of the teacher at all levels should be to develop in the pupils 
the ability and the disposition to view the affairs of life in 
orderly, systematic ways, and to use quantitative technics, when 
feasible, to enable them to see the relationships involved nore 
clearly and exactly. This mode of quantitative thinking can be 
refined and extended as the learners progress through the school. 

THE SIGNIFICANCE OF THE SOCIAL PHASE OF ARITHMETIC 

John Dewey has defined education as "that reconstruction or 
reorganization of experience which adds to the meaning of ex- 
perience and which increases aljility to direct the course of 
subsequent experience." In this statement there are two impor- 
tant words, namely, "meaning" and "direct." As far as arith- 
metic is concerned, the word "meaning" has a two-fold coiniota- 
tion. It refers on the one hand to the meaning of number itself, 
an understanding of the number system and its interrelation- 
ships. On the other hand, "meaning" refers to the social sig- 
nificance which the situations in which number is applied have 
for the learner. For example, the institution, taxation, involves 
principles, issues, and practices which do not require the direct 
manipulation of number processes to grasp their social sig- 
nificance. A class might debate the issue, "Should Minnesota 
adopt the sales tax?" without going at all into the actual com- 
putation of the taxes, but by weighing carefully the various social 
considerations involved. On the other hand, a class might devote 
the whole time allotted to taxation to the actual amiputation 
of taxes and tax rates and devote no time whatever to the con- 
sAiiihniciic instmctioti uhicli fcaniics the niathcmittical phase as a means of 
(Icvclopiti- nipatiiii.^' U discussed in other chapters, particularly those by Sauble 
Thiele. and Wheat, i hese chapters supplement nr. Brueckner-s diaptcr. which 
deals specifically with the social phase. {^Editorial lioard) 
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sideration of the social aspects of the topic. If the pupils were 
not led to consider the social significance of this topic in the 
broadest sense of the term **nieaning/' as here presented, it is 
obvious that they would not become aware of the issues related 
to the problems or be made familiar with ways in which they 
are being dealt with today. As a consequence they would not be 
prepared in any way to ''direct'' more effectively the course 
of their subsequent civic experience involving the conjjideraticn 
of issues related to taxation and would not be able to participate 
intelligently in the solution of the issues involved. If this topic 
is dealt with by the teacher in such a way as to bring out the 
implications of the questions listed as criteria in the first para- 
graph of this chapter, it is obvious that not only will the topic 
have significance for the learner but that he will also 'ater be 
able to participate intelligently in the consideration of tae issues 
involved and in steps leading to their solution. This social 
approach must, of course, be paralleled by well-planned steps 
to bring out clearly the mathematical elements and relationships 
that are involved. 

iMajor points of emphasis in the arithmetic instruction. The 
topic, taxation, or any similar topic, would, of course, be in- 
completely treated unless the pupils were led to consider it ade- 
quately from both the mathematical and social points of view. 
The treatment of such topics, in so far as the mathematical 
phase is concerned, would include such items as the making of 
essential computations, the bringing out of the relationships be- 
tween the quantitative factors concerned, the presentation of 
the basic symbolism and imits of measure involved, the interpre- 
tation of necessary or pertinent tabular or graphic data, and a 
consideration of the validity and limits of existing knowledge 
about the topic under consideration. In the lower grades the 
comprehensive study of such a topic, as "What items affect the 
cost of mailing a letter?" offers ample opportunity to bring out 
both the ways in which number helps us to manage hiunan 
affairs and the varied mathematical relationships in a simple 
social situation. The general information gained by the pupils 
in the consideration of such a topic is also of undoubted value 
in helping them to understand some of the aspects of the social 
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process, coinnuinication. It should be clear that in some units of 
work there may ho somewhat more emphasis on the social 
than on the mathematical phase of arithmetic, while in other 
units the reverse will be true. 

It may be helpful if at this point some of the major ideas 
that are related more directly to the social phase of arithmetic 
are more definitely identified. These ideas, sometimes called 
themes, may all be brought out in some way in any well-selected 
unit, although this is not essential, since the idea or ideas that 
may emerge in any unit will be determined to a large extent 
by the scope of the topic and by the way in which it is explored 
by the class under the guidance of the teacher. 

Social Evolution. To add to richness of menning there is no 
good reason why the pupils should not be led to see that both 
our present social institutions and also our ways of dealing w.th 
their quantitative aspects are the more or less perfected end 
products of a process that is in general evolutionary and progres- 
sive. This applies not only to the development of our number 
system itself, but also to the study of such human institutions as 
methods of measurement, money and barter, taxation, and in- 
surance. The pupils should be lea to see that these and many 
other institutions began with crude methods and procedures 
ihat have since been improved, refined, and standardized through 
the application of iiuman intclligeme to the task. The study of 
this evolutionary process will lead the pupil to see the sig- 
nificance of number in human progress and should lead him to 
see that this developmental process is not completed at the 
present time. 

Such topics as the following are rich in their possibilities for 
develo]Mng the idea of social evolution: 

1. Ways ol telling time, past and present. 

2. The kinds of money that people have used and use today. 
I he (U'velopmem of our units of measure. 

4. Mow oiu- present system of taxation developed. 

Cooperation. The pupils should be led to see how effectively 
munbcr has contributed to the development, of inter-cooperation 
among people. As Dr. Jiidd has priintcd out. if we merely teach 
the pupils how to tell time by the clock and neglect to point 
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out at the same time the ways in which the clock has facilitated 
inter-cooperation among peoples, we have overlooked a very 
valuable contribution that a consideration of this suciological 
phase of the topic might make to an understanding of the social 
process. In the same way the treatment of the topic — money — 
should not be limited to mere computation with money. 'I'he 
topic can be presented in such a way as to show to the pupils 
its value as a device invented by man as a more manageable way 
of exchanging and distributing goods and paying for services 
rendered than the earlier social process of barter and exchange. 
Likewise, the teaching of taxation, insurance, banking, our credit 
system, and many other topics, should not fail to stress the fact 
that each of these institutions is an illustration of the ways 
in which number has facilitated inter-cooperation among people. 

The following topics suggest units rich in possibilities of de- 
veloping the idea of inter-cooperation: 

1. How the dock helps us to live together. 

2. What is the system of numbering houses used in our community? 

3. Where docs the money for our schools come from? 

4. How are people paid tor the work they do? 

Invention. The study of tlie process by which human intelli- 
gence has. in the past devised improved procedures for dealing 
more effectively with quantitative aspects of social affairs should 
have as its goal an awareness by the pupils that new problems will 
as surely arise in the future as they have arisen in the past. 
The pupils should be led to recognize the need of inventing new 
and improved ways of dealing with those aspects of their lives 
that can only be managed eHiciently through the use of quantita- 
tive technics. Ingenuity in dealing with quantitative aspects of 
situations should be fostered. **The progress of science depends 
very largely upon the facility with which facts can be recorded 
and relatu nships between them considered. The notation of the 
mathematician affords the nu^ximum of precision, simplicity, 
and conciseness/' 

The following topics are suggestive: 

1. Wliat is the metric system and why was it devised? 

2. How do we measuie food value? 

3. What new forms of taxation are being considered today? 

4. Why have consumers' cooperatives been established? 
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Control over Nature ami Natural Processes. Man is constantly 
engaged in a struggle to control nature and to direct natural 
processes to his advantage. Quantitative procedures have been 
of great assistance to him in this connection. The mariner 
and the aviator can proceed more safely becau.se of the compass. 
The thermometer enables man to make necessary adjustments to 
fluctuations in temperature and to some extent to control it. 
The precise rigorous tests in experiments which determine 
courses of action are possible only because of the use of number. 
The weather bureau uses quantitative methods to predict the 
climatic conditions. Index numbers of production, distribution, 
and consumption are increasingly being used to aid in setting up 
measures to regulate natural processes. Insurance is possible 
because of the fact that we can predict mortality of individuals 
on the basis of carefully collected data. These and many other 
similar illustrations of human efforts to utilize quantitative pro- 
cedures to direct natural processes to social ends show ways in 
which the teacher of arithmetic can develop mathematical mean- 
ing and ensure at the same time an awareness of the social sig- 
nificance on the part of the pupils of the items being studied. 
The following topics are suggestive: 

1. In what ua\s has the thcrnionictcr helped the man in the ereen- 

2. H(.w (ati we incasuic the diirLTctue in plant growth due to the 
elFc't ts of fcrtili/ers? 

3. What is hcin,<; done by our govcinincnt to control the production 
of crops? ' 

4. How docs tlu' weather bureau liclp aviators and mariners? 

Economic Literacy. Arithmetic affords a convenient vehicle for 
teaching the pupils significant facts about the production, dis- 
tribution, and consumption of goods and about manv of the 
other economic aspect-, of life, including insurance, business re- 
lations, banking, taxation, and so on. The pupils siiould be led 
to see the necessity of accurate, dependable information in the 
buying and .selling of food, clothing, and other necessities of 
life, and in the management of their daily affairs, including, 
later on, their occupations. They should he taught about ele- 
mentary business practices and the economic interdependence of 
human institutions. Sources of loss, such a.s fraud, forgery, st.ccn- 
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lation, damage to property, and bad debts, offer a fertile field 
for worthwhile discussions. As Dr. Horn has stated, the pupils 
should be led to *'think while reading* and to evaluate the 
authenticity and dependability of information presented to them 
in any verbal or visual form. It is an unfortunate fact that in 
almost none of our present courses for teachers of arithmetic is 
adequate consideration being given to the need of educating 
individuals who have genuine economic literacy. 
The following topics are suggestive: 

1. How is the money we pay for stamps used? 

2. Which is the cheaper way in which to buy, in bulk or by the 
package? Why? 

3. Why do prices of commodities usually fluci iate from place to 
place and from year to year? 

4. Is the money raised by taxation being spent cccmomicaily and 
to the grertest advantage? 

Kinds of units in arithmetic experience. The experiences 
that can be utilized by- the teacher to achieve the purpose of 
arithmetic instruction are oi various sorts. The wise teacher 
will seize every opportunity that may arise in an incidental way 
either in the classroom or in fe outside the school to bring to 
the attention of pupils the social significance and the utility of 
number and its applications in the affairs of life. However, be- 
cause of the unpredictable nature of these experiences and be- 
cause of their unsystematic, disorganized occurrence, the teacher 
should also actively seek and plan other social situations which 
will be rich in the use and social application of quantitative pro- 
cedures, and which at the same time are most likely to contribute 
to the development of the major ideas described above that are 
related to the social phase of arithmetic. In selecting these more 
systematic units of instruction the teacher should consider care- 
fully the stage of the developnient of the arithmetic ability of 
the pupils, their mental level and their needs and interests. It 
is not essential that these social situations require the use of the 
computational processes that are being learned by the pupils. 
However, it is obvious that the most desirable unit of instruc- 
tion is a rich unit of social experience likely to apj^eal to the 
pupils as worth while that gives them contacts not only with 
applications of numbers in the affairs of life but also with the 
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elements of coinpiuatioiial ariihinetic that are most appropriately 
taught to children at tlicir stage of develojiment. Units selected 
on this basis not only show the pupils the need for the drill 
work to be done to ensure mastciy of the basic skills, but also 
vitali/c the iustructicjn by rcvealiu"' the social significance of the 
processes or topics that are being learned. Insight into the 
social situation should grow out of a careful consideration of the 
relationships between the various elements in the experience 
which can be brought out sharply and delinitely by the applica- 
tion of quantitative procedures. .\t the same time there should 
develop insight into the matlicniatical procedures that are being 
employed. 

Sources of units stressing the social phase of arithmetic. Mod- 
ern textbooks are giving more adequate consideration than in 
the past to the social phase of the arithmetic curriculum. For 
example, a recent study of Gustafson* of the amount of space 
devoted to strictly informational material related to the social 
phase of arithmetic showed that in two third grade books pub- 
lished in 189:5 and 189;") there were only (59 and 74 lines respec- 
tively of this kind of material. On the other hand, in three 
third grade books publi.shed in 1935 the numbers of lines of in- 
formational material were 384, 523, and 1,089 respectively. 
These results are typical for a total of 22 third grade books. The 
newer books evidently contain much more informational material 
than the old books, although large differences exist from book 
to bo(-k. It should be emphasized that teachers should always 
feel free to go beyond the limits of the book for illustrations and 
applications of number. Well selected experiences that utilize 
direct contact with local situaticms are undoubtedly of greater 
value than those that are presented formally in a textbook. 

In another study of similar informational social material, in 
this case involving no computation, Herrmann-^ found that in 
the books for grades four, five, and six. of five modern series, 

* Atuw (.iisiaUoii. "\ Comparison of .Adixitics I'rcsciuwl in Third Grade .Arith- 
metic Tcxtljooks lor Di-vclopini^ the Itifoiniatiotial and Sociological Functions 
ot .\tithnic-tic." l.'npiihli'.hcil iciouls on file at the fni\eisitv of Minnesota, .Min- 
neapolis. 

«.f. .M. Hcinnann, ".V .Study of .-Vctix itios in Moic Recent .Authmctic Tcxthooks, 
Intcrnu-diatc (;tadcs, for Developing Informational and Sociolojjical Functions of 
the Subject." I 'npuhlished Master's thesis, IJiiivcvsity of Minnesota. Minneapolis. 
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the total amount of line space for the books of each series varied 
from 1,227 lines to 3,536 lines, a ratio of almost one to three. 
It seems evident that the amount of assistance the teacher can 
secure about social applications of arithmetic varies widely witli 
the textbook. 

Herrmann's analysis of subject matter revealed a ^vide variety 
of different topics that deal wit!) the social phases of arithmetic 
in the books he analyzed. For purposes of illustration the fifty- 
four topics related to consumer eduration that he listed will indi- 
cate the nature and social significance of topics in this field that 
are now finding their ^vay into textbooks. The list follows: 

liuyifig and Selling Practices 

1. Methods used in price labelling 

2. iMuding costs in a project 

3. Widths in which cloth is sold 
•1. False bottoms in measures 

5. The sales slip 

G. Reasons for price changes 

7. How to compute real profit 

8. Basis of credit 

9. I' lUK lions of better Lusiness bureaus 

10. Early period piices and why they changed 

11. Per capita food costs of countries compared 

l'sin<r T ransportation Facilities 

1. Parcel post and express services 

2. Parcel post insurance 
.Meaning of C.OJ). 

•1. ComnuucM-'s and round-trip tickets 
5. How freight rates are computed 

Hanking 

1. Making deposits and use of bank hooks 

2. Savings account loutine 

3. S(M vices of banks 

4. Thrift by small savings 

f). Check writing, eiidoising, and cashing 
(). Check stub records 

Sjwndiuir the Family Dollar 

1. Patroni/.ing the cafeteiia 

2. Choices in pun liases for thrift 

3. Cost of cut flowcis and potted plants 

4. Bulk buying advantages 
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5. Magazine subscription savings 

6. Library fines 

7. Rent 

8. Homemade and commercially made cos 

9. Grades and price of milk and gasoline 

10. Quantity buying savings 

11. Saving at sales 

12. Advertisements 

13. Checking sales slips 

14. Accounts of receipts and expenditures 

15. Time and cash payment plans 

16. Car operation costs 

17. Family budgets 

18. Monthly bills and forms 

19. Receipt forms and uses 

20. Cold storage food costs 

21. Food container costs 

22. Electrical device operation costs 

23. Heating costs compared 

24. Sizes of cans of preserved foods 

25. Large and small package costs compared 

26. Water, gas, ana electric rates 

27. Cash discounts 

28. A la carte menus 

29. Secondhand buying 

30. Charge accounts 

31. Out-of-season food costs 

Miscellaneous 

1. Safety practices 

2. Testing seeds for germination 



An analysis by the reader of the topics listed above should 
make it clear that there is a definite tendency today to include 
in arithmetic instruction the kinds of topics that are likely to 
develop in the pupils an understanding and an appreciation 
of vital social practices and procedures and of the ways in which 
number functions in the affairs of daily life. Questions and prob- 
lems based on such topics as these are certainly more valuable 
than the isolated problems that in the not distant past were the 
only kinds included in oitr textbooks. 

Experimental development of curriculum units. Educational 
literature contains a number of descriptions of units that were 
taught in such a way that they dealt with both the mathematical ' 
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and social phases of arithmetic. For example, Schaeffer* described 
a fourth grade informational unit on time measurement that 
divided the subject into four main topics as follows; 



L How the cave men told time 

1. The shadow on the rock 

2. The shadow clock 

3. The rope clock 

4. The flower dock 

II. Clocks from long ago to now 

1. The sun dial 

2. The water thief 

3. The time candle 
•1. The sand glass 

5. Early mechanical clocks 

6. Clocks with pendulums 

7. Smaller clocks and watches 

8. Electricity and clocks 



III. How the world gets its lime 

1. The causes of day and 
1 ht 

2. 1 iie lines on the globe 

3. Sctiing the clocks 

4. Standard time 

f). Daylight standard time 

IV. The story of the calendar 

1. What the moon told men 

2. Calendar from long ago to 
now 

3. Calendar reform 



SchaefFer prepared a number of autlioritative mimeographed 
articles cover inj^ all the topics ^vhich formed the basis of much of 
the class discussion. Twenty class periods were used to develop the 
unit. The following list of activities sho^vs the nature of some of 
the lessons: '^Simple discussion of what pupils already knew about 
the topic; work-type reading lessons, in which the pupils read 
articles to answer questions, to prove statements, to outline points, 
etc.; preparation or reports; giving of reports; planning of activi- 
ties; making of replicas of early time pieces (shadow clock, sun- 
dials, water clocks, etc.); coloring maps to show time zones; solv- 
ing clock problems; and reading timetables/' 

Tests involving both mathematical and social phases of the 
subject were administered at the end of each of the four major 
topics. The reader can easily sec fron) an analysis of the contents 
of the unit how the major social ideas, evolution, cooperation, 
invention, and control over nature and natural pro^:esses, as well 
as the mathematical principles involving precision, computa- 
tion, functional relationships, and symbolism, were all developed 
in an interrelated, meaningful \vay. 

Records were also kept of the reactions of the pupils during the 

« (iv.icc StlKifircj-, *'An Infotinatianai Tnit in l ime." ElvmnxtaYy School Journal, 
38 : 11M17. October. 1937. 
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course of the unit. SchacfFer describes the outcomes of this unit 
as follows: *\\) The subject of time measurement was of genuine 
interest to this group of pupils during the entire unit. (2) The 
reading materials of the unit were not too diflicult. (3) Illustra- 
tive materials, such as odd clocks and pictures of early time pieces 
and calendars, are available. (4) A large perceinage of the pupils 
were able to understand such terms as \standard time,* 'calendar 
reform/ 'daylight-saving/ 'pendulum.* 'rotate,' 'time-recording,* 
and 'telescope/ (5) Activities of special interest were the making 
of early time pieces, the giving of reports on materials read, the 
reading of stories related to the iniit. dramatii^ation of stories, 
and related art work/* Obviously there were many opportunities 
to utilize quantitative procedures in this unit of work. However, 
the major emphasis was on oiuc omes more closely related to the 
social than to the mathematical phase of the subject. 

Harap and Mapes^ conducted a group of studies \vhose primary 
purpose it was to determine the extent to \vhich children can mas- 
ter arithmetic processes through their use in lifelike activities 
and social situations so selected that oppo^uuiity for the use of 
number processes was certain to arise in them. One interesting 
group of units that was selected so as to bring in a{)plicati()ns 
of decimals was a series dealing with the making of household 
preparations, such as tooth po\v*der. furniture polish, ink, hand 
lotion, and paste. The only actual computations performed were 
those needed to airry on the activity. All work of the pupils 
was kept in notebooks which were frequently checked by the 
teacher. All errors had to be corrected. There was no drill as such. 
These units were tatight in such a way as to contribute to the edu- 
cation of consumers, an important aspect of the social pha.se of 
arithmetic. Relative costs of homemade and commercially made 
products \rere compared. 71us led to interesting discussions of 
some of the social issues that arose, such as reasons for differences 
in costs. Harap and Mapes report that the processes involving 
operations whh decitnals were mastered by the pupils. Unfor- 
tunately no detailed data were given in the reports as to the 
range of socially significant information other than conipiua- 

' U. I.. }hir\\\i and K. Map(s. hf l.oaiiiin- c>[ Dniin.iK in .in Atiivitv Pro- 
giain.*' Journal of Educalional Rcsvaiih, 29 : GSG G93, May, 193G. 
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tional skills that the pupils actually acquired as a result of this 
work. The implications of the report of the study are that these 
informational outcomes were rich and significant. Similar studies 
involving the use of social experiences were also conducted by 
Harap and his associates'* in gi-ade three and in giade five. In 
each case it was amply demonstrated that not only were the com- 
putational processes ordinarily taught in these grades mastered at 
least as well as in ordinary classes, but that there were also rich 
concomitant values in the field of social understanding and in- 
sight. 

These studies and others that could be listed are indicative of 
the valuable contributions that can be made by a well-organized 
program of instruction in which full recognition is given to the 
need of considering both the mathematical and social phases of 
arithmetic. There is a great need of further exploration of the 
possibilities of rich social units of this kind. The teacher in the 
classroom who has a grasp of the significance of the point of view 
here presented can make real contributions to the improvement 
of the arithmetic curriculum. 

In his book Mankind in the Making, H. G. \VelIs made the 
following statement which summarizes very well the point of view 
that the chapter has discussed; "The new mathenatics is a sort 
of supplement to language, affording a means of thought about 
form and quantity, and a means of expression, more exact, com- 
pact, and ready, than ordinary language. The great body of 
physical science, a great de, ' of the essential facts of financial 
science, and endless social and political problems, arc only ac- 
cessible and only thinkable to those who have had a sound train- 
ing in mathematical analysis. The time may not be very remote 
when it will be understood that for complete initiatif)n as an effi- 
cient citizen of the new great complex world-wide states that are 
now developing, it is necessary to be able to compute, to tl.ink 
in averages, and in nnxirna and minima, as it is now undersiood 
to be necessary to be able to read and to write." 

"H. L. Hamp nml K. Mapcs. -riic I.cainirm of l-iirulamcritals in an Activity 
l'i()j{iani," Klrmi nlary .School Journal, 31: 515-525. Manh. lOS}. 



Chapter VIII 

ENRICHMENT OF THE ARITHMETIC COURSE 
Utilizing Sun^LKMi-NTARV Materials and Devices 

BY IRENE SAUBLE 

DETROIT PUBLIC 5CHOOU 

THIS chapter aims to point out the potentialities that exist for 
vitaH/ing and enriching the teaching of arithmetic on all 
grade levels through the use of a w'ealth of supplementary in- 
structional materials and devices which may be provided through 
the initiative of the individual teacher. Suggestions are given to 
assist the teacher in obtaining and using such materials. 

The different types of supplementary materials and devices 
which will be illustrated and discussed in conjunction with the 
teaching of definite mathematical and social concepts include the 
following: 

(1) Concrete materials which may consist of real objects or repre- 
sentations of real objects which pupils may manipulate in 
gaining first-hand experiences. 

(2) Measuring instruments which may be provided for pupils or 
which may be constructed by pupils. 

(3) Pictures— provided for pupils or made by pupils to represent 
mathematical ideas. 

(1) Charts, diagrams, and graphs. 

(5) Business forms used in the community — checks, deposit slips, 
withdrawal slips, monthly statements, bills, insurance policies. 

(6) Advertisements, handbills, clippings, catalogs, pamphlets, which 
contain information which may be useful in illustrating or 
formulating current arithmetic problems. 

(7) Posters, displays, exhibits, scrapbooks. 

(8) Trips, interviews, sj^ecial reports. 

(9) Dramatizations of business procedures. 

(10) Analyses of life situations having quantitative aspects. 

Suppler entary materials as well as other types of materials con- 
tribute to the two aspects of number which Buckingham desig- 
ns? 
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nates by the terms significance and meaning. He states:* **By the 
significance of number I mean its value, its importance, its 
necessity in the modern social order. I mean the role it has played 
in science, the insirunient it has proved to be in ordering the 
life and environment of man. The idea of significance is therefore 
functional. 

**On the other hand, the meaning of number, as I understand 
it, is mathematical. In pursuit of it we conceive of a closely 
knit, quantitative system. . . . Under the heading of meaning 
I include, of course, the rationale of our number system. The 
teacher who emphasizes the social aspects of arithmetic may say 
that she is giving meaning to numbers. I prefer to say she is 
giving them significance. I hasten to say, however, that each idea 
supports the other." 

Although it is impossible to discuss one aspect of arithmetic 
teaching without some reference to the other aspect, an attempt 
will be made to focus attention upon materials and devices which 
may be employed in the development of meanings of numbers, 
processes, and measiues in part I of this chapter and reserve 
part II for special emphasis upon the supplementary materials 
and devices which may be used in giving social significance to 
numbers, processes, and measures. 

L DEVKLOPMENT OF MATHEMATICAL MEANINGS 

Developing meanings of whole numbers. Counting objects 
provides one of the fust activities in the development of number 
meanings. In school and out of school, pupils count real objects 
for definite social purposes. They count the children on each 
side in a game, count the children present each day, count the 
scissors, books, chaiis, and pencils, to see whether these are 
enough lor the class. However, to develop adetpiate number 
ideas, pupils need many exj^eriences with groups of objects beyond 
the activity of counting them in some given arrangement. As 
the next step, each pupil should be given the opportunity of ex- 

i li. R. JUu kiii^hanu *'.Sij^niruaii((\ Meaning. Insight— I hcse Thiee," The Mathe- 
fnaut^ Ttachvr, 31 : 2G. JaniKuy, 1938. 
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pcrimenting with groups of objects in niakincr as many different 
arrangements as possible. A piij)il ulio lias eight carcUjoard pen- 
nies may be encouraged to work out for himself and report 
to the class many arrangements which he will gradually come to 
generalize as the basic combinations. Kight will mean two I's 
and four 2"s as well as G and 2, 5 and 3, 7 and 1. 

Pui)ils need to use groups of objects in making comparisons 
also. Kight pennies are how many more than fi j)ennie.s? Four 
chairs are how many less than 7 chair.s, etc. 

In making provi.sion for tliis variety of experiences with groups, 
two types of concrete objects arc recpiircd— objects small enough 
for pupils to ii.se individually at their own desks, and objects large 
enough to be used at the front of the room in carrying through 
some activity which all pupils are to observe. 

Small objects which may easily be provided in a large enough 
quantity .so that each pupil may have a suj)j)ly to work with in- 
clude the followiny;: 

Play pennies— whidi ni:i\ he puidiascd ( ommerciallv or may be 
made l)y cutting out ( ai dhom d drdt-s. ' 

.Small cardboard tickets aboiu 1" by '1". 

Milk bottle caps wliidi may be called dollais. 

Buttons and button molds wliidi are Hat on unc side. 

T(K)dipi(ks or small sticks of anv kind wbich niav be imagined to 
be sticks of candy or candy canes. 

.Small cut-outs ol animals, fioweis, fruits, which are often available 
m packages as stickers. 

.Stickei- for special days include witches and piumpkins for Hal- 
loween: hearts lor \alentine's Dav; tiirkevs for ThankseivinK' 
trees, bells, candles, wreaths, etc.. for Chri'stmas: and chickens' 
rabbits, egps. etc.. for Ka.ster. Stickers may be used to paste on 
a lar.jre sheet of paper to make pictiu-e records of the various 
nimiber arrangements. 

.Small-sized clothespins. 

Paper dolls. 

Small scpiares of colored paper to represent postairc .stami)s, Christ- 
mas .seals, or Easter seals. ' 

If sns.sors and materials are prcjvided, pupils often be able 
to make their own cut-outs, their own tov money, or the card- 
board tickets. 

Large objects which mav be moved about at the front of the 
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room or used as stage properties in the dramatization of some life 
activity include the following: 

Objects in use in any classroom — chairs, erasers, books, pads, pen- 
cils, i)encil boxes, large manila enveloj)es. 

Empiy landy boxes, cereal boxes, shoe boxes, which may be used 
to hold (juantiiies of smaller materials when such materials are 
being divided into equal groups. They may aho be used to repre- 
sent toy banks, cash registers, pocketbooks. 

Paper plates, paper bags. 

lilotks, and other toys. 

Large clothespins— which are often painted in some color. 
Rectangular pieces of cardboard the si/e of candy bars. 
\V^)oden or paper spoons — which may easily be done up in bundles. 
Cardboard tickets about 3" by 4". 

Toy money in bills of different denominations — $1. $10. $100 bills. 
I'hese paper bills may be made by the teacher from heavy paper 
cut into the correct sizes on the paper cutter and the denomina- 
tions stamped on with a number stamping set and ink pad. It 
is advisable to make these bills in different colors; for example. 
$1 bills green, .$10 bills yellow, etc., since the denomination can 
then be recognized from the color. Shoe boxes appropriately 
and ccmspicuously labeled may be used at the front of the room 
to hold each denomination of bill. 

The purposes served in using small objects for individual pupils 
and in using large objects at the front of tlie room may differ 
somewhat. When a pupil uses six of tlie play pennies on his desk 
in work out all the possible groupings he can make from six 
pennies, he is doing his own investigating and making discoveries 
for himself. The teacher may give him the plus sign as a symbol 
to use in making number records when he puts his groups to- 
gether again, but the pupil has worked independently in obtain- 
ing the groupings. Likewise, when a teacher asks pupils who need 
to do so to use pennies to find out how much must be paid 
altogether for a ball costing 4^ and a book costing 9(^, each pupil 
may use his own individual method of obtaining the answer. 
One pupil may lay out the two groups of pennies and then count 

I, 2, 3. 4, 5, 6, 7, 8, 9, 10, 11, 12. 13. Another may count 10, 

II, 12, 13. Still another pupil may rearrange his pennies in such a 
way that he has a group of 10 and a group of 3, and he may then 
merely think 10 and 3 are 13. Thus materials used individually 
make it possible for each child to work at his own level of 
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maturity, and to progress naturally from one level to the next 
higher level. If a pupil already knows that 4^ and 9^* are 
he will not bother to lay out pennies at all, but will be ready 
immediately with the answer. 

While individual differences among pupils make it necessary 
for pupils to work on different levels, it is the obligation of the 
teacher to guide pupils toward higher levels of thinking. Sen.t- 
ing just when and how to do this is the essence of skill and 
artistry in teaching. 

If classes could be kejn small enough so that the teacher could 
give adequate attention to each pupil, materials for use at the 
front of the room might not be necessary. However, with large 
classes it is often desirable to introduce a new concept to the en- 
tire class by means of some activity carried on at the front of the 
room. It tlien becomes necessary to utilize objective materials 
which can readily be seen from all parts of the room. We may 
take as au illustration die building of die number chart to 100, 
in which die teacher wishes to introduce pupils to the char- 
acteristics of our number system, with special emphasis upon the 
ten group as a basis of comparison for all numbers above 10. 
Let us .suj)j)()sc that the teacher decides to use clothesj)ins. 

'Ihc first .step is to count out 10 clothespins and record the 
niunbcrs from 1 through 10 on the board, one number as each 
dothospin is taken out of a large bo.\. After the tenth one has 
been added, tiie teacher may say that she is going to make the 
group easier to handle by putting a rubber band around all ten. 
The pupils" attention may dien be directed to the following 
ideas: 

(I. The bundle or group of 10 may be thought of as one 10 as well 
as ten r.s. 

h. When wo n-riir 10. we consider it a.s one 10 because we ase a 
but wc give die "1" a new posiuon to the left of the one's 
place. 

r. To slKuv tl)at the "I" is in tens place, wc fill the one's place 
witli a zero. 

When one more clotIicsj)in is put with the ten grouj). II may 
be written at the toj) of the second column. Pointing to the U 
the teacher may ask wliich I indicates the 1 bundle of ten and 
which 1 stands for the 1 single clotliespin. The same procedure 
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may be followed as the numbers 12. 13, etc., through 19 are writ- 
ten. When there are 10 sinj^lc clothespins again, another bundle 
of ten may be made and the number 20, which shows two lO's 
with a zero in the one's place, may be written at the bottom 
of the second cohunn. 
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At a later time, the number chart to 100 may be completed 
on the board as concrete materials are counted and grouped into 
tens and ones. \s soon as pupils "catch on'* to the system of 
repeating ten groups iind combining ones, they may proceed to 
complete the chart without the use of objective materials. 

After the activity of building a number chart through the use 
of concrete materials, the teacher is able to focus the pupils' at- 
tention upon the fact that the chart presents an organized record 
of all the different sized groups which have been formed and the 
way they were formed. 

I he alcove activity illustrates the use of objective materials 
for the pm pose of developing what may be termed pure mathe- 
matical concepts. Carried throtigh in the manner described, the 
activity does not serve an innnediate social ptirpose. However, in 
follow-up activities, the making of ten grotips may be shown to 
have social value. An imaj,inary social sittiation such as the 
following may be dramatized. 

At the school cmci lainnicnt last night Bob took tickets at one 
enuaiue and Jim at the oiner entrance to the auditorium. This is 
Bob's box ot iickeis and this is Jim's. What wonU be the most 
at.cuKUc way to count the tickets in each box.*' 

One box may be counted by ones, and the other by making 
bundles of tens, then counting l)y tens and adding the ones. 
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Pupils will probably lecogni/e tlie fact that in counting without 
grouping it is very easy to lose count, particularly when the 
numbers are large. 

A large number of play pennies in a penny bank (an empty 
cylindrical salt box with a slit cut in tlic top) may be counted 
by grouping them into tens. Thus a variety of activities may 
be used to emphasize the convenience of grouping things into 
tens when it is necessary to count a large number. 

When objective materials arc used for demonstration purposes, 
the teacher always needs to make certain that the pupils go be- 
yond the mere activity and try to sense the idea which is being 
demonstrated. The teacher may stimulate this type of think- 
ing through his (juestions and by placing emj)hasis upon certain 
points. In the organization of a number chart to 100, emj)hasis 
is placed upon two points: (1) whenever there are enough ones 
to group as another ten. this grouping takes place; (2) ''we use 
the symbols 1, 2, :S, 1, etc.. to tell the number of ten groups we 
have, hut we write one of these symbols at the left of another 
symbol whic h means c;nes, and if there are no ones, we use a zero 
in ones place. 

In the .same manner, pupils at work with their own objective 
materials need skilllul teacher direction and guidance to help 
them to make generalizations and to help them to move from 
innnature to more mature ways of thinking about numbers. It 
should be recognized that the manipulation of concrete objects 
represents only the first stage in the development of pupil.' num- 
ber ideas. In the second stage of progress, pupils are able to 
• tlnnk' certain arr.ingements when the objects arc j)resent only 
in nnagnution. and in the third stage, no objects are present or 
nnagmed and pupils have developed the ability to use the lan- 
guage of nunil)er. .Vs pupilr analyze, a.s.semble, and compare 
gi-oups of ohjec ts. the teacher needs to guide their thinking to 
the pomt that advancement will be made steadily toward a hh'^her 
stage. " 

Listed among objcc live materials were bills in denominations 
of 31, 510, and SIOO. When it is necessary to extend pupils- 
number meanings to include numbers from 100 to 1,000. it is 
often advantageous to use these bill.s to helj) some pupils to visu- 
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alize large numbers. At first ten $1 bills are used together to 
represent the ten group, then a single §10 bill may be substituted. 
To represent the hundred group, one hundred $1 bills grouped as 
ten lO's may be used at first, with later a single $100 bill used. 
To build the new number group of 1,000, we may then use ten 
$100 bills since it would be improbable that enough $1 bills 
would be available. 

Large amounts of money, such as $1,235, may be illustrated 
visually by using forty-two $100 bills, three $10 bills, and five 
$1 bills. Pupils often fail to sense the difference in value made 
by omitting a decimal point from numbers which represent 
money. It has been found very effective to have pupils use toy 
money and show visually the bills and coins used to indicate 
amounts of money. For example, pupils are more impressed with 
the difference in value between $432 and $4.32 after they have 
used toy money to count out both amounts. For $432, pupils 
may use four $100 bills, three $10 bills, and two $1 bills, or they 
may use forty-three $10 bills and two $1 bills. For $4.32, pupils 
may use four $1 bills, 3 dimes, and 2 pennies. 

Using concrete materials in developing meanings and symbol- 
ism for the four processes- Activities and objective materials, 
both for inchvidual pupil use and for classroom demonstration, 
are particularly important in the development of the meanings of 
the four processes. The same objective materials suggested above 
for developing number concepts may be used effectively. 

Addition and nuiltiplication are dramatized as combinins; or 
"putting together'* procedures while subtraction and division are 
shown to be separating or "taking apart" processes. The symbols 
which facilitate the recording of these arrangements must be 
linked very closely with the activities and the thinking involved. 
While concrete objects and pupil activity are important in the 
introductory phase of each operation, pupils should be en- 
couraged a.s soon as possible to imagine the activity indicated by 
the words in a described social situation or by the sign in an 
abstract problem. Through early work in building and analyzing 
numbers, pupils will have gained some accjuaintance with the 
addition and subtraction concepts and also with the language 
associated whh these processes. 
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A new process and its accompanying new sign may well be in- 
troduced through the dramatization of a life situation familiar 
to the children. Several such dramatizations, all of which neces- 
sitate the use of individual pupil materials and activities, are 
outlined below. 

Concept to lie Ititrudurcd: Addition 

Sotial siuiation: Bob brought a dime to school for his lunch He 
noticed that a sandwich cost G^i and a bottle of milk cost 4^. Did 
IJob have enough money to pay for these two things.- 

Objective materials needed: A box of play peiimes for each pupil. 

Method: Individual pupil manipulatio >f play pennies. 

I": "Can you show on your desk in one row the number of pen- 
nies the sandwich costs, tlicn show in another row the num- 
ber of pennies the milk ccsts?" 'I'he pupils lav out the 
pennies thus: 



O O O O o o 
0 0 0 0 



1 : 'Now find out how many pennies you have laid out alto- 
gether. ' Pupils will use (hfferent methods to find out the 
total number in l)oth rows. When pupils obtain answers the 
tcadiei plates a number picture of what they did on the 
board, u.smg tlie addition .sign to indicate that two numbers 
were put togc iher. 

Symbolic represent; tif)n: 

for the sandwich 
+ for the milk 



lOc* for both 



Lxplanatmn: \Ve write a plus sign to .show that Rob wants to know 
how much both tlungs cost. The amount l)oth thiims cost is 
written under the .short line d.awn. 

To further emphasi/c the (ombining of two .groups, pupils mav 
pick up the si.x pennies and hold ihem in one hand, then pick up 
the four and hold them in tl.e other hand. Tlicn tlie four pennies 
rnay be toirefher with the six pennies, as indicated bv the new 
Sign. The number written under the .shoa line shf>ws liow manv 
nltogether. ' 

In discussion of the ac tivity, pupuls learn to use the words both imt 
tooeiher zni\ nltnpether in conjunction with tlie a(tivitv ami the 
new .svmboli.sm. • 



ERIC 



HJf) Sixteenth Yearbook 

CoNCrpt to lie Introduced: The Additive Idea of Sublrartiofi* 

SiH ial situation: Each pupil in the room was asked U) bring 15^ 
for bus fare to the Slower Show, jack aheady had in his 
pocket. Jack wondered how many more ])ennie.s lie needed to 
1)1 ing from home. 

Objective materials: A box of play pennies for each child. 

Method: Individual pupil manipulation of play pennies. 
T: *\Show on your desks the number of pennies Jack needs for 

bus fare.** (The pupils lay out 15 pennies in a row,) 
T: **Put your hand or a card o\er the eight of these i)Ciuiies that 

Jack already has." 
T: **How many pemiies arc not coNeied? Can you tell now how 

many more peimics Jack needs?** 

U" it seems neecssary. the leache- may draw pennies on the 
boaid to icpresent the re:il j)einiies, then cover up 8. 

.Symbolic representation: 

\i>i^ Jack needs 
— 8^ Jack has 

7^ more needed by Jack 

Explanation: Since the 8 [)cimies. which /epresent the group that 
jack has. may be covered up or taken away, we may write this as 
a subtraction example. 

Cfuurf)f to lie lufrodurcd: The Mrasurnnent Idm of Divisioji 

S(.(ial situation: Mary\s mother gave her a dime and a tiickel and 
told her to get .H^* stamps with it. Maiy wonders how many 
stamps she should ask for at the post oIHce. 

Objective materials: A box of toy m<jney containing dimes, nickels, 
and pennies. 



o c c 



0 0 0 



o o o 



c o o J I o o o j 



Meiliod: Indi\*iclual pupil manij)ulaii()n of toy monev. 
T: *'Can you show on your desks the mnnber of pennies for 
which Mary could exchange !ier dime and ni(kel?'* (It is 
piesupposed that pupils know the value of a dime and a 
ni(kel so pupils will be ablc^ to hiy out 15 pennies.) 
T: **(!an vou make a pile of [)emiies to buy one stamp?'* 

fPupils put .S jjcnnies in a pi'e.) 
T: *\\ow sec* how nianv piles with :i in a pile \"ou can make?'* 
If it seenrs netessaiy. the t<*:ulu'i' mav draw 15 pennies on 
the board and group them into ihices. 
* *Mic .Kiditive idea of Mihtniction M-lcttcd ;is .)ne illuMrntioii. Ihc take- 
away and the compantive ideas of Mihtrartion rna\ also be dr.nnati/rd. 
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Symbolic representation; ^ 

3/T5 

Explanation: Tl;is frame / 'which we put over 15 moans that 
the nunil)er under it is to be separated into groups, The 3 we 
write outside the i'rame show\s how many are to be put into each 
group. The r> we write above the frame shows how many groups 
we are able to make, or, in this instance, how many stamps we 
can buy. 

Concept to Be Introdure(h Borrounng in Subtraction 

Social situation: Jane got on the street car with 4 dimes in her 
pockctbook. The carfare was 6^, which Jane had to put in the 
box, What did Jane have to ask the conductor to do for her so 
that she could put the 6^ in the box? 

Materials: Toy money— dimes and pennies. 

Method: Individual pupil manipulation, 

T; ''Can you all show the money Jane had in her pocketbook?" 
(The pupils lay oui 4 dimes.) 

T: I'How much uioney is this?" (Teacher writes 40^* on board.) 

T: *'LeL's suppose that the conductor changed one of Jane's 
dimes to pennies. Vou may show how her money looked 
then." (On the board the teacher may change 40^ to appear 
thus, and the pupils may have on their desks 3 dimes @(ig) 
and 10 pennies.) 4 0^ 

T: "Can Jane put in the box now? You may all take away 
6 penies and put them on the corner of your desk," On 
the board the teacher may complete the symbolic repre- 
sentation: (3)@ 

Oji at first 
^ Q i for fare 

3 4 fi left 

T: "Suppose Hob had 4 dimes and he owed Tom 13^? 
How would you write this in numbers? 40(f 

- 1$^ 



T: Tell what changing Bob would have to do before he could pay 
Tom wliat he owed him." 

Explanation: When Bob had 4 dimes he had enough money to pay 
out 1 dime and 3 pennies, but he did not have it in tiie right 
coins. He had to change one coin worth 10 pennies into 10 pen- 
nies. 

In the dramatization of carryinir in addition and multiplica- 
tion, borrowing in subtraction, and in showing the division 
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process, it is necessary to use money only in denominations which 
are powers of ten; that is. pennies, climes. $1 bills. $10 bills, and 
$100 bills, etc. However, in learning to count money and to 
make change, pupils need to have available for use toy money 
in nickels, (juarters. half dollars, and $5 bills also. 

Further illustrations of the use of objective representation of 
ones, tens, and hundreds will not be given here, since this is 
adequately covered in the chapter by Thiele. 

Using concrete materials in teaching common and decimal 
fractions and percentage. The teaching of common fractions in 
a meaningful manner requires the extensive use of concrete and 
semi-concrete materials. The materials suggested below are 
grouped according to the phase of the \vork with fractions for 
which tliey seem particularly adapted. 

A Fraction a.^ One or More of the Equal Parts of a Unit. Ob- 
jective materials which may be used to develop the idea of a 
fractional part of a unit include: 

Apple., candy bars, oranges, cookies, etc.. which children find it 
necessary to divitlo into fractional parts in their everyday ex- 
periences. 

A vard of ribbon, late, tape, string, strip of paper, which may first 
be folded, then cut into a given number ot equal parts. 

An empty rec tangular cereal box or a cylindrical salt box which 
may be divulccl horizontally into halves, thirds, or fourths by 
using a ra/r)r blade and cutting the box into equal sections. 
'I hese may be taken apart and put together again to show parts 
ol a Sf)licl 

A glass measuring cup (the kind without sloping sides is preferable) 
may be filled with colored water to show vividly y^, 14, U. %, 
or -Vj of a 1 up. 

Paper pic may be cut into fourths, sixths, or eighths, to repre- 

sent these fractional parts of real pies. The circular paper disks 
on which bakery cakes are sold may be used in a similar manner. 

Semi-concrete objects which each pupil may cut into equal parts 
include rectangular piec^es of paper, which may represent candy 
bars, and circles of ta^board which may represent pies. The 
parts into which these materials are cut should be appropriately 
labeled on both sides so that pupils may continually assc^iate 
the symbol with the si/c of the {)iece which is being considered. 
The circles should all be the same si/c so that pupils may readily 
compare the si?:e of certain unit fracdons, as 1/2, 1/3, 1/4. and 
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1/8. However, it is helpful for future work in adding and sub- 
tracting fractions to have the circles of different colors. Red 
circles may be cut into halves, blue ones into fourths, green ones 
into eighths, etc. 

After concrete and semi-concrete materials have been divided 
into fractional parts, j ictures showing the various divisions may 
be placed on the boarc' "or analysis and study. Fractional parts, 
such as 1/2. 1/4, 1/8, and I/I6, of circles which are the same 
size may be shaded different colois. As relationsliips between 
these parts are discovered by the pupils, the teacher may use 
symbols to record these relationships on the board. 

As rectangles are folded or cut into equil parts, diagrams show- 
ing clearly the equivalence of certain "families" of fractions may 
be placed on the board and also in pupils' notebooks. F.ach part 
of a diagram should be drawn on the board as pupils perform 
the action which the diagram pictures. 

A ready-made diai^ram or chart presented to pupils without 
accompanying activity is not as effective as one which is built 
up step by step as pupils use concrete materials. However, many 
teachers make carefully constructed fraction chart.s to be shown 
to pupils after the development lesson. These charts are put up 
about the room where pupils may refer to them when n'?ccs5ary. 
The following are illustrative. 



y whole 



2 



■4 



i 
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A Fraction Ont- or More of tlw Equal Paris of u Gmuf). The 
objective materials usable before the class ituludc ihans, books, 
pads, pencils, paper plates, which may easily he ;uian,iie(l in ecjual 
groups. The material.s usable by eaih indiviilual pupil inch'dc 
play pennies, milk bottle caps, bjttons. small cut-outs, .small 
tickets, etc. 



ERIC 



\ 



170 



Sixteenth Yearbook 



Pupils may show with pennies that 1 'I of 12 pennies = 3 pen- 
nies; they may draw 12 pennies in 4 equal groups to picture the 
activity and they may use only the symbols 1/4 of 12-1 

When pupils have used concrete materials to show fractional 
parts of groups, they have a background for the use of partition 
division as a second way of expressing- the division facts. 

Pictures of circles, crosses, lines, scjuares, etc., arranged to show 
fractional parts of groups, are helpful to pupils after actual experi- 
ence in using real objects. Pictures such as the following may be 
placed on the board. Puj)ils may use coloied chalk and color 
enough to show each of the relationships given under die picture. 



o 

0 
0 
0 

o 
o 
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o 
o 
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o 
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Color: 

of all the circles 
red 

of all the circles 
blue 



Color: 

^- of all the scuiares 
blue 

7- of all the scjuares 
vcllow 



(iolor: 

^ of all ihe oblongs 
grct'n 

of all the oblongs 
red 



^.w>2^J Fyacti(nis to A'\/;rf.\'.v (j)rn{)(ni\()}is. The ol)jective ma- 
terials listed pveviouslv niav he used to ituroducc the idea of 
using fractioTvs to express ((jniparisons. Situations such as the 
following may be illustrated with concrete materials. 

On one shelf of the bookian' ilieie aie S re:uleis and 4 arithmetics, 
riieie aie ^. as luans iniihnieiiis as leadeis. or there aie twice 
as luans leadets as aiiihnieiiis. 
In the fiis( idw iheic aie (i 1)(As :nul 1 i^'wU, There are as nianv 
uii N as boss 01 p o limes as mam l)o\s as Is. 



AN 



1 n 



(M <'[ i!u' ])U])ils in the low aie hoys while or 
of the [>upils ai e i;ii N. 

It should be noted that the c'onc e|n of frat lions represetued by 
the last twt) j)roblems is j)reseiited s<mu'wh:it later in tlu pupils' 
i;cl)or>] #*vncrirne(\ than the other fraction idea!). 
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Illustrating:: Meauinir of Proper Fraction. Intproper Fraction, 
and Mixed \umber icith Real Objects and Pictures. From the 
large viiriciy of objects Khich have been cut into fractional parts 
and which arc available in the room, pupils may be asked to hold 
before the clas.N materials to illustrate the numbers given below. 
As each is displayed and as the symbols • studied, the distinc- 
tion between j)roper fractions, impropei fractions, and mixed 
numbers may be pointed out. 

f of an apple : •)f a vard of ribbon 

\^ pics (use paper pie plates) ^ \ ai ds' of ribbon 
^ cakes (use cardboard circles) 2|. yards of tape 



Pictinvs may also be cmj)loyed to illustrate the meaning of 
proper fractions. inij)roper fractions, and mixed numbers. Cut- 
outs of apples, oranges, bananas, or circles may be used. Some 
teachers paste these cut-outs on cards and make permanent illus- 
trations which j)upils refer to when in doubt as to the meaning 
of any of these terms. 




Illustrating: Addilton a)ul Siihlraction of Fractions and Mixed 
Xumher^ xcith dnuirlr Ohjrcis and Dia-^rams, The many circles 
which pupils have cut into halves. *nurths. eighths, thirds, sixths, 
twelfths, etc., may well be placed in a series of boxes, each 
labeled to show the fractional part it contains. Ii is suggested 
that the circles cut uj) should all be the same si/e but ol' diirerent 
colors. 

Many pupils \sill recpiire a mininuun amount of objective or 
visual representation of addition and subtraction, while other 
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pupils will need a great deal of this type of work. Pupils who 
need to do so may get materials to show combinations such as 
the following: 

4^4 4^2 4 4 ^2 4 ^ 8 
Pupils may be given directions such as those listed below as an 
exercise in showing addition and subtraction with diagrams. 

Directions to Pupils: 

Draw 3 diagrams like the one shown on vour papers. On one dia- 
^?rani shade ^/^ bhie. Next to tlie part vou shaded blue, shade Yg 
yellow. What part is shaded ahogethcr? ' What part is not shaded? 




On another diagram, sliade ^ green. Next to the part you 
shaded green, shade 'j^ red. Wliat part is shaded altogether? What 
part is not shaded? 

2 8 

On antnlicr diagram sliade ^'^ orange. Next to the part you shaded 
orange, shade 14 green. What' part is shaiicd ahogethcr? What part 
is not sluided.' 

3 I . 

The addition and subtraction of fractions and mixed numbers 
which utili/c objective and visual aids such as those described 
above may well be undertaken by children a full year before 
similar work withoiu such aids is attempted. In whatever grade 
the operations with fractions are introduced, the first steps should 
include every opportunity for pMpils to use objective materials 
freely. As pupils gain familiarity and a sense of security in deal- 
ing with fractions, they will cease to depend upon visual aids. 

7'rarhinij; Drcimal Fractions. It pupils have cleiM'ly developed 
concepts of connnon fractions, it is not necessary to employ con- 
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Crete materials very extensively in introducing the decimal frac- 
tion. However, teachers sometimes find it advantageous to 
continue to use circles and rectangles which may be cut up or pic- 
tured to help pupils to visualize tenths and hundredths. The 
equivalence of certain common and decimal fractions may often 
be emphasized by the use of diagrams. The following are sug- 
gestive: 




one 
eighth 



' 1 

one fourth 


* "* i' 




; . j j 
one half 


■■■•6- 


... — l. — 


1 ! 





fV.( KK 1 lu.I RK 2 

Figure 1 prcscius visually the following relationships: 



1 = 



10 



1 3 



1 



= lo"'-- 



Figure 2. although not comjjlctcd. shows that 1 = 



100 

Too 



1 10 3 -M) 



5 .•)() 
10^ UK) 



10 "Too 

Figure 3 may be used to explain the following relationships: 

1 VZh 



, 100 10 

100 10 



lOU 



1 

«) 

1 

o 

1 

4 

1 I 

.1. ■ 



10 
1 lid 
101) 



or ..) 



4 8 ~ S 



or .12i 



or .')() 



or 



= .2:) +.12^:= .37i 



--- .r)0 + .12i 



.ti2i 



i .M) + .2.0 = .75 



1 s - S 
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Draw a diagram like Figure 4 of a road one mile long. Divide 
it into eighths. On the upper srale show the divisions by using 
common fractions. On the lower scale, show the divisions by 
using decimal fractions. This device often aids pupils in learning 
the decimal equivalents for halves, fourths, and eighths. 

' ^ J mi le 

■ — — " — >- 

^ X. I ^ ^ -7 a 

. ^ ^ ^ £ 6 <f e a 



FlCl RE 4 

Draw a diagram like Figure 5 of a road one mile long:. Divide 

V.J ^ 

it into tenths. On the upper scale show die divisions by using 
common fractions. On the lower scale show the divisions by using 
decimal fractions. This device often aids pupils in learning the 
decimal ecjuivalents for halves, fifths, and tenths. 

miic 

id JO 



.5 .7 .d .9 1,00 

Several small pieces of scpiared paper, eac h pict.^ ccuitaining 100 
scjuares. may he provided for pupils. Pupils mav paste them in 
their notebooks after they have (olorcd parts as directed. Pupils 
should understand that tath pic^e of Mju.ned paper n^pvesents 
one unit. 

Pupils may use one j)icce of s<piaictl paper to show the follow- 
ing relationships: 

a Shadr W s(iuaus in low A hhu-. Wiiie a dedinal fraitiun and a 
iDininon Iraiiioii to show wluu pait of the 100 scpiares arc 
sha<lc:d blue. 



3 
5 
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/. Shade 10 s(|uaics in row B brown. Exjmcss the pan of all the 

squares which are colored brown decimally in two wavs and 

fractionally in two wass, 
(. I'se vows C: and 1) and shade enough small scniarcs in red to 

show thai .ll=.l-h.01. 
f/. l/se rows E. F. and C;. and shade enough small sciuares in Krcen 

to show that .2:)-.2 + X):). 
r. Tse rows H. I. and J. and shade enough small squares in veliow 

to show that .3 = .:ir 



A 

B 
C 
D 

"e 

F 
G 
H 


























































































































































1 






I 














j 






J 








i 




i 







Fl(,l RE 6 



The teacher may prefer \o chaw 100 squares on the black- 
board and carry throu^h the above exercise with colored chalk 
at the board before or instead of having each pupi! engage in the 
activity individually. 

Pupils may use another piece of scjuared {)aper to show the 
addition of tenths and hundredths. 

a. INe row .A. Shade .Ofi ml and .01 l)luc to .show that .06 + .04 = 
.10 or .1. I'.xpiess this pioblein frai ticnallv. 

h. L'.se row c:. .Shade .07 giri'n and .0.1 yellow 'to slunv diat .07 + 
.O.'^m.K) (11 .1. Kxpiev; tliis piohlcni fractionallv. 

r. I'sc rows K and K Sliade .08 red and .Oti black' to show that 
.()8 + .0(i^.n or .1 and .01. To d„ tliis you will need to fill 
all the scjuarcs in row E bfforc vou shade anv in row T. Ex- 
press tills pi-oblcin fiactioiKillv. ' 

d. I'sc rows H and I. Shade .11 gicon and .0(5 vollow to .<:how that 
.!•}-: .0(i.- .'JO or ,2. I".\press this pioblem fractionally. 

RrprrsruliriL^ Mixed Drriniuls r/M{a!l\. I'upils who understand 
the diaracteristics of the wliok.- niunl)cr sv.tein will j)rob:ibly 
encounter little dilliculty in gainiiig the coiu t'ots of pure decimals 
and mixed decimals. Il!>wcvei, teuheis wlu) have foinul work 
in picturing pure decitrinls. as described above, helpful for slow 
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pupils, often continue the work with concrete materials to show 
mixed decimals in some such maimer as the following: 

One piece of snuared paper, containing 100 small squares, is 
used to represent a unit; one strip or 10 small squares represents 
one tenth; and one tiny square represents one hundredth, lioxes, 
appropriately labeled, are provided to hold a supply of units, 
tenths, and hundredths. 

Kxercises in building small mixed decimals concretely are then 
given. To build 1.2!?. ilie pupil may get 1 large square which 
represents 1 unit. 2 strips which represent .1 each, and 3 tiny 
squares which represent .01 each. These parts may be pasted on 
a piece of paper of another color to represent visually the mixed 
decimal 1.23. 

7\'achin^ PerceyitUii^c. Percentage presents no ne\v difficulties 
for pupils who have a thorough understanding of common and 
decimal fractions. All the concrete materials and exercises listed 
for use in teaching hundredths may be applied to the teaching 
of percentage, if this seems necessary, by merely changing the 
terminology from hundredths to per cents. 

Utilizing objective materials in developing concepts of meas- 
ures. Pupils develop imdersiandings of imits of measure and skill 
in the techniques of measaremenr by examining and tising meas- 
uring instruments. Pupils may obtain some genera] ideas from 
observing the teacher or other pupils carry through measurement 
activities, but the greatest value comes from the actual use of 
measuring instruments by each individual pupil. Suggest icms {ov 
objective materials for the different types of measurement are 
i»iven below. 

/ inrar Mrnsurr 

I. .Measuring instruTnei.ts: 

Foot rulers, yauistitks. Naul tapr measures. 6 ft, carpenter's 
tnir or C) ft. steel tape, a l^-") oi 50 ft. steel or doth ta[)(» measure. 

li. ()l)jetts \vhi(h niav hv measured bv pupils aftrr lhr\ have esii- 
wtUrd the ^)(•a^luemeT^s u) f)e taken: 
I'oi mcasiuemeut in ituhes — 

P*()(>ks. blottfis. noti hooks, desks, eraseis. penc ils, cereal 
boxes, tin c ans. 

The (I ' Tiensiotis of No. 2 \o. 2'.i sj/od tin cans mav 
be ij)ared. 
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The dimensions of 1 lb., 2 lb., and 5 lb. candy boxes may 
be compared. 
6. For ineasurcmeni in feet — 
Height of pupils in room. 

Lcngtli and width of blackboards, windows, doors, maps, 

uible tops, bulletin boards, 
Height of tables, desks, cliairs, window sills, door knob. 
Height of slielf honi floor, height pupils can reach. 
Measurements in the gymnasium or oui-of-doors mav in- 
clude: laying off distances for 50 and 100 yard dash, laving 
out baseball diamond, tennis court, volleyball court.' 
(\ For measurement in yards- 
Materials usually sold by die yard, 'I1ie pupils and teacher 
may brmg to school actual materials or something to 
represent ilie materials sold by the yard: 
Used Cluisinias ribbons. 
Used lace. 

Cellopliane strips, such as new lamp sliades are wrapped 

Shelf paper and edging for slielves. 
Ball of string, spool of thread. 
Roll of wrajjping paper. 
d. For measurements in miles— tlie importance of tlie car speed- 
ometer — ' 

To gain tlie coiucpt of a mile, pupils need lo locate a place 
which IS ai^proxiniaielv a mile inuu the ncIiooI. then cover 
this distame b\ walking, by ridintr a b.'iMle. or by liding in 
a car. In a car the dip speedometer sho'iUl be set' at zero or 
at an uue.^ial numher (H iniU-s m) that pupils mav note wlicre 
the\ aie when they aie .1. .li, ..o. and .9 of a mile from tlie 
stai lim; pojni. 

II the lefii;ih of the sJiodI \aHl has been deierniined, pupils 
may hml uui li..w uuuw linu-s this disiaiue thev would need 
to walk to uo a mile. Fuulin- the a\eiage length of the 
hl.)iks HI the nei.i4:lihoihn,ul. then fnulim; ilie\umiber of blocks 
in a mile, is aUo lulpfiiL 

Soiiu. hell) ma\ he -ained if a ciiv map is available showinu 
nnk\ 1 mile. mile uitles. etc. 

Con.struction of foot uileisand tape measines bv the pupils: 

li It IS impossible lo pio\ide as maiiv loot rulers and vard- 
stuks as aie iiecessan, pupils mav make their own foot rulers 
and tape measures. Pupils nKi\ htin- liom home discaulcxl card, 
board suit boxers or the luoc jneces of (.udh.)aul put in meirs 
shuts bv the lauiuliies. I-nuii tlu-sr (he (eadin mav cut cm 
the paper cutter stiips PJ inches Ion- ami 1 iiuh wide. 1-ach 
pupil mav be pKuulcd with a piece of still pann I inch loiur 
which hc' mas use" as a umt to dixide the PJ imh strin into 
uiehc^. Ihc^ 1 null unit max ne\i he fnhU,! into halves and 
used to maik off the half im lies on liu* luler 
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A strip of tloih tape 1 yard long may likewise be marked otl 
inio inches and fractional parts of inc hes to make a tape measure. 

Measures of IVeiglit 

1. Measuring instruments: 

Several pairs of kitchen stales, weighing up to 25 lb. 
Postal scales for weighing accurately in ounces and fractions 
of an ounc e. 

2. Articles available in the classroom whose weights may be esti- 
mated, then checked by weighing: books, notebooks, pencil box, 
blackboard eraser, box of scissors, flowerpots, etc. 

3. Articles which the teacheis and pupils may bring in to weigh: 

Dry beans which may be sewecl into cloth baj.'-s in 1 lb. cpian- 
titics and used for pupils to lift so they get the "feer* of 1 lb., 
and have a basis for estimating other weights. 

KoHtls which are sold by weight — potatoes, app'es, squash, etc., 
which are not too perishable. 

Boxed or canned goods, the net weights of which are given on 
the labels, and the weights of which pupils may check. 

Empty boxes and cans which may be weighed. 

Measures of Time 

An alarm clock im I a stop watch. 
A watch or clock with a second hand. 

A cardboard dock, consisting of a clock face drawn on ca'.iooarcl 

and supplied with movable hands. 
A series ot clock faces printed to show various times to provide 

practice in telling the time. 
.A series of blank clock face's printed on paper. Pupils merely 

insert the hands t(^ show desi^^natecl times. 
An egg timer proves interesting to pupils. 

Liquid Men. ure 

1. Measuring instruments: 

(ilass measuring cup marked into thiids, fourths, halves. 

Sepaiate measuring clips holding and K cup each. 

Pint, cpiart. and 2 cpiart fruit jars. 

^» pint. pint, and cjuart gla.vs milk Ixntles 

Pint and cjuart milk cartons. 

Cilass gallon jug, 

(tallon tin can. 

and 1 gallon paint cans. 

lh\ Measure 

Pint and cpiait berry l)ox. 

Peck, half bushel, and bushel baskets, 

Stjuare Measure 

1. T\w coiuept (^f area —developed ihiough the use of square 
inches: 
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Pieces ot eaulb.jaul 1 iiuh on a side may be provided for eacli 
pupil. Small reitan;4ular pieces oi paper an exact nunijer of 
inches on a side, a ditlcient si/ed piece ior each row, may also 
be provided. Row I s pieces may be W \ H '; row ll's li" \ V\ 
row lir.s 3'' \ y\ etc. Kadi pupil may be directed to use his 
scpiaie of cardboard as a unit ot measure and by actually apply- 
ing it, inaik oil the ninnber ol scpiare inches aloiijr tlie length 
of his .small rectangular j)icce ol paper. He may then find out 
how many tows of Mjuaru inches tlicre are altogether. 



If the iuij)il cannot tell the total number of scpiare inches at 
this point, lie continues to maik otl all the sciuares, Following 
one or moie cApeiieuces of this type the teacher may guide the 
pupils ill the tnimuhuion ol their own generalization regarding 
fhe nuthod i)f finding aicas in scpiare inches. 

li. The concept of a scpiare foot: 

.\ piece ol caidboard 1 foot on a side may be used in a .similar 
manner at the l>hukt)t)aicl to liiid the area of a figure 3 It. by 
•1 tt. Thus it inav be deiuon.sti ated that the geiielali/atioii ap- 
plies to finding areas in stpiare Icvt as well as'in Mjuare inches. 

It may be cleuu)nstiatecl thai 1 scpiaie foot can be divided into 
1 11 scpiaie iiuhcs In diawintr liiu-s at the blackboaul or luoie 
\ivicll\ b\ aituallv (utting up I sc]. ft. of paper imo IM m|. in. 
1m)1cI a piece ot paper 1 li. on a side into VI strips, then cut 
thcMii apart. Maik t)lt t>ne stiip into iL' parts, clip together the 
stiips, and cut oil the 1 inch squaies. One demonstiation at 
the front of the class is siiiiit i^nt to impress the pupils with the 
fact that VI times VI s(piaie inches can be cut froin 1 scpiare foot. 

The cniut-pt of a scpiare vard: 

Pupils ma\ niaik oil several spaces on tlie fh^or which are 
1 vaicl on a side. Kadi one mav then Ix^ dividend into 9 scnuiie 
feet. ^ 

It is someiinus possible lo have a piece of somediing whidi is 
I va/d on a side. as. a scpiaie vaul of linoleum, carpet, cork- 
hoard, or (artlboaicl. 

•1. Kinding aieas of rectangles: 

Objects in t!u' classroom having i ec laii^uhir surfaces of which 
the aiea luav be found indude the follouin^: 

Au a of .uhiss on pit mu-s. panels of ^hiss in window and door 
Aic-as ol cUsks. lahh's. scitions o| the* blackboaul 
Aiea {)l bulletin lioaul. of posit-is. of diaus 
Kind and (ompau* aiv.is of dilieieiu dassiooms. 

5. Development of the loinuilas |oi areas of parallelo^i ams and 
t ri a nicies : 
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a. Area of a paiallologiam — 

Cut a paiallclogiam out of paper or cardboard such as 
ABCD (Figure 1). From A, drop a perpendicular to CD. 
Cut off the triangle ionwed at the lelt and fit it on to the 
right side of the figure as in Figure 2. It may be fastened 
on by using transparent cellulose mending tape. 

Since the area of the rectangle formed in Figure 2 is 
found by nudtiplying the base by the height, the area of 
tlic parallelogram is found by the same rule. 
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6. Area of a triangle — 

Cut another parallelogram from paper or cardboard such 
as MNOP (Figure 3). Show the height (h). 'Fhe area of 
the parallelogram = bli. Draw the diagonal MP of the paral- 
lelogram and cut along this line. Since the two triangles 
we have l\)nned can be shown to be ecjual, the fornuila'for 
the triangle is one half the base times the height. 

<i. Use ()f sciuaied paper in finding areas: 

Figures such us rei tangles, parallelograms, triangles, trapezoids, 
and irregular shaped figures 'iiay be drawn to si-ale on scpiared 
paj; c. A drawing of this type j)i()vicles a metlu)d of visualizing 
clearly the numlx-v of s([uaie units in the surface represented 
and often a close approxiniaticm can f)e obtained from the scale 
chawing. 

Cubic Measure 

In developing the concept of volume as the number of cubic 
units of a given kind that a solid contains, it is heli)ful to have 
av.aihible a supply of tiny cuf)es. Sometimes cubes of loaf sugar are 
used to build up small solids, which can then he shown to contain 
as many cubic units as there are units in one laver times the number 
of layers. 

Caihes of wood, soap, dav. or paper may bo used in a similar 
manner. 

In work involving the finding of volumes of different solids, it is 
important that pupils have clear mental pictures of the solids under 
consideration. For this purpose a varietv of objective inaicriais 
mav he used. 'Fhe following list is mcielv suggestive: 

Models of nil)es. {» " ins. cvlindevs. cones, pviamids. spheres, and 

lieniispheres made of worul. soap. dav. or paper. 
Familiar o!)jc(ts in tlie environment wl.uh aie made in the above 
shapes and which may l)e l)nnii>Iit into the dassrooni for meas- 
urement and finding of volumes. 
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Rectangular S()Iicls--(nn(ly boxes, ccical boxes, shoe boxes, butter 
^ cartons, boxes tVo/en vegetables come in. 

Cylindrical solids— lin cans used for fruits and vegetables, cylin- 
drical salt boxes, luit boxes, a stove pipe, a %vuter pipe, some 
waste baskets, pencils, some ilt)wer containers, kettles, fruit 
jais, j)ans. .some take tins, casseroles, pillars, pails. 

Ciones — ice cream lonrs. 

.Si)licres— diildren's rubber balls, baseballs, golf balls, grapes, 
oianges. grapefruit. 

itiluilivc Geometry 

The imiiitiNe geometry work in grades seven and eight includes 
wo!k witli lines, angles, j)lane figures, and solids. In addition to 
the materials suggested for use in studving areas and volumes, the 
hulowing may be listed: 
Measuring insiriunents-- 
Meter stick 
(loinpasses 
Protrat tor 

Triani^les and T squares 
Transit 
rUnnb-bob 
(.'arpenter's level 

ri( tines and illustrative materials — 
l*i( lures whidi .sIkw geometric forms in architecture and in 
(lc>ii»;n. 

Samples oi linoleum, tapestiics, wallpaper, cloth, whidi use 
.Uu)meiU( lonns and designs. 

Collation ol hutt(»ns illustnitin^i; a variet\ of geometric forms. 
There remains another important aspect of measurement which 
has been merelv mentioned in a fe^^• instances— the realization 
of the inij)ortance of units of measiu'e in carrying on the birsi- 
ness of the commimity. In the actual teadiinrr of measurement, 
no separation should exist between tlie study and use of measur- 
ing instrinnents and the .social uses of the various iniits of measme. 
For the piu'poses of this chapter, however, it seemed better to 
discnss these two aspects separate! v. The .social applications are 
included in Part II of this chapter. 

II. UTILIZING SrPPI.EMEXTARY M.\TF.R1.\I.S AND ACTIVI- 
TIES IN GIVING SOCIAL SIGNIFICANCE TO 
ARITHMETIC 

To make arithmetic trulv sicriiificant for pupils, teachers find 
it necessary to stiidv carefuUv the wavs in whidi arithmetic func- 
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tioiis ill tfie home, school, and roiiiiiuiinty, and then devise meth- 
ods of helping pupils to develop an awareness of the large variety 
of life situations in which aritlunetic is used, and methods of help- 
ing pupils to deal sucvesslully with the quantitative aspects of the 
situations discovered. 

The arithmetic textbook seeks to emphasize the significance of 
numbers by including a great variety of problems to solve, prob- 
lems of the type that arise in the everyday experiences of the 
children or their parents, or problems which the children may 
be called upon to solve in later life. The problems may be 
of two types: a series of problems all based upon a single social 
situation, or a group of problems about different social situations, 
but all emphasizing the uses of some one phase of the %vork, as, 
fractions, decimals, or percentage. The success of textbook prob- 
lems in giving significance to arithmetic depends upon the extent 
to which pupils recognize them as representative of real life 
situations. 

Teachers often find that added significance may be given to 
arithmetic if the problems in the textbook are supplemented by 
certain types of activities which are selected with a view to the 
opportunities wliicli they provide fo^ understanding and using 
numbers. Under this classificaticm we may include the following: 

Dianiaii/ation of life situations and business procedures. 
ImciAiewiiig expuits to obtain information about topics being 

studied. 
Taking trips. 

Prcj)araii(m of posters, bulletin board displays, and other types 
of exhibits. 

Making a class scrapbook or individual scrapbooks to hold clip- 

pin.cfs. iUustrations. and otliei* supplementary materials. 
Pu'paiation and ^nving of spec ial il'jkihs. 

Coiistriu lion of measuring iiistruinenis. of nuulels. and of various 
devices. 

Anah/ing iniairinarv life siuiaiions having quantitative aspects 
about ^s■hilh first-hand inform. Mon mav be oinained. 

Pariinpatiiii; in activities of the iiotne. sihool. and community 
which ha\*c definite (juaiititative as[-.. ns. 

Illustrations c^f the manner in ^s•fli^h some of these activities 
may be initiated and rariicd through are given l^elo^v. It will be 
luned tliat often the use of one tvpe of activity leads very naturally 
to the use of several others. 
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Using dramatisation of store activity iu teaching whole niim* 
bers und meuKurcs. I1\e motivation for the study ot the com- 
biiKitions aiul iho hnw opcrntiuns with whole iuiml)ei\'i in often 
accomplished hy the dianmtii^ntion in the clasMoom ot some kind 
of store activity. Carciul guidance by the teachci is necessary 
in helping pupils to decide upon the kind ui store tiiey wish to 
set up. The choice will, of course, depend upon the grade level 
and the abilities ol the pupils, and upon their familiarity with a 
similar kind ot stoic in their out ol-school experiences. To repro- 
duce' in the classroom any type of suire activity present;) three 
requirements: (1) Clcrtain ntaterials to serve as stage propertieSi 
(2) ('elinite information obtained from the real situation, (3) 
certain mathematical abilities. 

The grocery store is one of the types of stores most conunonly 
selected for dramati/ation. A corner of the classroom may be 
transformed into a more or less realistic store, depending upon 
the number aiul type of stage properties which children and 
teacher contribute. 

Socially valuable outcomes from ilie preparation of a grocery 
store and the dramatization of buying and selling in the store 
include the following: 

IJy rcudiiiK price lists from dilTcrent sioros. pupils become aware of 
ihc lanuc in price which exists for certain articles. 

Pupils rcali/.e that they need to (iiul an average price lo charge for 
ihe articles included in their store. 

Pupils find thai lixed prices exist for certain standard brands of 
goods. 

Pupils (c)ine to rcali/e the effect upon prices of large quantity buy- 
ing, uf iii seasnii buying of fiuits ami vegetables, of brymg at 
special sales, eli. 

Pupils leain the unit in wliidi ea.li article is sold, learn the mean- 
ing of th( term "net wei^lu.** and (ome to realize the iniporumce 
of studs it. ^ the infoi ination contained on the label of packaged, 
(anned. ai d wrapped ^ootls. 

Pupils Itain h(»w lo wei^li ihiuf^s. 

Pupils realize the neccsNiiy for leainiuf; to estimate ihc total amount 
i)f their bill, or the ainouiU of dianse they will receive, as well as 
leaniin^ th: meihud of asieitaining the exact total and the (rxact 
amount ol ihe duin^e. 

Pujjils learn to louiu moiu*y and become familiar with the pro- 
cedure ol making (han^e. 

liy canyiu}*' on buying nnd sellinj^* iransiutions, pupils learn to use 
the tour operations with whole numbers. 
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Other types r? stores about which pupils may gather informa- 
tion preparatory to carrying on a dramatization include the fol- 
lowing: 



A bakery 

As pupils visit stores and read advertisements to obtain exact 
information, they become aware of the important part played by 
standard units of measure in the transaction of business. Some 
teachers have pupils accumulate in their notebooks illustrations 
of the units of menstne used in each type of store investigated. 

The great variety of uses for different measures in a hardware 
store is easily understood when each pupil assumes the responsibil* 
ity for making a classified list such as that given below, 

Goods Advertised by liardumre Store 

Uses for liquid measure: 
House paint— $2.39 a gallon. A gallon covers 000 sq. ft. 
One coat enamel — 59^ per quart 

Liquid wax— pt. can for hUf^; i gal. can $1.29; 1 gal. can $2.39 
Sprny tor shrubs — 1 qt. can 05^; 1 gal, can $1.55 
Furniture polish — $1 29 per quart 
Saucepans with covers, 3 quart size — 79^ 

Uses for measures of weiglit: 
Paiiu cleaner— 4 lb. for $1.00 
Oil soap and wool sponja* — .S') lb. can $1.10 
Grass seed— 29<* for 1 lb.; 79<f for 3 lb.; $1.25 for 5 lb. 
Gra.ss seed— 40^ for 1 lb,; $1.10 for 3 lb.; $1.75 for 5 lb. 

Uses for linear measure: 
Klcctric \ in. drill— $7.95 
Window shades 3' x (5' as low as 79<i 

100% pure manila rope, waterproof. thick— 100 ft. for 45^ 

Clotheslines— si/e Tfi-/' dianittcr— 100 ft. for 29^ 

Door mats. 11 bv ^rindios— Sl.OO 

42'' sink, (abinot lypL -$2\)M 

Dish cnbinets. white onanielcd. Ii8" hif^h— $5.88 

(ias stove, llMnch oven fits into spare 3() x 28 inches — $36.95 



Grades l^S-) 
MiiumI supply store 
Fruit and vegetable stand 
I'en-eent store 
Five>cent to $i,UO store 
Post office 
Cafeteria 



Grades i^-5-6 

.\ florist shop 

A jewelry store 

A nardwarc store 

An electrical appliance stoic 

A clodiing store 

A fuinltuie store 



Arithmetic iu General Education 185 

Refrigerator pan. 14 k R} x 5^^ sifc— 88^ 
StcpladdtM', 4 ft. site— 9H< 
Ciarden luu^i (iA iiuh blade. 4^ ft. ash handle— GOf 
Lawn tmwvw 10 iiuh ^vhecUi 10 indi iUt--$5.55 
Feiuiimi 42^^ higlii galvaniied 11 gauge wire fencing--*?^ per 
lineal foot 

Vsvs of square and ('id)j(' nieasures: 

Wnetian bliiuh— H5(* per square foot 
Inlaid linoleuni--$I.L'5 per square yard 
Refrigerator— (} en. It. size— §110.98 

Dramatization of the operation of a bank. Pupi!s in grades 
seven and eighth as weL as younger pupils* profit greatly from 
the dramatii^ation of life situations in the c lassroom. In prepara- 
tion for the dramatization of a bank» |)upils may visit a bank or 
interview some one familiar with local banking practices to find 
out: 

rhe titles and duties of the men who work in a bank. 

The prcuedurc in opening a savings account or a commercial ac- 

(OiUU. 

Ilow nnuh nu)ney it takes to open a cc)nnnercial or a savings 
account. 

tlow to make out deposit slips, withdrawal slipsi and requests for 

cashier's cheek. 
How to endorse and cash a v.heck. 

Why it is noiessary to be identified when asking to have a check 
cashed. 

11 le rate of interest paid on savings accounts. 
The nu'tluxl used for conij)iuing interest on savings accoiuits. 
The cliargc\s made by the bank for carrying a commercial account. 
The procedure in borrowing money from a bank. 
The rate of interest charged by the bank for the loans it make;*. 
Wliat is meant by coHateral and why it is required. 
Whai goes on in a bank before tlie opening hour and after the 
closing hour. 

That the bank oftr.Mi acts as collection. agent for gas. telephone, and 

electric light bills. 
That the bank has safety deposit boxes where valuables may be 

kept. 

That the United vStates insures bank deposits up to $5,000. 

In the play-bank opened in the classroom, all the activities of a 
real bank tnay be carried on if the following material are pro- 
vided: 
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SrnxW noicbm^l.K to mw m hank hookn. 

l)c|)t)sit niul witluliawal s\\\is, which may he miincogrnphcd forms 

iiKulu tike thoHc UHcd in the hank visited. 
Hank uateincnt— at least tine wlUch piipils muy cKaniinc. 
Ulank chiukH and aitubs. 
Pnunissory noteii. 

Toy money— both coins and hi I and a cash drawer. 

As tvurk with the activity progresses, a bulletin board exhibit 
may be prepared showing the forms used in a bank; a diagram 
may be drpwn to show the travels of a check from the time it is 
written until the canceled check is again returned to the one who 
made it out; an interest table may be exhibited. 

The .nudy of banking may include the United State Postal 
Savings SystetM, and the bidlctin board exhibit may rhow samples 
of postal savings stam])Sp postal savings certificates, and pamphlets 
distributed by the post oflices which give information about 
postal savings bonds. 

Similar ty])cs of material may be collected by each pupil and 
placed in his notebook. 

Organisation and operation of a stock company, The follow* 
ing activity was actually carried on very successfully l)y the eighth 
giadc ])upils in one elementary school for several successive 
semes ters» 

Tlie pupils decided to organize a company for the purpose of 
putting out a monthly school paper in mimeographed form. A 
charter to do business was obtained from the principal. The 
amount of money required to start the business was determined 
and ^^'as raised through the sale of shares at 10(* each to members 
of the class and to teadiers in the school. Stock certificates wore 
mimeographed, filled out, and given to tlic stockholders of the 
company. 

As the business of mimeographing and selling the papers con- 
tinued, careful account of the expenses and the income from the 
sale of papers ^^•as kept. When the profits warranted it, a divi- 
dend was declared and distributed. 

Using original arithmetic plays. Gifted pupils may often be 
stimulated to write and produce plays which use information 
gained in the arithmetic class. Opportunities of this type pro- 
vide for an enriched program for the gifted pupils, and when the 



Arillmelic in General Education 187 

plays ate given fot the entire class tliey often serve to clarify con- 
cepts for the less gifted pupils. The following titles for plays 
are suggestive: 

When the Life Insurance Salesman Called 

Tiic Adams Family Decides to Ihidgct 

To Buy— or Not to Tiuy— on the Installment Plan 

The outline of scenes below indicates how one business trans- 
action, involving the payment of coinmissionsi may be made the 
basis for a play. 

A Real Eslalif Salesman lielieves in Signs 

Scene I— The real estate man is in hin office. He receives several 
telephone calls from ncoplc who ask him to help them tout or 
sell their property. He writes some ads which he tele[)liones in 
to the paper. 

Scene II— He drives out to look at the property and places *Tor 
Kent'* signs on some and 'Tor Sale" signs on others. Ho stays 
at the house having a **For Rent" sign. 

Scene III — Several prospective rcmeis come into the house. Hf? 
tells them the price and shows tl)em around the property, tellin^r 
them the advantages of living there. Finally one ol the lookers 
says that he will rent the house. The real estate n\\\n \\m\ asks 
him for references and asks him to read and sign a form wliich 
shows the coiidiiions under winch the place is rented. Tlic 
renter pays a month's rent in advance and receives a receipt 
for it. 

Scene IV — The owner of the j)r()perty is in the real esiaio olTice and 
the real estate man is telling him tliat he lias looked up tiie 
relcrcnccs of the man who wishes to rent iiis phue. Jliai they 
are satisfactory, etc. The owner then receives ihe bah\nce left 
from the (i'st inontii's rent after the real estate man takes out 
83 Vj^:; for liis work. 

Using trips and interviews with experts as supplementary 
activities. If pupils are to draniati/e life situations in the class- 
room, they need all the up-to-lhe miiiutc information about the 
situation which the conimuniLy can provide. Trips by individuals, 
by coniniittces. or by the entire class to certain places in the 
community provide means of stimulating interest, of giving first- 
band experiences, and of obtaining authentic information. Care- 
ful preparation should be made by the teacher before the trip so 
that pupils are aware of definite observations to make and of 
specific types of information to obtain. Places which may be 
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visited with piofit include; storeai ol dilFeieiu kiiuUi u wholesale 
niarketi a banki the stock c\ihange» the post odicei the ofiicc of 
some public utility — gas, electricity, water, telephone. 

Trips aw*uy from the school are sometimes dillicult to arrange. 
Exact information can often be obtained by pu{)ils by consulting 
their parents or by interviewing friends ot their parents. It is 
also sometimes possible to arrange to have a n\erchanti n banker, 
or a salesman come to the school to discuss certain aspects of 
business with the pupils and answer questions. Txpcrts in their 
Hclds may s^lso be able to provide pupils with bulletins, booklets, 
and pamphlets which may be studied in the clossroom. 

Preparation of posters^ bulletin board displays, and exhibits^ 
In many classrooms one bulletin board is kept exclusively for 
clippings, posters, and other types of inrorniation related to arith- 
metic. During the study of each topic pu|)ils display materials 
which indicate the application of the topic to as many out-of- 
school situations as possible. 

UulU'tin liourd l)i\sj)lny MHtoiuls for Dvcimol Fractions 

Daily weather reports from the newspaper showing that tlu? rainfall 
throughout the (ountry is stated to the nearest hundredth of an 
inch. 

Portion of the sptMt puye-— showing batting averages as threc*place 
(lecimaLs. 

Clippings giving speed lecords which use one- and two-place deci- 
mals in stating parts of a mile, parts of a minute or a second. 

Maps and travel information in which distances are given correct 
to the nearest tenth oi* a mile. 

A drawing of a clinical thermometer, showing its gradation into 
tenths of degrees. 

A drawing of an autom«)hilc si)oedometer slu)wing how tenths of 
miles are indicated on it. 

Bulletin Hoard Disl)lay Malrriah for Pcra'utagc 

Advertisements showinj; the per cent of discount allowed during 

sales of different kinds. 
Scliedules showing rate of interest charged by small loan companies, 

banks, and credit unions. 
Newspaper articles whith use per (ents to indicate comparisons in 

business conditions, in housinir conditioirs, in health statistics, in 

records of accidents^ in spoil recoids. in population trends, etc. 
Rudgct tables showinj^; pc?r ceiu of income to be spent for each item 

in the budget for cliirercnt incomes. 
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Sdiool tecotds showing per cent oi absence of tardincssp of illneis, 
uiid also iihowing per cent of children receiving the different 
school marks. 

Analysis of ihc local tax budget showing per cent of income allowed 
for the diffcrcm depaiiinents of government-schools, public 
works, police department, etc. 

lixhihiLK Oihvr than ItHllctin Hoard Displays 

Measuring iMstrunjems — ^vhich nmy often be borrowed from vari- 
ous sources, such as a light niuter, pedometer or speedometer, 
transit, micrometer, carpentcr^s level, a plumb*bob, meter stick, 
etc. 

Collcctions^-cnins from dilTerent countries; collection of buttons 
illustrating a variety of geometric shapes, 

Analyzing imaginary life situations which have quantitative 
aspects. Another type of supplementary activity suggested was 
that of studying sonic imaginary life situation for the purpose 
of answering certain important questions with regard to it in 
the light of information ol)tained from the comminiity. Several 
iiltistrativc situations are discussed below. 

Proponents of the "incidental learning" theory would not in- 
clude in the curriculum any arithmetic except that which occurs 
naturally in some integrated unit which is being studied. The 
situations described below may appear similar to the units of work 
used in an activity curriculum; however, they are suggested here 
because they provide one of several means of helping pupils 
to use a definite body of arithmetic knowledge and skills which 
are to be acquired, 

SITUATION 

The Adams family, which consists of the mother, father, and two 
children, aic planning a summer vacation trip to San Francisco 
to visit the World's Fair. They plan to drive out in their Ford 
car. l*hey wcnulcr how much money they need for the trip. 

Qtiestiofis to lie Decided 

What possible routes are there for going out and for returning? 
Wliat IS the mileage by each route? 

What points of interest are there en route which should be visited? 
Decide aj^prnximate distance to plan to drive each day so that 

places to stop overnight may be located. 
How many days will he taken for the trip out and back, including 

stop-overs at plates en route? 
How many days should be allowed in San Francisco and vicinity? 
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How imicli will the tui cKpcnsuH bo for the tri|i— cost o£ gasolinei 
oili lubtiaiion? 

What will the cost of food and lodging be for the family for the trip 

(a) if stoics arc m; de at hotels? 

(b) if stops are nude at cabins? 

What will the expenses be while in vSan Francisco attending the 

Fair— hotel eN|)cn.ses» food» sight-seeing? 
What repairs will the car need before starting out* and what will 

diey cost? 

Should extra insurance be carried? What kind? How much will 
it cost? 

Oblainiug the Ipiformtitiopi Needed 
Obtain road maps and mileage charts from gas stauons or local 

autoniobile cluus. 
Obtain books showing cabins and hotel accommodations at tlie 

places where overnight or longer stops are to be made. 
Obtain booklets and pamphlets describing points of interest en 

routCi as well as those describing things to do and see while in 

San Francisco. 

Write for inh)rniation about prices of gasoline in different parts 

of the country, and find an average price per gallon. 
Obtain information from a Ford car owner about the approximate 

number ol miles the Ford car will on one gallon ol gasoline. 

Also, find out how often oil will probably have to be added, 

and how often oil needs to be changed. 

Varialiom of Situation — Planning a Trip 
Taking the train instead of driving. If the trip is to be made by 
train, pupils will need to get timetables and information about* 
Cost ot tickets — first-class, tourist, and coach rates. 
Cost Ol adult and children's tickets for each '^lass of fare. 
Cost of berths and meals for each class of fare. 
Time diircreni trains leave and which ones make be t connec- 
tions if stop-overs are planned. 
Traveling out to California by boat duough the Panama Canal — 
back by Main: 

Information about fares on different steamship lines, about 
length of time trip would take, etc., will need to be obtained. 

Plan the trip for 2 people, instead of 4. 

Plan to be gone different lengths of time: 2 weeks, 1 month; 
6 weeks; 2 months. 

Plan .he trip to different parts of the country. 

Arithmetic 'nchulcd: use of the four operadons with whole 
numbers and decimals. 

J^xhibil Materials 

Pupils may make a map of the United States or use a map obtained 
from some source and on it trace in bUie the route going out 
and in red the route returning. 



Arithmetic in General Education 191 

Pupils may post on tlic bulletin board picuircs showing intcn.sting 
siglus and beautiful scenery which they would expixi to see on 
the trip. 

Mileage charts, strip maps, timetables^ may be displayed. 
SITUATION 

CcMmmnitating with friends while they are away on a trip. If the 
man is a business man, he may wish people at home to know 
where he is each night so that he can be reached if it is necessary. 

Questions to Pe Derided 

How much would it cost to telephone to him each night troiu 
Detroit 

a) before 7:00 p.m.? 

b) after 7:00 p.m.? 

(c) person to person? 

(d) station to station? 

How much would different types of telegraphic messages to him 
each day cost? 

(a) 10*word daj message. 

(b) 50-word day letter. 

(c) 25-word night telegram. 

How much does an air-mail letter cost? An air-mail special delivery? 

Obtaining the Informafion Needed 

Look up long distance telephone rates in front of telephone book. 

Call telegraph oflTue for rates for telegrams. 

Ask at tin post office for the cost of dillcrcnt kinds of stamps. 

SITUATION 

Jane's family just moved into a new home where Tane can have a 
room of her own. How much will it cost to furnish Jane's room? 

Questions to Be Decided 

What is the size of Jane's room? 

What pieces of furniture docs she want in her room? 

What colors does she wish to use iii the room? 

What will be the cost of furnishings? 

Can the furniture be paid for on the installment plan? 

How much could be saved if it could be bought for cash? 

Are any of the stores advertising sales on furniture? 

It so. will it pay to buy at the sale? 

Obtaining Data Needed to Answer Quesfions 

Obtain a blue print of the floor plan of a new house for pupils to 

study and interpret. 
Floor plans may also he obtained from the Sunday paper or from 

several of the welKknown magazines roncerned with planning, 

buildmg, and furnishing homes, 
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IHiplls may select from the floor plans studied a bedroom which 
they may draw to scale, showing the arrangement of the doori 
anct windows. 

Pupils may obtain the actual measurements of the space occupied 
by a beu, a dresser, a chest, and a chair, and draw simple plans 
ot them to scale; they may cut them out to use in deciding upon 
the best arrangement of the furniture in the room. 

Advertisements of bedroom furniture in different woods—maple, 
niahogany, walnut—may be brought to school and prices may be 
discussed. 

If special discounts arc advertised, the amount saved may be com* 
putcd. 

The dimensicms of the w*indows may be obtained from the blue* 
print, or pupils may measure die length of windows at home, 
in order to clecidc how many yards of drapery and curtain ma* 
tcvial to buy. Prices may be found in the newspaper. 

Rug dimensions may be investigated and compared with the size 
of the room to be furnished. When the proper siie is decided 
upon, prices of different types of rugs may be obtained from the 
newspaper. 

Pictures for the wall may be discussed. Jane may have an u^framed 
picture which she wishes to have framed for her room. The 
price per foot of frame* the cost of the glass, etc., may be investi- 
gated. 

yariations of the Situation 

The cost of furnishing a boy*s room may be investigated. Pupils 
may imagine that a family moved into a new house and wisned 
to refurnish the living room. The information necessary may 
be obtained and the total cost of furnishing it with inexpensive, 
medium-priced, and higher*priced furnishings may be computed. 

SITUATION 

Bob's father has been making out his income tax report. Bob finds 
that parents are allowed $400 exemption for each child under 
18 years of age. 

Bob is 12 years old. He wonders how much it costs his parents 
i year (a) for his clothes, (b) for his food, (r) for pmusements, 
such as snows, ball games, etc., (rf) for other expeuoes, such as 
dentist, doctor, haircuts. 

Qiiesiions to Be Decided 
Clothing: 

What kinds of clothing does he need for the different seasons and 

for different types of occasions? 
What does each article of clothinp cost, and approximately how 

long does each wear? 
What does the necessary dry cleaning for a year cost? 
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Inroi-mation netclwl lo answer these Questions may be obtained 
lioiu the typical iwelve-year-old boy, from hia parents, and from 
chitiiing-storc advertisements. 

Food: 

What constitutes a balanced menu tor breakfast, lunch, and dinner? 
What IS the average cost of food per day for a family of 4? 
W hat IS the average cost of food per day for 1 person? 
What is the average co.u of food per year for 1 person? 

Obtmuiug Data Xevded to Ansxoer (luestions 

Balanced breakfast, lunch, and dinner menus may be obtained from 
the liousehold page of the daily newspaper, from recipe books, 
or from several hovischold magazines. Pupils may obtain some of 

^ the necessary information from their mothers. 

I Jie recipes for preparing the foods given for each menu are usually 
given along wiih the Menu. ' 

Ciirreiu prices of the ingredients needed to prepare each kind of 
luod included in the menu may be obtained from the grocery 
store advenisemeius in the newspapers, or from the hand bills 
disiribured from door to tloor. 

l»i ices of foods not ndv-aiicd may be obtained by pupils by visitinir 
local gro<ery stores. * 

When pupils have computed the cost per person for a typical break- 
last, luiuh, and dinner, this cost mav be compared with costs 
reported by certain organizations which make a business of ascer- 
taming what a typical balanced meal costs at different seasons of 
the year. 

SITUATION 

Jack went with his paients to the Flower Show. They saw so many 
beau tiUil garden arrangements and so many lovely llowers, that 
lacks faihti decided lo lay out a new garden in their back yard, 
plant it ^ ^'^^ materials for it. and 

Information Needed 
Approximately how much money can be spent on the garden? 
What IS the size and .shape of the back yard which is to be made 
into a garden? uiaui. 

What are the soil conditions of the plot to be made into a garden? 
Is he soil good enough as it is? Does it need fertilizer? Or is it 
so bad that It needs to be removed and replaced witli better soil? 

What types of shrubs ..:c to be used in the Lackground-^v™ 
or flowering shrubs? ** tvn(,ii.i.n 

How do evergreens and flowering shntbs compare in price? 
How tar apart do shrubs need to he planted? 
How many of each kind will bo needed? 

Wh^'t kiods o^- perennials are available for planting in the sprinE 
anu uJiai d 'cs each cost? ' H^rmg, 
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How far apart shoultl perennials he j>lanied? 
Huw man) n( each ihuuld be urUureU? 
How niutn snote will remain for annuals? 
What annuals shoulU be leleticd? 
.Should ihey be grown from plants or from seed? 
What garden lools will Jack and his father need, and approxlmaiely 
how much will they cost? 

Obtaining Data Needed to Anstver Qtiestiotis 

Ideas for gardens may be obtained from plans given away at the 
Flower Show, fiom garden magazines, from the daily paper, and 
from catalogs fr«)m nurseries and seed companiei. 

From the dillerent garden plans studied, the class may select one, 
and each pupil may draw it to scale. . ., . , 

To bring in the ciuesilon of soil conditions, the pupils may imagine 
thai the soil in the proposed garden is the same as in the school 
yard. A samj.le of the soil may be sent to the slate agricultural 
department lor analysis. 

Information regarding the kinds of fertihzer available, the particu- 
lar uses of eath kind, the quantity in whiih it may be purchased, 
the amount reconiniencled for each 100 s(i. ft. of area, may be 
obtained from a hardware store or from the garden department 
of a department store. 

When a report is received, the cost of the fertilizer needed to put 
the soil into condition for a successful garden may be computed. 

Descriptions and prices of evergreens, flowering shrubs, and peren- 
nials may be obiainecl from the catalogs from nurseries, or the 
class may visit a stand or market where shrubs and plants are 

sold. f , . II 

If the garden plan selected specifics each type of shrub and plant, 

these prices may be lookecl up in the catalog. 
Comparative costs of using nursery-grown plants for the annuals, 
or of planting the seeds, may be obtained by visiting the market 
or a stand. Plants are sold in large quantities by the "flat' 
which may contain up to 10 dozen plants, or if purchased in 
smaller quantities they are sold by the dozen or half dozen. 
Plants grown from seed aie much less expensive— as packages 
of seeds usually cost from 5^1 to 25^. ., . , , , . ^ 

Information about the kinds of garden tools available from which 
Tack ami his father may Kiake their choice may be obtained by 
a visit to a haitlware store in the neighborhood, or from a study 
of a catalog or advertisements from a hardware store. 

Pupil participation in school activities having quantitative as- 
pects. Probably one of tlie most effective nictliods of making 
arithmetic significant for pupils is by capitalizing upon every 
opportunity wiiich presents itself in the life of the school for the 



Aritlitnetic in General Education 195 

use of arithmetic. As many pupils us possible sliould be enabled 
to participate in activities ot tiic iut towing types: 

Taking care of sale ot milk. 
Taking; care of sale ot tickets for entertainments. 
Countmg the lunch money to check the cashier. 
Collecting bus tiue for trip to conce. t, museum, flower show, etc. 
Keeping attendance records and making attendance charts and 
graphs. 

Keeping records of athletic evcms in the gynniasium and on the 
playground. 

Taking charge of the expenses of a school picnic, or party, 
Planning and buying trinuuiugs for tlie school Christmas tree. 
Taking charge of the school bank. 

Checking in school supplies and taking care of inventories. 
Making out time schedules. 
Analvznig school statistics. 

Conducting a paocr sale to build up the school fund. 

Keeping a recorcl of the expenses lor the school paper and the 

receipts from the sale of papers. 
Selling Christmas and Easter seals. 

Mounting pictures, graphs, and diagrams for the bulletin board— 
measuring margins carefully. 



CONCLl SION 

This chapter has set forth the viewpoint that both aspects 
of arithmetic — that which aims to develop mathematical mean- 
ings, and that which aims to develop social significance — may 
be more effectively taught by the utilization of a variety of sup- 
plementary materials, devices, and activities which may or may 
not be suggested by the textbook or ^vorkbook in use. The teacher 
who accepts this viewpoint will realize that the suggestions given 
here do not nearly represent all the possibilities that exist for 
the enrichment and vitali/ation of the arithmetic course. It is 
this phase of the work that presents a real challenge to the 
originality and to the initiative of the teacher. 
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Chapter IX 
WHAT BECOMES OF DRILL? 

BY B. R. BUCKINGHAM 

OINN AND COMPANY, BOSTON 

At the outset let it be said that the writer of this chapter as- 
AX. sumes personal responsibility for the views he expresses. 
He believes himself to be in substantial agreement with the prin- 
ciples held by the Committee under whose auspices the present 
Yearbook is issued. He has been at some pains to learn what 
those principles are and has found himself in sympathy with them. 
He ventures, therefore, to think that most of the views here pre- 
sented, even though they may not be found in the same phrase- 
ology in the Committee's published opinions, are nevertheless 
either plainly derivable from them or harmonious with them. 
Doubtless, however, there are in the following paragraphs some 
proposals on which the Committee has not yet expressed itself. 
Perhaps, too, some inierences have been erroneously drawn from 
positions known to have been taken by the Committee. For all 
such the writer is himself accountable. To him it would be a 
source of genuine regret if his personal views, by appearing to 
have the Commiitee's sanction, should embarrass a group of 
thinkers for whom he has the highes: respect, 

NATURE OF DRILL 

Let us start by thinking of drill in its essence without immedi- 
ate reference to its application. Fundamentally drill is repeti- 
tion. Its place in learning has been held to rest upon the validity 
of the Law of Exercise. The current skepticism as to chis law 
has supported a doubt already long held as to the worthiness of 
drill in a theory of learning. The common-sense experience of 
the race, however, will be little affected by the proved lack of 
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progress of a blindfolded laboratory subject in a thousand at- 
tempts to draw a four-inch Hne.^ This may be sheer repetition, 
but no such sheer repetition has any practical place where 
teachers and pupils join forces in the interest of learning. In all 
these practical situations, repetition — not unvarying iteration but 
action having elements of identity — has always found an honored 
place and will probably continue to do so. The theoretical ques- 
tion as to the barrenness of mere repetition has, however, impor- 
tant meanings as a guide in education. Some of these meanings 
we may examine, but we shall not find among them any prin- 
ciple which bids us abandon drill. 

We* can't do it. Even if mere repetition of an act abstracted 
in the laboratory from all its connections fails to produce learn- 
ing, we are still permitted to say that that sort of drill exists no- 
where else except in a laboratory and that even there, like a china 
nest egg, it is as artificial as it is unproductive. If repetition 
doesi 't produce learning effects, then (since learning really does 
take place) those effects must be produced by something which, 
though not repetition, is a normal accompaniment of it, such as 
the sense of familiarity, or the idea of value, or the knowledge 
of progress, or the stimulus of competition, or the recognition of 
new uses for old experience, or the onset of deeper insights. 
In short, it appears t'^at what makes us learn, if it is not repeti- 
tion, is something inseparably connected with it. Repetition 
would seem to be a matter of form rather than of substance, 
something like the schematic arrangement of an outline without 
reference to the content of the outline, something which is 
necessary to the result but which isn't active in it — a sort of 
psychological catalyzer, facilitating the desired reaction while re- 
maining itself inert. 

To practical people dealing with classroom matters it may 
seem unimportant whether children learn by repetition or by 
something that goes with repetition. The questions at issue, how- 
ever, are in fact exceedingly important; and they are more im- 
portant and mere challenging than ever before. There has been a 
shift in emphasis from petty concern with the number of repe- 

lE. L. Thorndike. Human Learning, pp. 8-10. D. Applcion-Ccntury Company, 
New York. 1931. i V i* 
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titions and the cxacti ,ss with which one item of drill duplicates 
another to concern for enhancing the effect of those accompani^ 
ments of repetition (largely associated with meaning) which turn 
out to be the true carriers of learning. 

For example, we no longer anxiously speculate as to the num- 
her of repetitions of 5 + 7=12 that are necessary for mastery. 
If we do not know by personal trial that any such quest is futile, 
the evidence concerning the Law of Exercise convinces us that 
it is not the fact but the manner of repetition that counts. We 
are therefore sure that one occurrence of 5 + 7 = 12 does not equal 
in learning effect another occurrence of it and that in the ab- 
sence of meaning some of these occurrences may be useless or 
even inhibitory. 

Again, with better evidence concerning human learning, we 
are not so painfully concerned that each element in a series shall 
be of exactly the same kind as every other. In particular we no 
longer analyze processes into such an appalling number of cate- 
gories — the division of integers into 34 "unit skills'* and the add- 
ing of fractions into 42. The object was to provide under each 
of these nuu erous classifications a series of items of identical 
type for use in drilling the pupil on that type. The items, being 
so closely alike, were admirably repetitive but were deficient in 
the learning overtones which we now regard as indispensable. 
Moreover, it was neither necessary nor expected that the pupil 
would understand what he was doing. It was the drill, the repeti- 
tion, that counted. 

Change in concept of drill. To describe these matters is to 
realize that a real change has taken place in our theory of learn- 
ing — a change which is already beginning profoundly to affect 
practice. In respect to drill, the truly important problem for us 
is not to banish it but to give it a new meaning by loading it 
with the elements which make t effective. Those who have been 
disappointed with drill and the pitiful results of it are foolishly 
saying **let us have none of it," just as those who have (for curi- 
ously identical reasons) been disappointed with primary grade 
aiithmetic have demanded that it be thrown out. This is too sim- 
ple a solution. Progress does not take place in that manner. Old 
ways have lessons for us; and this way certainly has. Drill should 
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not be dropped or decried, To do so would be to handicap the 
schools with a new fad. 

Rather let us, first, seek new ways of making drill do a better 
job. In the light of our present knowledge, we may be assured 
that the more nearly drill approaches shee^ repetition the more 
barren It will be, while, on the other hand, ihe more it involves 
the accompanying conditions already mentioned the more fruitful 
it will be. If, therefore, we ask ourselves what place drill may 
properly have in a theory of learning, we shall find that the 
answer, though much more diflficult than used to be supposed, is 
nevertheless more vital and satisfactory. A study of this aspect 
of drill will lead us into a territory rather different from that 
which has hitherto been explored. 

Secondly, let us apply the concept of drill to kinds of learning 
with which it has not usually been identified. It is now several 
years since the basis of the usual conception of drill was knocked 
from under it. It is time for the necessary conclusions to be 
drawn. The deprecatory way in which many of us think about 
drill would disappear if \^*e gave it a truer and more liberal mean- 
ing. And this we certainly have a right to do now that we put 
our faith more in the meaningful accompaniment of drill than in 
the repetition as such which was so long held to be its productive 
characteristic. 

Drill in thinking. Success in thinking is facilitated by taking 
thought on numerous occasions, i.e., by drill in thinking.^ The 
mastery of a generalization is won by frequent experience to 
which the generalization applies, and frequency of experience 
is a form of drill. The love of learning, the scientific attitude, 
and the ability to get on with people are products of learning in 
which drill plays a part. Perhaps "drill" with its bleak connota- 
tion should be replaced by another word, perhaps by "practice" 

2 The reader should note carefully ihat beginning at this point the word ''drill** 
is given an unusually extended meaning. In its traditional sense, which is to say, 
in the sense of practice with as little variation as possii)Ie, "drill" could not 
properly he used in these sentences. The essence of the word as it is employed 
in this chapter is that not one experience, but several differont experiences are 
requisite to thorough learning, whether the thing learned be the richness of an 
important understanding or efficient use of a more or less mechanical skill. See 
the writer's clear statement of the meaning of drill on pages 196-197. {Editorial 
Board) 
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or by "recurrent experience/* Dewey's concept of growth through 
reconstruction of experience is impossible without the idea of 
recurrence. The things we most vahie in life are maintained by 
action — and best maintained by repeated action. Lurkhig in the 
distinction tliat we too often make between drill on the one hand 
and ideational learning on the other, there is something of the 
dualism in philosophy against which Dewey has fought so vali- 
antly. In his Quest for Certainty he argues against the age-old 
separation between theory and practice. In doing so he says, 
'*We should regard practice as the only means (other than acci- 
dent) by which whatever is judged to be honorable, admirable, 
approvable can be kept in concrete experienceable existence/' 
Of course, Dewey's term '^practice*' is not quite our term "prac- 
tice*' and the quotation may seem on that account less appropriate 
than it really is. For what is the practice that we oppose to 
theory? Is it not action evolving out of action, and forming itself 
into patterns, all with highly repetitive parts and processes? It is 
diflicult to maintain any other position. 

Two preliminary points regarding drill have now been made: 
first, that the efficacy of drill lies in something other than its repeti- 
tive nature; and, secondly, that we are therefore justified in apply* 
ing the concept of drill (as recurrent experience) far more widely 
than has Iiitherto been the case. Our position is not that drill 
should be avoided but rather that it should be made more intelli- 
gent in the fields to which it is now applied and that it should 
be applied still more widely. Indeed it is doubtful if those who 
vigorously denounce drill are wholly sincere. It is possible to 
take the view that this present widespread deprecation of drill is 
a sort of psychological revenge whereby the case is overstated, not 
calmly nor entirely in the interest of truth, but rather with the 
purpose of utterly extirpating a hated doctrine. 

Application of principles to arithmetic. Let us now apply our 
two principles to the field of arithmetic. The first principle will 
bid us seek out the active, energizing, vital aspects of drill — the 
concomitants of repetition which make the repetition effective. 
The second principle will carry us into fields of arithmetic or, in 
some cases, into kinds of arithmetic which are not ordinarily 
associated with drill techniques. 
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For the sake of brevity it may be well to eliminate from this 
chapter much that might be said about drill, first, because it has 
already been said a hundred times, and, secondly, because we shall 
here be concerned with many otiier things. Accordingly this chap^ 
ter will avoid discussing the following points copied from Burton 
who quoted them from Parker who got them from . . .? 

(1) A correct start followed by correct practice must be ensured. 
Speed should be subordinated to accuracy. 

(2) ZcaU interest, and concentration of attention must be secured 
and maintained. 

(3) Feelings of satisfaction and dissat'sfaction must be considered, 
as they vitally condition the results of a drill lesson. 

(4) Avoid wastes of time on accessory and nonessential processes. 
Drill must be on the association or skill involved. 

(5) The facts drilled on in games and devices must be applied in 
real situations. 

(6) The drill periods should be short and distributed over a con- 
siderable length of time. 

(7) Learn under some pressin g. 

(8) Use ready-made drill systems. 

(9) In memorization there' should be an analysis of the thought 
content fust. Correct recall slould be the principal method 
used; the xohole instead of the part method. 

SOME VITAL ASPECTS OF DRILL 

Reference has already been made to the ineffectiveness of sheer 
repetition. The evidence on this point is conclusive and its ac- 
ceptance, especially on the part of those who adopt an organ ismic 
psychology, has been all but universal. Thorndike himself has 
furnished impressive experimental proof. On the other hand, 
Koffka, Kohler, Hartman, Perkins, and Wheeler — the whole 
Gestalt group — seem to iniite in emphasis upon the barrenness 
of mere iteration. They note the deadening effect of bald repeti- 
tion when they attribute plateaus and recessions in the learning 
curve to what they call ''irradiation*' — an influence which exerts 
a sort of paralysis upon the learner. It is not difficult for anyone 
who has taught arithmetic to recognize the onset at various times 
of this so-called irradiation. Children who knew (or at least could 
say) 5 + 7=12 and 8 + 6=14 yesterday do not know these facts 
today. Those who were apparently coming along nicely with their 
long division go all to pieces. One cause of this is sheer unvarying 



ERLC 



202 



Sixteenth Yearbook 



drill, and too often the remedy applied is more drill of the same 
kind. 

The bad effects of unvarying drill, however, are by no means 
confnied to immediately observable errors in the process which 
is being repeated. If our drill is devoid of intellectual content, 
if it is merely repetitive, it is an encouragement to divided atten- 
tion or double-mindedness. Thus we may ixnd ourselves drilling 
on nothing so effectively as on the double standard, the loss of 
energy, and the habit of self deception which Dewey brings forc- 
ibly to our attention in Democracy and Education (page 209). He 
speaks of the seriousness of "exaggerated emphasis upon drill ex- 
ercises designed to produce skill in action, independent of any en- 
gagement of thought — exercises having no purpose but the pro- 
duction of automatic skill." Continuing, he says, "Nature abhors 
a mental vacuum. What do teachers imagine is happening to 
thought and imagination when the latter get no outlet in the 
things of immediate activity? . . . They follow their own chaotic 
and undisciplined course. What is native, spontaneous, and vital 
reaction goes unused and untested, and the habits formed are such 
that these qualities become less and less available for public 
and avowed ends.** 

^ince this passage was written, some twenty-five years ago, thou- 
sands of educators have no doubt read it. What do they make 
of it? Very little it seems, A reasonable search conducted in the 
interest of this chapter in the literature of drill and allied sub- 
jects has failed to reveal any clearly marked effect of Dewey's grave 
warning. Yet the effect lies all about us in the product of the 
teaching of arithmetic in the schools. 

Observe the child when he enters the first grade. He knows 
more than many of us think he does about number. Moreover 
his knowledge is remarkably functional. He can use it; he can 
apply it in concrete situations. For example, give him this prob- 
lem: "If you had five cents and Father gave you three cents, how 
many cents would you have then?** This situation is fully under- 
stood by him and he can react intelligently to it. He will probably 
reply, "Eight cents.** On the other hand, if you ask him, "How 
many are five and three?'* he will be likely to disappoint you. 

Now consider the same child, or another one like him, after he 
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has had a few years of schooling. What does his teacher .say of 
him now? The following is taken from a number of questions 
asked by teachers of arithmetic in a certain city: "My children 
can do abstract work but they cannot solve problems; what can 
I do?'' Those ^vho have taught arithmetic recognize in this 
question a typical difficulty. Computational skill, no matter how 
highly developed, is unsatisfactory. In described situations in- 
volving number relations the pupil is at sea in spite of his skill 
in computation. 

You will recognize tlie contrast between the child entering 
school and the child who has received the benefit of schooling. 
You observe the complete reversal: on the one hand, the ability to 
sense the described situation and to act intelligently in reference 
to it; on the other hand, nothing but a useless skill — useless be- 
cause in life no one computes except for the purpose of solving 
a problem. It appears therefore that we have done something to 
the child, and that what we have done is not good. Our drill has 
been without intellectual content and has produce ! in too many 
instances a purely formal ability. 

The permanent effect of the school's devotion to a barren type 
of drill — to a drill limited almost exclusively to abstract compu- 
tation — is evident in the arithmetical illiteracy of our people. 
Everyivhere we meet adults of otherwise reasonable training who 
are almost helpless in the presence of numbers. They are un- 
willing to read books and articles which present quantitative 
ideas. They will not listen to an address which makes similar 
demands upon their thinking. They blandly tell us that they 
are "no good at figures/' in spite of the fact that persistent drill 
in figures formed much of their schooling. As we know, however, 
it was the kind of drill which Dewey again vigorously denounces: 
**a drill which hardly touches mind at all — or touches it for the 
worse — since it is wholly taken up with training skill in external 
execution/' In this connection Dewey does not fail to invoke one 
of his favorite principles when he continues: "Practical skill, 
modes of effective technique, can be intelliiiently, non-mechan- 
ically used only when intelligence has played a part in their ac- 
quisition. 

3 John Dewey, Hoto U'e Think, p. 63. D. C. Heath Co., Boston. 1933. 
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One is reminded in this connection of the doctrire of ''traces" 
in organismic psychology. Experience produces traces, and one of 
their characteristics is availability for new purposes. How the 
traces thus become available is still obscure. ''However/' says 
Koffka, "one conclusion seems fairly safe: conditions v^hich make 
a trace more and more available for mere repetition of one process 
will often make it at the same time less available for other 
processes. Thus the educator should be very conscious of his 
aims when he decides whether to apply drill or lot. Drill will no 
doubt make the traces more and more available for one kind of 
activity, but it may at the same time narrow down the range of 
availability."* 

From this we readily conclude that "range of availability'' is 
of the utmost importance in connection with the activity we call 
drill. Actually, however, if we may judge from published drill 
materials and from observation in the classroom, this character- 
istic of desirable drill is entirely disregarded. The crux of the 
question is the old and ever-true idea of function, of the use 
you make of a thing Let it be understood, however, that in 
deprecating a certain prevalent kind of drill we must not fall 
into the error of trying to get rid of drilL We must rather im- 
prove it and make it useful. 

It is important to be sure, first, when (that is, at what times and 
under what circumstances) we want to use drill and, secondly, to 
what fields we wish to apply it. Two aspects of the first pari of 
our problem seem to present themselves, namely, readiness on 
the part of the pupil, and the organization of the drill material 
itself. 

READINESS FOR DRILL 

The time has probably gone by when anyone would support a 
drill theory which proceeded on the assumption that the child 
can profitably be subjected to drill without being prepared for 

i K, KofTka, Principles of Gestalt Psychology, p. 547. Harcourt, Brace and Com- 
pany, New York. 1935. KofFka is here using the term "drill" in its narrower 
.sense, as a procedure applicable to mechanical matt'MS. He does not touch the 
question of whether repetition of experience may not be actually planned to give 
a wider "range of availability." 
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it Here, as elsewhere, his readiness, his receptivity and sensitivity 
to what is about to take place, must be provided for. 

In the first place, the dynamic force of purpose should be in- 
voked. Drill without purpose is likely to be empty. As every- 
body knows, the presence of purpose insures an effective organi- 
zation of action. All the parts of the action take on unity and 
meaning through their relevance to a larger objective. 

How shall the appeal of purpose be secured in the administra- 
tion of drill? By many means, no doubt; but mainly by making 
the practice a part of something the pupil recognizes as useful. 
Most potent will be the problem which arises naturally in the 
child's life. Would that there were more of these and that we 
had better means of capturing them. They arc not, however, 
available in sufficient quantity and variety to serve our need. We 
shall therefore be obliged to fall back upon the described situa- 
tion; that is, upon the well-known verbal problem. At its best this 
is not to be despised. Indeed, under present school conditions, 
it is more than likely that the body of verbal problems offered 
in an arithmetic course can become the most significant part of it. 
By no means all of these problems will involve computation. 
All of them, however, should relate directly or indirectly to the 
pupils interests. Their solution should appeal to him as worth 
while. The abstract drill needed to insure solution then becomes 
significant. This drill, however, may involve many steps. In order 
that these steps may be seen to have bearing upon the larger 
purpose, the drill should not only be preceded by problems but 
also be paralleled by them. 

Larger purposes than those supported by verbal problems 
must, of course, be entertained; but we shall drop the matter 
here lest we develop an excursus on this attractive subject. We 
shall content ourselves by repeating that in the matter of readi- 
ness for drill the child's sense of purpose takes first place. 

In the second place, readiness for drill is enhanced if the child 
has a sense of the value of what he does. This is closely related 
to purpose. Indeed if we accept 'Titness for a purpose" as a defi- 
nition of value, the child's awareness of the relation of his task 
to his purpose is his sense of value. As a matter of theory, how- 
ever, it is worth mentioning that whereas personal aims may have 
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no ethical reference, the value of an action cannot escape such 
reference. Thus a pickpocket has base purposes and makes efforts 
(including drill) to attain them. But his practice cannot in any 
general sense be said to have value. Purpose then is personal; 
value may not be. Accordingly when we say that the Jiild should 
have a sense of the value of any drill which he is required to 
undertake, we provide for something beyond his self-regarding 
purposes. At any rate, if the pupil has not reached the point 
where he sees value in a particular type of drill, then he is to 
that extent unready for it. 

In the third place, readiness depends upon the confidence of 
tht pupil in his ability to do the task in question. He should 
have the habit and expectation of success — a condition brought 
about by a sustained policy of always preparing him adequately 
for the drill he is to undertake. 

In vhe fourth place, if the drill is not so linked to previous 
experience as to arouse a feeling of familiarity, then the child 
is not yet fully ready for the drill in that form. This principle 
is evidently useful in organizing drill, but it is also a principle 
of readiness. Not only should we arrange drill units so that 
familiar elements appear as linkages, but we should also endeavor 
to prepare the pupil for the recognition, emotionally as well as 
intellectually, of these linkages. Our drill should be progressive 
in range and difficulty, but it should never be really new. If it 
is, the i (according to our point of view) either it is bad drill 
or the child is not ready for it. 

In the fifth place, if the pupil is not prepared to some extent 
to take charge of his own drill — the material, if necessary, being 
provided for him — he is not yet fully ready for it. His w readi- 
ness may be due to lack of experience in taking responsibility or 
it may be due to a lack of understanding of the field covered 
by the drill in question. In either case, since the objectives of 
drill are personal, and since therefore they will be best assured 
when the person most concerned takes an active part in attaining 
them, readiness implies the ability to see the need and to help 
in applying the remedy. The best drill has large elements of 
self-direction. 

With all the skill at our disposal in organizing drill, there 
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will be times in actual prat tice when the ideals and motives above 
referred to will be insufficient to carry the work forward and 
when effort must be brought to bear. In the sixth place, there- 
fore, readiness implies that the pupil have at his command habits 
of attention adequate to the requirements. At the same time, 
it should be noted that attention, though an item in readiness, 
is also, like several itenia already mentioned, an item to be con- 
sidered in organizing a drill procedure. It is for the purpose, 
among other things, of reducing the demands upon attention that 
short prrnlce periods, time limits, distributed practice, and per- 
haps learniug by wholes, are favored. But when all proper ar- 
rangements of this sort are made, a certain span of attention is 
still required. The ability to bestow, under the conditions pres- 
ent, the degree of attention required is obviously an item in 
the pupil's readiness. 

The things we offer our pupils for practice cannot, therefore, 
be considered apart from the readiness of the learner for them. 
We have noted six aspects of readiness: a purpose in harmony 
with the material, a sense of its value, self-confidence in under- 
taking it, a feeling of tamiliarity with it, ability to take some 
personal responsibility in reference to it, and habits of attention 
adequate to meet if*5 demands. Each of these, though viewed here 
as a matter personal to the child, has perhaps equal bearing upon 
the character of practice and its organization. Thus drill ma- 
terial should have purpose and value for the learner; it should 
inspire confidence and a sf:nse of familiarity; it should provide 
in some degree for self-direction; and it should be reasonable in 
its demands upon attention. 

THE ADVANTAGES OF ORGANIZED DRILL 

To the writer, the advantages of an orderly arrangement of 
learning activities are unquestionable. He cannot subscribe to 
the doctrine that makes education a succession of improvisations. 
To him "the basic material of study cannot be picked up in a 
cursory manner.'* It is true that occasions which cannot be fore- 
seen arise, and always will arise as long as men are free to think 
and act; and it is equally true that these occasions should be 
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utilized. No theory of education which recognizes its experi- 
ential character will deny the vigor and propulsion of such occa- 
sions. The point, however, is that tlie dynamics of the unex- 
pected incident should be used in the service of developing a 
continuing line of activity. This is far different from trusting 
to a series of fortuitous occasions to provide the material of learn- 
ing. The point of view of the writer, therefore, is that which 
Dewey expresses in his Experience and Education (see especially 
pages 95-103). According to that view, the truly underlying 
ideal in education — whether we are talking about drill or any 
other aspect of education — is not merely, nor even predominantly, 
a series of discrete contacts with reality, however vivid, but rather 
the progressive organization of knowledge. Dewey is no doubt 
thinking of many a mistaken follower of his when he remarks: 
**In practice, if not in so many words, it is often held that since 
traditional education rested upon ? conception of organization 
of knowledge that was almost completely contemptuous of living, 
present experience, therefore education based upon living ex- 
perience should be contemptuous of the organization of facts and 
ideas." 

When experience is repeated we have drill in the conception 
of the term employed in this chapter. If organized materials— 
not necessarily as the starting point but as an objective — are desir- 
able, then organized drill is desirable. The very doctrine of the 
continuity of experience as a moving force implies not only de- 
velopment, not only novelty, but also repetition. 

We must use the occasions of the living present; we must 
recognize the ongoing character of experience: we must invoke 
repetition as well as insight; we must look toward a reorganiza- 
tion — which, in spite of the prefix, does mean organization — of 
experience; and we must seek, if men are to rise above the 
fortuitous and the occasional, the orderly arrangement of knowl* 
edge. 

These things simply cannot be had without exercise, without 
practice, without drill; and every argument for the organization 
of educatior^^I efforts toward the accomplishment of purposes 
bids us likewise organize our drill for the same ends. This de- 
mand will play down rather than play up the virtues of iraprovisa- 
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tion and will declare with emphasis and clarity that improvisation 
is at once the b^te noire of progressivism and the resort of the lazy 
teacher. 

THE INCIDENCE AND ORGANIZATION OF DRILL 

The question of when to use drill invoU'es. among other things, 
the question of its incidence. One general rule can be laid down. 
It is that drill should follow a certain degree of understanding 
on the part of the pupil and should be designed to increase that 
understanding as well as to impart such qualities as ease, fluency, 
speed, and skill. 

The more nearly formal the drill, the more complete the 
understanding uf the pupil should be before he is subjected to it. 
It is too often assumed that subject matter is understood when 
it has merely been memorized in a formal way and can be repro- 
duced. A better doctrine will assert that nothing is really known 
unless it is understood. If, then, understanding is essential, the 
less we are able to provide for it during drill, the more carefully 
we must provide lor it before drill. 

Two procedures, therefore, are open to us and both of them 
must be employed, although the emphasis on the one or the 
other will differ according to circumstances. The first procedure 
iw to develop carefully and concretely the meaning of the ma- 
terial which is going to be used in a repetitive way. The second 
procedure is to provide meaning during the course of the practice 
itselt — a procedure the details of \vhich need not delay us at this 
point. The character of these two procedures — both being in 
the interest of understanding — may be illustrated by reference to 
the number combinations. Our objective when we include these 
combinations in our course of study is their automatic mastery. 
Our approach, however, to practice in the combinations may well 
involve a far longer and more inventive treatment of them, using 
concrete detail and manipulation with much thought as to the 
nature of the processes involved, than has hitherto been ex- 
pected. 

The practice itself, should be less abstract and more clearly in 
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the service of meaning/ Relationships among the items of drill 
should be eagerly exploited. Perhaps even more important is the 
utilization of meaningful material to supplement the abstract 
material. It is entirely likely that the solution of meaningful 
problems is itself a powerful type of drill, even with reference to 
number combinations and processes, to say nothing of the bene- 
fits ol such drill in increased ability to solve problems. We are 
not without evidence that one of the best ways to develop among 
pupils the ability to solve problems is to practice problem solving. 

The configurationists are especially strong in their emphasis 
upon insight. Summing up this mattex, Hartmann goes so far as to 
say; "Insight, then, takes the place of practice or repetition as 
the key word m a configurationist picture of learning.*'^ This 
does not deny the value of practice. It merely puts insight in the 
more important position. Incidentally it would seem that this 
question of priority is rather futile, like the fabled quarrel be- 
tween the mouth and stoniach as to which is the more important 
organ of the body. The frequency with which acts are performed 
unquestionably allects progress in any performance. At the same 
time, the protest of the configurationists, while it may by its vigor 
fail to present a balanced judgment, is nevertheless wholesome. 
Something like it had to come. The thousands of teachers and 
millions of pupils who have been disappointed by misplaced 
confidence in drill and especially by a use of drill at the wrong 
time are entitled to a vigorous corrective. The insight or, in 
Gestalt language, die conliguration is the important thing. '*Repe- 
titions without the achievement of a configuration,*' says Koffka, 
**rcmain ineffective whenever they are not positively harmful/*^ 

In aiithnietic the extent to which the school went in robbing 
i^ offerings of meaning — even claiming this as a virtue — can be 
inferred both from the liierature of ten or fifteen years ago (to 

« Km|)lia.si«i upon relationsliips is scarcely characteristic of the traditional meaning 
of (liill In his advocacy of more (and better) drill the writer leaves small comfort 
for those who have relied upon sheer repetitive ;)ractice to accomplish ends which 
as the writer elsewhere shows (e.g.» page 197) cannot possibly be so achieved. 

{fditorinl Board) 

0 Gcoi^^e w. narlniann» Gestalt Psychology, p. 171, The Ronald Press Co., New 
Yoik. 1935. 

7 K. Koffka, Growth of the Mind, p. 231. Harcourt, Brace and Company, New 
York. 1925. 
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which, alas! the writer contributed) and IVom observation in many 
a classroom today. Repetition, in theory and in practice, has been 
held to be the **key word" in learning. As a consequence, mean- 
ingful relationships within the material to be learned have been 
considered not only useless but probably harmful (through **in- 
terference"). For example, in arranging the number combinations 
for learning purposes, it has been regarded as good practice to 
keep apart those in which the same luunber appeared. According 
to this doctrine, 4 + 5=:9 could be followed by 8 + 3=11, or by 
6 + 6=12, but iu)t by any combination containing 4, 5, or 9, be- 
cause (to be specific) it was held that 4 + 5 might later turn oiu 
to be 7 instead of 9 if it were inunediately followed by 4 + 3 = 7. 
With the present organization by relationships, conunon elements 
are sought rather than avoided, and a number of helpful group- 
ings of number facts are suggested. 

Drill on wholes. In the interest of putting meaning into our 
drill procedure, let us deal with wholes as far as the child's experi- 
ence permits rather than with minute parts. The extreme sub- 
division of topics is contrary to every modern conception of learn- 
ing. Indeed, it would seem highly desirable that, for example, 
each operation in arithmetic should be begun and for some time 
practiced as a manipulative and as a thinking process. Each op- 
eration (division, for example) would then come into view as a 
ivholc and in its essential ()j)erati()nal meaning. Thus approached, 
it would be far better understood, with the result that its appli- 
cation in concrete situations ami in the semi-concrete situations 
of verbal problems would be more successfuK Then the fifth 
grade teacher would not be so likely to find that her pupils could 
"do absnuct examples hut not concrete problems." Kach abstract 
process, as a process corres()onding to a way of thinking, would 
have its c)v n inescapable meaning. 

This is not the same a.s the proposal, sometimes made, that all 
processes and procedures should be explained, There are many 
ways of using numbers which some children caimot iniderstand 
(at least at their present level of maturity) no matter how well 
they are explained. These ways sometimes depend upon the mim- 
ber system or upon ideas of a generality quite too advanced. 
Nevertheless the processes themselves are needed. Moreover, the 
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meaning of these processes as such can be understood as ways 
of thinking about numbers and can be practiced as ways of han- 
dling counted or measured things long before the manipulation 
of digits (as in carrying or borrowing or finding the common 
denominator or ins erting the divisor) can be understood at all. 

Overorganization. Are we not in some respects going too far 
in organizing our drill materials? Do we not spend too much time 
getting ready to do something important without actually doing 
it? To many thinkers it seems that the school, long under the 
dominance of atomistic ideas, has developed a passion for petty 
detail. There ar'* those who say that the school gives most of its 
attention to the background of thought while **thinking practice 
is always just around the corner.'** Backgrounds of thought are 
needed; but a school geared to the ^'stufling idea'' will seldom 
get past them. A little less meticulousness in our drill organiza- 
tion and a little more largeness of view will be helpful. 

For example, we do not need to lay so much groundwork for 
remote and contingent uses. The next move in the arithmetic 
curriculum — next, we mean, after the current tendency to transfer 
the completion of certain topics to higher grades — may very well 
be the ousting of some of the present **business practice*' from 
the seventh and eighth grades. This present trend to defer the 
completion of topics hitherto taught in the lower grades is already 
congesting the upper grades, and we are soon going lo ask our- 
selves whether we want to teach taxation, banking, and invest- 
ment to boys and girls of fourteen and fifteen. It happened (by 
an odd coincidence) that the reductionists who worked over 
our arithmetic course in ihc **teens" and twenties of this century 
were themselves especially interested in business as a source of 
subject matter. They therefore held it to be a sufTicient reason 
for retaining a given topic that it was good business practice. 
Many years must elapse between the study of it and any possible 
use of it; but it was "business usage" and that was. and has long 
remained, a sufficient justification, Tiiis maladjustment can easily 
be taken care of in the high school course in arithmetic which is 
now developing. Meanwhile it is pertinent to raise the question 

Robert W. Frederick et aL, Dirfcling Learning, p. 4H1. D. Appleton-Century 
Company. New York. 1938. 
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of wlieiher w e do noi spend too much effort getting ready to teach 
and then actually teaching things which the child will not have 
use for uiuil after he has forgotten them* 

The idea of thoroughness. The limitation of practice to sym- 
bols and tools and the consequent neglect of practice in higher 
processes is closely related to the conception of thoroughness 
which the school has long entertained. According to that concep- 
tion, a teacher cannot conscientiously allow a pupil to move from 
one topic to the next until the first topic h<is been completely 
mastered. There is good reason to suppose that this idea is re- 
sponsible for much loss of time and morale. Yet anyone rash 
enough to hold a contrary view risks the scorn of the doughty 
advocates of thoroughness. 

Do you remember the accuracy standard proposed some years 
ago by Thorndike for the number combinations? He said: *'An 
ability of 199 out of 200, or 995 out of 1000, seems likely to save 
much more time than would be taken to acquire it, and a reason- 
able defense could be made for requiring 996 or 997 oiu of 
1000.'*^' The more severe standard, namely 996 or 997 per 1000, 
was quoted with approval by Bro\vn and Coffman, coupled with 
the admonition that only when responses to the combinations 
possess a liigh degiee of accuracy ;i^ill the pupil be "ready to take 
up successfully the more difiicult operations.*'^^ There is a whole 
philosophy of education in this idea. It is the philosophy of 
100 per cent accuracy in the "fundamentals** of arithmetic. It is 
the philosophy which forgives an error of statement but not a mis- 
spelled word in a letter. It is a philosophy which would keep the 
school grinding away at petty tasks without coming to grips with 
things of greater importance. And it is a philosophy which is pass- 
ing and deserves to pass. 

In arithmetic, with particular reference to the idea of "a high 
degree of accuracy" at each step before the next step is taken, 
it is clear that this common concept of thoroughness quite dis- 
regards the value of drill in application. To a greater degree than 

3 E. I.. Thorndike. The Ps\chology of Authmetic. p. 108. The .Nfacmillan Com- 
panv. New \oik. 1922. 

if> Joseph C. Brown and Lotus D. CofFman* The Teaching of Arithmetic, p. 77. 
Row, Peterson and Company. Evansion, 111. 1924. 
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is allowed for in this type of thinking. 7 + 5 and 10-9 and 8x4 
and 42~-7 are learned in use — for example, the addition facts in 
column addition and in carrying in multiplying, the subtraction, 
multiplication, and division facts in long division, and all the 
facts and processes in problems. 

Good drill involves change. All drill if it is effective must, to a 
greater or less degree, be progi'essive. It must tolerate change 
and in many kinds of drill consciously provide for it. Some of 
the change is. of course, in the learner. He progresses, increasing 
his skill and his awareness of his skill. When he ceases to im- 
prove he is likely to lose interest and to remain stationary for a 
considerable period, thus entering upon a plateau during which 
he frequently quits altogether. We say he has lost morale. 

Another type of change is in the goal to which the drill is 
directed. Normally, at least as long as progress is made, the goal 
entertained by the learner is growing and developing. It becomes 
more advanced, more mature, more diflicult — more, more, more, 
including more firmly entertained. Drill, then, is not well or- 
ganized unless it is motivated by increasingly better and more 
fully accepted goals. This is one antidote to the monotony of 
unvarying repetition. In some case, it is enough to have repealed 
effort to attain or move toward a goal, allowing the content of 
the effort to change. In such case it may be the change (which, 
however, could not have taken place without the repetition of 
effort) that accounts for most of the learning. 

A third type of change is in the events themselves. They should 
not be all alike. Theoretically, of course, they never are in all 
their details and circumstances, but they can be sufficiently alike 
to deaden the learning. This matter of providing in our drill 
for steady progress is a major problem in learning. It may be 
met by changes in the learner or by changes in the goal as already 
suggested. But a change in the material itself is desirable. More- 
over, when made it reacts on the other two — the morale of the 
learner and the goals he entertains. 

Change in the material, however, is not enough. The change 
.should be projitrcssive: it should have direction. Such a type of 
change has been called "pacing.*' It calls for presentation to the 
learner of tasks which increase with his ability. The increase 

/ 
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will usually be in point ul difliculty, but it may also be an in- 
crease in range, variety, or importance. 

We have already noted in this discussion that in its incidence 
drill in arithmetic must follow understanding; that an appeal 
to understanding should also be made throughout its course; 
that whole ideas rather than parts of ideas and petty details should 
be practiced; that in this latter sense our drill is often over- 
organized in the interest of a rigid and too literal idea of thorough- 
ness; and that, hnally, drill nuist be progressive as to (a) the 
learner, (b) the goal, and (c) the task. 

External organization. A higher type of organization concerns 
the external articulation of one drill unit with another. Here 
we fuid reasons for the disrepiuc into which drill has fallen. The 
external organization of learning luiits has been based upon the 
plan known as the "drill theory" whereby parts are divided into 
parts and these in turn into still smaller parts and so on until 
**unit skills" or some irreducible item is supposed to be reached. 
These items so highly fragmented can have little meaning because 
each is so far removed from the whole which alone can give 
it meaning. The pupil is to be drilled on these items separately 
and then is to build up for himself the larger parts of wholes. 
This scheme is discredited by most of those who have recently ex- 
pressed themselves on the su'jecL. It is apparently the least prom- 
ising type of organizing a series of drills. 

The reverse process of beginning with the largest possible 
wholes — these wholes, of course, being necessarily rudimentary — 
has already been suggested. .Another process \\*hich bids fair to 
give good results is that which resorts to the purpose of the learner 
and his goal-seeking activity rather than to the logic of subject 
matter as a principle of organization. 

A QUESTION OF TERMINOLOGY 

In the foregoing pages of the disfiussion an attempt has been 
made to look more closely than is customary iiuo the nature 
of the repetitive procedure which, at least when narrowly applied, 
has been called drill. It has been shown that this repetitive pro 
cedure, if it is to serve well even its conventional purposes, 
should not be the mechanical grind that many have made it. In 
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our few remaining pages we shall show that when regarded in this 
more humanistic way, the procedure at once becomes serviceable 
for purposes not usually associated with it. 

Meanwhile what term shall we employ to cover this wider 
field? Shall we narrowly restrict the term drill while thus extend- 
ing its basic idea? If so, what other name shall we give to the 
extension? Shall we call it practice? This term would serve well 
enough if it were not already used to mean the same as drill 
in the narrower sense. We constantly use the expressions practice 
material and drill material to mean the same body of exercises. 
Concerning a textbook or a workbook, we ask how much practice 
or how much drill it offers on long division; and in either case we 
mean the same thing. If, therefore, we decide to call the wider 
uses of a repetitive procedure practice and the narrower uses 
drill, we make a distinction between terms which have hitherto 
covered the same ground. In answer to **What becomes of drill?" 
it is hardly satisfactory to say, "It becomes practice." 

Shall we apply a wholly different term to the broader idea 
which we have in mind? The writer admits his unwillingness to 
do so. Educational terminology is already too elaborate; and 
those who are engaged in extending it are of doubtful service to 
the cause they represent. Their thoughts would be better under- 
stood if put in plainer words. 

It is therefore proposed that we keep the word drill, allowing 
it to take on wider meaning as the objectives of arithmetic them- 
selves widen. The writer sees, for example, no disadvantage and 
some advantage in the expression "drill in thinking." Moreover, 
he suggests that it is a commentary on our exclusive concern with 
intelligence if we cannot accept "drill in tolerance of — " or "drill 
in appreciation of — ." These things are as surely products of 
learning as knowledge of the interest formula or the ability to 
write a check. They are likewise improvable, as other learnings 
are, by recurrence of appropriate experiences, that is, by drill. 

THE FIELD OF DRILL 

The reduction in the arithmetic course during the last thirty 
years has been mainly a reduction in computation. In grades one 
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and two the entire subject has either been omitted or devoted to 
the development of concepts and number relations by concrete 
methods. In all the grades some topics (mostly computational) 
have been dropped and others have been postponed. Still other 
topics — as common fractions, measurement (denominate num- 
bers), insurance, taxation — although retained, have been changed 
so as to represent ideas rather than mere figuring. 

What is taking the place of computation? What should take 
its place? 

For one thing, we are replacing computation from arbitrarily 
given data with activities in which pupils obtain the data as well 
as the answers. Instead of giving the shadow length of a tree and 
the height and shadow length of a post, in order to find the height 
of the tree, we send a group out to make the measurements and 
then do the computing. The latter becomes an interesting climax; 
but, as far as time and effort are concerned, it is distinctly sub- 
ordinate. Of course, on this expedition pupils will make repeated 
measurements and computations of shadows and heights. Even 
the expedition will be repeated. Thus drill will be provided for — 
drill in the whole activity, not just in the figuring. A committee 
may make a crude transit out of a camera tripod, a protractor, 
and a clock hand. Then data may be gathered for still further 
indirect measurements. (N.B. Similar triangles will be better 
understood.) 

Other ways in which, by getting the data as well as the 
answer, a superior type of drill may be applied are: finding circle 
graphs in newspapers or magazines and interpreting them; mak- 
ing out applications for money orders (or, better still, sending 
the money); finding distances in miles on a map and using the 
distances for some purpose; getting averages by first making the 
needed measurements; opening a postal savings account; work- 
ing out problems after making weather observations; finding areas 
of figures drawn to scale; finding the value of n by measuring 
round objects such as a wastebasket, tin can, lamp shade, water 
glass, etc.; reading gas, electric, and water meters to find the 
amount of the bill; window shopping (or nev/spaper reading) to 
collect discouTU data for use in problems. If, with the progressive 
variation already referred to, these and similar activities are 
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done several times, in other words, if they become the subject 
of drill, the learning efi'ect will be greater than a single experi- 
ence will permit. Moreover, with the reduction in computation 
which characterizes the present arithmetic course, there is room 
for this sort of thing though perhaps the full fruitage of such work 
cannot be had until the course becomes more definitely a sec- 
ondary school subject than it now is. 

QUANTITATIVE THINKING 

Another type of work which is taking the place of computation 
in arithmetic, and to which drill ought to be applied, is quanti- 
tative thinking, that is, thinking in which the data for thought 
are numerical. One type of thinking (not necessarily quantita- 
tive) is comparing, another is arranging, a third is classifying. 
We may compare the French and British governments, or Wash- 
ington and Lincoln, or liberty and equality. We may arrange 
events in the order of their occurrence. We may classify vege- 
table foods as roots, flowers, bark, fruit, seeds, etc. But if we 
compare, arrange, or classify on a numerical basis such as weight 
or money value, the thinking which our action involves or 
sets going is quantitative thinking. 

One is tempted at this point to say more than should be said 
about comparison as a type of quantitative thinking. Much 
important arithmetic gathers about it. First, we have comparison 
by subtraction — the idea of more and, contrariwise, of less. 
Secondly, we have (cmiparison by division or ratio — the times and 
the part idea. And thirdly, we have a combination of these two 
in virtue of which wc find the difference between two magnitudes 
and express the ratio of the difference to one or the other original 
magnitude, e.g., from the fact.s that the population of Seattle 
in 1910 was 237,000 and in 1030 was 366,000, we may .say that the 
increase in population \vas .51 per cent. .\t any rate, a great deal 
of the practical arithmetic of life comes under the heading of 
comparison. Various ways of expressing comparison are con- 
stantly found in periodicals. In order that pupils may understand 
them, drill in this form of thought should be provided. 

As to arrangement, suppose we have a table of measurements 
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just as they were made. In order to understand them, we must 
first bring them into some sort of order. The obvious one is 
arrangement from smallest to largest (or vice versa) according to 
size. This is, perhaps, not so much a matter of thought as it is 
a basis of thought. From this arrangement we may select (selec- 
tion is another thought type) the middle measure as a very good 
expression of the general weight or central tendency of the 
series. 

Again, arrangement of data often leads to classification, the 
third of the thought types above mentioned. Measures may be 
grouped as more or less than a critical measure, "^^ey^ay be 
put into a series of consecutive groups, as those between 20 and 
29, those between 30 and 39, etc. Sometimes classifications be- 
come stereotyped and thus provide a ready-made instrument which 
then becomes widely used and on the basis of which valid com- 
parisons can be made, for example, the census bureau's classifica- 
tion of cities according to population. 

The types of thinking, quantitative or otherwise, are numerous, 
and during the arithmetic course drill should be had on all of 
them. In addition to the three already mentioned, the following 
list may be suggestive: giving examples or instances like, em- 
phasizing, judging or evaluating, adapting (to a related purpose), 
discriminating, approximating, inferring, defining, planning, 
choosing, summarizing, reproducing (acting under the guidance 
of a number idea), identifying (recognizing and naming the num- 
ber idea when its objective conditions are presented), generaliz- 
ing, applying, analyzing, choosing, explaining, iUustrating, syn- 
thesizing. Of course the four processes of arithmetic, as well as 
proportion, are likewise thought types. Children are drilled 
enough on them in all conscience (except on proportion), but the 
drill is not on the thought which they represent but on a par- 
ticular arrangement of the digits of the Hindu-.Arabic system 
which happened to prevail after the sixteenth century and which 
gets the answer. 

ATTIXrDR TOWARD NIMRER 

As long as the greater part of the time and effort of the pupil 
is devoted to the trivialities of arithmetic, a large and generous 
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attitude toward the subject cannot be expected. If his days are 
spent in a purposeless round of drill in computation, if the 
chief motive offered him is the far-off and uncertain prospect 
of going into business, of buying insurance, of paying taxes, and 
of investing money, he will have as little to do ^vith arithmetic 
as he can. It will seem to him an especially dreary subject and 
his attitude toward it, not only in school but afterward, will be 
one of aversion. 

Attitude, however, is a by-product. One does not, except in a 
bad sense, practice an attitude. Yet attitudes are acquired or 
learned; we are not born with them. They are, in Kilpatrick's 
phrase, •'concomitant learnings." This means, not that we prac- 
tice or drill on desirable attitudes directly, but rather that our 
drill, though otherwise directed, must bring repeatedly into play 
these desirable attitudes. 

This is part of the reason why drill should as often as pos- 
sible be general rather than specific, and thoughtful rather than 
mechanistic. For example, children are drilled on interest prob- 
lems using the formula i^prt, but :ew of them either see or use 
the indirect cases or the corresponding formulae for p, r, and t. 
Are we told that in business, principal, rate, and time are seldom 
computed? True enough, but there is a good answer to all that 
if there were time to give it. 

Children work upon specific numerical ratios, yet they fall far 
short of sensing the idea of a ratio. They shift decimal points 
in specific cases without knowing why. They multiply particular 
figures without thinking about multiplication as a process. They 
have been too much concerned with small skills to ^ee relation- 
ships. 

And they are what we make them. As aduks, many of them 
shrink from number and avoid as far as possible all situations in- 
volving number. Their drill in school produced no favorable 
attitude toward it. 

The meaning of number is a mathematical question. Our 
drill theory should certainly embrace this field. It begins when 
the child enters school and it ought to continue as long as he 
attends. First we liave the concepts of small numbers and at the 
other end of a long course we have the Theory of Number. 
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In the primary grades it is all but fatal not to spend time in 
drilling upon the two aspects of number concepts — their repro- 
duction and identification. Enough has been written elsewhere 
on this aspect of the question. Then, too, the different ways 
of knowing a number must be cared for — the series idea, the 
component idea, and the ratio idea. 

As a rule the children of the primary grades will be working 
on the meaning of numbers at three levels simultaneously. The 
first level will be the one-place numbers, and these will be treated 
according to the suggestions contained in the last paragraph. The 
second level will be the numbers from 10 to 19, or the teens 
numl)ers. These will icceive (in theory) all the treatment that 
was used on the first level plus the new ideas which have to do 
with these two-place numbers — the one 10 with or without accom- 
panying units, (The zero will recjuire some consideration.) The 
third level runs from 20 to 100 and utilizes (again in theory) all 
the earlier procedures. It permits some generalization as to the 
number system. 

ThrouglUiUt the middle grades the number system will be 
carried far enor^h — probably to billions to permit a general 
conception of the decimal system of whole numbers to be formed. 
Meanwhile decimals, beginning as money numbers perhaps as low 
as grade three, will be introducing a still wider generalization as 
the system is extended to the right of the one's place. 

All this time a system of numbers not very closely related i. 
the decimal system has been under development, namely, our 
system of common fractions. At this point most teachers and 
most courses give up the notion of imparting meaning — and this 
in spite of the fact that common fractions are older in the develop- 
ment of the race than decimals and are better known to children 
from their life experience. Many a child on entering school 
knows something about 4*. h A» ^^^^ ii' ^^^^ ^^^^^ child 
knows anything about 0.5, 0.25, 0.7£. 0.33;^ or 0.66,^. While 
confining computational practice for the most part to fractions 
of small denominators, the meaning of fractions — which also re- 
quires practice — should suffer no such limitations. Within the 
scope of the system there should be the fullest opportunity to 
reach generalizations. 
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THE SOCIAL SIGNIFICANCE OF ARITHMETIC 

Thcrt: are some who seem to believe that if \ve instruct and 
drill on number in its mathematical meaning we shall have little 
else to do, For example, it is held that we shall thus fully reveal 
the meaning of the four fundamental processes, This theory is 
attractive but it is only partly true. Its truth lies in the fact that 
our present algorisms are all of a piece with our Hindu-Arabic 
system and are therefore explained by it. If the system is well 
learned, the algorism is half learned before it is begun. 

This, however, is not the \\hole story. The algorism which we 
now use in multiplying is not multiplication; for other and quite 
different algorisms not now in vogue are also multiplication. 
The rest of the truth is that the essence of multiplication is out- 
side our number system and thrt it existed before our number 
system was known. 

What then will contribute to additional understanding of 
arithmetic? Undoubtedly its social significance. As for multipli- 
cation, it is all about us. It confionts us in tile and brick and 
glass. It is wherever there are rows and columns, It is found 
in every multiple purchase and wherever numbers are repeated. 
It is implicit in every rectangle and in every three-dimensional 
container. We live in a world of multiplication. 

To bring this and similar significancies in arithmetic to the 
consciousness of the child and to do so frequently (the drill idea) 
is to contribute to his sense of the value of the subject, to the 
uses that he will make of it. to his favorable attitude toward it, 
and to his understanding even of its mathematical meaning. 

There are so many social uses of arithmetic that one cannot 
name them, They are often institutional; for society, having uses 
for number in certain special ways, has slowly created the neces- 
sary organizations. The insurance company is a good example. 
In that case number is used to create and r.iaintain a collective 
effort where small sacrifices are pooled to prevent large losses or 
to afford one large benefit at a time of crisis. The social signifi- 
cance of insurance is the important matter, not the computation 
involved in it. 
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Other aspects of the sotiul si<;uilit;itKv of munbcr are not so 
sharply instiliitioiiali/ccl. Toi e\aiiiplc, we have an arithmetic 
of production, of distril)Utioii, and (([uiie consciously) of con- 
sumption, yet we should hardly say that production, distribution, 
or consumption are orj>anized to the point where we can i M 
them institutions cpiiie as we can our system of banks or our 
system of insinance companies. Amoni* these quasi-insiitutioii- 
ali/ecl areas, thai of lonsumption is especially attractive, partly 
because we are all consumers and partly because the held of 
consumer arithmetic has already been worked to some extent. 

Finally, the social sij»nilicancc of arithmetic concerns the indi- 
vidual — as a member of society. Daily, almost hourly, we need 
arithmetic in the readinj^ of newspapers, maj^a/ines, and books. 
We hear arithmetic and we talk arithmetic. Arithmetic is (uu* 
daily need— and not ours alone. It is also the need of younj:** 
children. How is it that they iiave learned so mu i of this hi.ubly 
artificial system in the short six years before they enter school? 
They have had no human instriution, except j^erhaps in rote 
(ountinj^, Ijecause the home, if it teaches the child any school 
subject, teaches him reading;. Vet careful invest i<>;at(ns stub as 
Nila B. Smith and Marion f. Wesley report an amazin;^' use of 
number on the part of six* and seven-year-old chihh'cn. They 
count; they add and subtract; they niultiply and divide; they 
use fractions; they measure and compai'c. I'hey have actually 
begun nearly all the things they will ever do in arithmetic. 

If the lives of first grade children arc so full of numl)er, then 
the lives of older ( hildi'en and (^f adults are. of course, still more 
so. In this world of scieme. of the machine, and of instruments 
of predsion those who are cpiantitatively intelligent fmd large 
and varied uses for arithmetic in achieving their niany purposes. 
All of this points to the social siijrnificancr of number and to the 
need for its recognition in our educational program. 

It is wortli while, as we bring to a c lose this treatment of the 
(ield of drill.yo say that not meagerly, nor grudgingly, nor merely 
on the occasion of an ''activity." but fully, freely, and systeiMati- 
tally. the social significance of arithmetic should find a phuc in 
our program. The aspects of it will vary more than those of any 
other topic we have discussed. \Vc are now. therefore, upon the 
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outer edges of the field of drill. Our repetition has more variety 
and less identity than ever before. If it ^^•cre worth while to 
arrange the types of material to wl^ch drill may be applied from 
those in which repetition was most obvious to those in which it 
was least obvious, the first types of material would be computa- 
tional and the last would be social. 

Yet, though near the boundary, we arc still within our proper 
area. Repetitive elements may be subtle, but they are neverthe- 
less real. It is still true that recurrence of experience fosters 
learning. There is still a place for drill. 

The title of this chapter poses the question ''What Becomes of 
Drill?*' To which one may reply, "Why should anythin^,^ become 
of it? Why is the question raised?" It is raised because of the 
rapid change in the curriculum and the objectives of arithmetic 
during recent years. In fact, as the reader of this Yearbook will 
readily infer, arithmetic is on the march. It is plainly evolving 
from a narrow computational subject to a subject of broad social 
and maUiematical import. The great incentive that used to be 
offered to boys to do their "sums" was that business needed fast 
and accurate computers, and that jobs would await them if they 
could qualify. Much of this has passed. Fast and accurate com- 
puters arc no longer men but machines. Meanwhile — partly be- 
cause of the machines — the use of numbers in social ways has 
been enormously increased. The youngster of today must know 
what these numbers mean — their mathematics. He must also 
know what they signify as indicators of social conditions. Arith- 
metic — that is. arithmetic as used in the modern world — has 
spread from the counting house into the general life of the 
people. What then becomes of drill? If arithmetic is indeed 
"on the march," then drill should follow the flag. If in the long 
fight against ignorance it has served welK it must not remain in 
the old camp with the rear guard. 
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Chapter X 

THE EVALUATION OF LEARNING IN ARITHMETIC 

BY WILLIAM A. BROWNELL 
di;k£ university 

FOR the best interests of both, we have sometimes been told, 
instruction and measurement must be kept apart. Consid- 
erations involving measurement are held to impede the solution 
of problems of measurement; and, conversely, the task of meas^ 
urement is thought to require time and energy which teachers 
might more properly give to instruction. Some test technicians 
have not felt particularly handicapped by their ignorance of the 
purposes of arithmetic instruction. On the other hand, teachers, 
who supposedly know the nature and purposes of their subject 
matter, are regarded as unable to evaluate the learning they have 
directed. 

This separation between measurement and instruction presents 
a curious anomaly. It exists only in theory; it cannot actually 
be maintained in practice; hence it is wholly artificial. Never- 
theless, the attem})t to establish the separation has been made, 
and the effects upon classroom evaluation and teaching alike 
have been most unfortunate. Let us start with these unfortunate 
effects, reserving for a moment consideration of the artificiality 
of the separation. 

Effects of attempted separation of measurement and teaching. 
One effect of the attempted separation has been to remove meas- 
urement further and further from the immediate learning situa- 
tion. Tests to be used for diagnosis and the evaluation of 
achievement have been standardized, and in the process of stand- 
ardization have lost touch with the features peculiar to the local 
classroom. Indeed, it is the very essence of standardization as a 
process to disregard local variations and to strive for a "national 
average'' of subject content and teaching practice. For certain 

22$ 



ERIC 



226 



Sixteenth Yearbook 



purposes, such as are comprehended in the survey function of 
measurement, for example, this averaging and this disregard for 
local conditions are precisely what is needed. For other purposes, 
however, especially for those purposes which relate most closely to 
the organization and direction of learning, it is the local condi- 
tions, lost in standardization, which are most crucial. 

A second effect of trying to keep measurement and teaching 
apart has been to limit measurement to outcomes that can be 
most readily assessed. In ariihmctic this has meant concern almost 
exclusively widi "facts,** with computational skills, and with 
**problem-solving'' of the traditional sort. The necessity for de- 
veloping pvoliciency in these areas is obvious. Furthermore, meas- 
urement of these outcomes (or at least partial measurement) can 
be managed by objective techniques. As a result, many experts in 
test construction have confined themselves for the most part to 
these outcomes, as have also teachers who have followed their 
lead. But, as will be made clear below, there are other arith- 
metic outcomes, fully as important if not so obvious as uiose 
commonly attended to, and these outcomes under present practice 
are neglected. 

A third ill effect of the efFort to separate measurement from 
teaching has been to limit unduly the techniques which are 
serviceable for evaluation. It is not far from the truth to say 
that evaluation in the broad sense has been narrowed to measure- 
ment in the narrow sense, that such measurement has been made 
virtually equivalent to testing, and that testing has become the 
administration of paper-and-pencil tests, usually of an objective 
character. \'aluable as are such objective tests, whether commer- 
cial or local products, they cannot readily carry the full burden 
of evaluation. There are other procedures which are now ignored. 
Hiese other procedures, to be described below, are easily man- 
aged by teachers and, what is more important, they uncover kinds 
of learning processes and products which at present elude paper- 
and-pencil tests. 

The fourth harmful efTect of the desire to separate measure- 
ment and teaching, id the last one here to be considered, has 
been to create confusion with respect to the purposes of evalua- 
tion. Learning may be evaluated for a number of reasons. One 
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may be the diagnosis of failure; another, the measurement of 
progress over short units or sections of content; yet another, the 
pre-testing of abilities fjefore starting a new topic, as a means 
of "establishing a base line'* or determining a common ground 
for instruction in a given grade. Tests, commercial or otherwise, 
which are suited to one purpose are not thereby suited equally 
well to other purposes. Indeed, it might even be argued that the 
better a test serves one function, the less well it can serve others. 
For illustration, the better a test **surveys'* (e.g., permits com- 
parisons of a school system with other school systems or with na- 
tional norms) the less effectively it ^'diagnoses.** Yet, several 
survey tests in arithmetic incorrectly bear the label ^^achievement 
test** and are improperly used for the latter purpose, as well as 
for other purposes even more remote from the function for which 
they were devised. 

The four consequences of the attempt to divorce measurement 
from instruction which have been mentioned reveal the essen- 
tial artificiality and impracticability of the attempted separation. 
The fact of the matter is that, despite the effort to do so, meas- 
urement and teac hing have not been kept apart. Classroom in- 
struction has emphasized the outcomes and only the outcomes 
with which measurement technicians and some measurement 
theorists have worked, and it has used the evaluation procedures 
and only the evaluation procedures favored by them.^ The pov- 
erty of the results of arithmetic teaching under this scheme of 
things has been all too well ex; osed. It ha^ been exposed in the 
fact that children are not able to use the arithmetic they are 
taught in dealing with the simple personal quantitative problems 
of the adult world into which they are presently to enter; indeed 
they are not even sensitive to the quantitative aspects of their 
own daily lives. The poverty of our teaching has been exposed, 
too, in the arithmetical deficiencies of adults who have been 

1 There are of comse occasions when incasureincru and instruction must be 
separated. This is true when tests aic coucctly used in some kimls of research and 
for survey putp(^scs. It is tiue at times when pupils arc to l)e dassified for certain 
reasons, as, for example, in making; up sections in a cosmopolitan junior high school 
which draws from many lower schools. Hut this chapter deals with the evaluation 
i)f Irnrniufr: in other uoicis. with evaluatic^n as it relates to the improvement of 
teaching. On this accduni the consecpicnccs of .separating measurement from instruc* 
tion, helpful in non»instructional situations, are here viewed as harmful. 



erJc 



228 



Sixteenth Yearbook 



subjected to eight or more years of school arithmetic. Witness 
the typical adult's efforts to evade the quantitative demands of his 
life and his embarrassment and uncertainty when there is no 
escape from them. 

To some readers the foregoing discussion may appear to be 
somewhat academic and unreal. Among these readers will be the 
many excellent teachers who never have thought of separating 
measurement from teaching but have steadfastly evaluated learn- 
ing in order to improve the effectiveness of their teaching. Ad- 
mittedly, the past few pages have not been written for such per- 
sons. Instead, they have been intended for persons who have 
not yet accepted the full import of modern conceptions of educa- 
tion according to which children and the problems relating to 
their learning are the central consideration in the classroom. 

The purposes of this chapter. The purposes of this chapter are 
two in number, the fust of which has been already foreshadowed 
in the criticisms olfered in the paragraphs above. The purposes 
are: (1) to outline a point of view \vith respect to evaluation 
(a) which relates evaluation to teaching, and {b) which makes 
evaluation comprehensive enough to include all objectives or aims 
of arithmetic instruction; and (2) to illustrate as far as possible 
concrete procedures for evaluating outcomes now too often over- 
looked. In order to save space for the second and more obviously 
practical purpose, the statements to be made with regard to the 
first purpose must be held to what is essentially an outline. 

A POINT OF VIEW WITH RESPECT TO EVALUATION 

As has already been suggested, tlic thesis of this chapter is 
that instruction and the evaluation of learning cannot be kept 
apart in theory and should not be kept apart in practice. Instruc- 
tion and evaluation go hand in hand. As teachers develop new 
insights into learning— its diflicukics, its stages or pha.ses of de- 
velopment, the basic understandings required for each advance 
step in learning — as teachers acquire these insights, they will em- 
ploy them in improved evaluation. And as they correct or modify 
their evaluations and devise procedures which arc more compre- 
hensive and more prnctrating, they should come upon new data 
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of great significance for the better guidance of learning. Viewed 
thus, instruction and evahiation are inseparable and mutually 
interdependent. 

If the recommendations to be made in this chapter were ac- 
cepted and practiced, certain values would accrue. In the first 
place, evaluation (the broader term will henceforth be used in 
place of measurement) and teaching would both start with arith- 
metic outcomes — with all the arithmetic outcomes which are 
deemed worthy of attaimnent.^ FA'idenccs would then be ob- 
tained, so far as can reasonably be done, on all types of growth 
and at all stages in this growth. In the second place, any pro- 
cedure whatsoever which might slied light on learning would be 
accepted and utilized. Wider recognition would be given to 
observation, to the interview and conference, and to other tech- 
niques which can yield information on the progress of learning. 
In the third place, tlie various purposes for which evaluation is 
undertaken would be recognized in the kinds of procedures ^^•hich 
would be used. In other words, evaluation procedures would 
be adapted to the ends for which they are best fitted. In the 
fourth place, evaluation would be continuous ^vith teaching and 
learning. Evidence on learning would be collected daily (occa- 
sionally by tests, more often by informal procedures), instead of 
irregularly and spasmodically. In the fifth place, evaluations 
would be immediate and intimate; they would reflect the unique 

2 It is no longer possible to assume ihnt a test of computational or problem- 
solvin.i^ af)ility measures all arithmetical outcomes— if indeed this assumption ever 
was Kuahie on loj^ical ^^rouiuls. liruetkner, using Vocabulary and Quantitative 
RHationships sections of the I'nit Scales of Attainment with 453 children in grades 
four A to five \\, obtained LwfTincnts of correlation of .361 between "vocabu* 
lar\" and **computation," and of .522 between the former and "problem solving." 
Scorc-i on the Quantitative Relationships test correlated .576 and .661 with ''com- 
pniation** and •'pro!)lem solving,** respectively. (See Leo J. Rrueckner, "Inter- 
correlations of Arithmetical Al)ilitics." Jnumal of Experimental Education, 3 : 42-44, 
September, 1934.) Since tliat date. .Spainhour's investigation has confirmed these 
results. Spainhour devised special tests of "mathematical understanding" (reliability 
coefficients of .901 for grade four and of .933 for grade six), and administered them 
along with the New .Stanford Reasoning Arithmetic Test and the New Stanford 
Computation Arithmetic Test to MS children in grade four and 136 in grade six. 
In grade four the "understandinjr** test scores correlated .665 and .751 with "problem 
solving'* and "computation," respectively. In grade six the corresponding r's were 
.Tfjl and .756. (Richard E. Spainhour. "The Relatintiship Retween .\rithmetical 
fndersfandinK and Abilitv in Problem Solving and Computation." rnpublished 
Nfaster's thesis in education. Duke University, 1936.) 
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conditions, emphases, and factors affecting learning in particular 
classrooms. And for this reason they wor'd provide teachers with 
the kinds of information which they most need in order to direct 
learning. 

These gains are not to be won by wishful thinking. Admittedly, 
they represent an ideal state of affairs which now can be no more 
than approximated. But even so, the approximation in itself 
will mean important progress away from present practice in evahi- 
ating outcomes. 

Comprehensive and functional evaluation in arithmetic is 
dependent upon the effective relating of a number of factors. We 
need, first of all, an adequate statement of arithmetic outcomes. 
Second, we need to recognize the peculiar demands of different 
purposes in evaluating learning as these demands affect evalua- 
tion procedures aid in£*-mments. And, third, we need to have a 
practicable program for evaluation. This third requirement in- 
volves (a) knowledge of effective procedures and their limitations, 
(h) a realistic understanding of what can and cannot be done by 
the classroom teacher, and (c) the actual planning and designing 
of evaluation procedures. This last named item (c), is reserved 
to the last part of this chapter. The other items listed above will 
now be considered in order. 

Acceptable outcomes. There are dangers in setting arithmetic 
outcomes. In the first place, there is the danger that the mere 
listing of outcomes separately may for some carry the implication 
that these outcomes are isolated from each other and are to be 
achieved independently of each other, one at a time. But out- 
comes are not thus distinct; rather they overlap in meaning, and 
they are probably best achieved when they are achieved more 
or less together in their functional relationships. In the second 
place, there is the danger that outcomes may be regarded as ends 
to be attained once and for all, the quicker the better. But 
outcomes are not so to be conceived; they really stand for direc- 
tions of growth. In the third place, there is the danger that 
from a list of outcomes questionable teaching practices and forms 
of curriculum organization may be inferred. Not always should 
particular outcomes be at the immediate forefront of thinking 
u'hen learning activities are being considered. After all, as we 



Arithmetic in General Education 



have been told almost too often, we teach **the whole child." Out- 
comes function best in teaching when they constitute the back- 
ground of thinking, against which may be projected possible 
teaching plans. When, however, evaluation rather than teaching 
is the major concern, outcomes as such become more immediately 
inij)urtant. In the fourth place, there is the danger of a suggestion 
of finality in any formal statement of outcomes, These outcomes 
work their way iiuo educational thought; they come to be accepted 
as delinitive, and they are modiiied only with great effort. 

In full awareness of these dangers a list of arithmetic outcomes 
is given below. This list is not the result of Committee action; 
it does not bear the label of the C!v;mmittce's authority. Instead, 
it is offered purely as the writer's own formulation. After all, if 
evaluation must start with outcomes, we must know what the 
desired outcomes are. and the list below seems to the writer to be 
adequate at present as a working basis. 

(1) Computational skill: 

Facihty and accuracy in operations with whole numbers, com- 
mon fraciit>ns, cle( inials. and per cents. (This group of out- 
comes i.s here sep^Mau'd frt)in the second and third groups 
which follow bciausc it can be isolated for measurement. In 
this scpaiation nuuh is lost, fur computation without under- 
stanclinj> irhoi as well as hoxv to compute is a rather empty 
skill. Adiially. cuniputaiion is imporiani only as it con- 
tributes to social ends.) 

(li) Mathematical understandings: 

a. Meaningful concejnions of cpiantity, of the number system, 
of whole numbeis. of ct)nunt)n fractions, of decimals, of 
per (ems, of measiuvs, etc. 

6. A meaningful vocabulary of the useful technical terms cf 
arithmetic which dcsit»natc (juantitativc ideas and the re- 
lationships bet%vccn them. 

r. Grasp of iinportaiu arithmetical generalizations. 

d. Understanding of the meanings and mathemaiical functions 
the funclamental operations. 
UncUnstaiuling of the meanings of measures and of measure- 
ment as a proc ess. 

/. Understanding of iinportaiu arithmetical relaticmships. such 
as those which funciion in reasonably sound estimations 
and appioximatioris. in accurate diecking. and in in- 
genious and rr^fninelul soluticjns. 

g. Some understanding jf the rational principles which govern 
number relations and computational procedures. 
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(3) Sensitiveness to number in social situations and the habit of 
using number effectively in such situations: 

a. Vocabulary of selected quantitative terms of common usage 

(such as kilowatt hour, miles per hour, decrease and in- 
crease, and terms important in insurance, investments, 
business practices, etc.), 

b. Kmiwledge of selected business practices and other economic 



€. Abuity to use and interpret graphs, simple statistics, and 
tabular presentations of quantitative data (as in study in 
school and in practical activities outside of school). 

d. Awareness of the ujefulness of quantity and number in 

dealing with many aspects of life. Here belongs some un- 
derstanding of social institutions in which the quantita- 
tive aspect is prominent, as well as some understanding 
of the important contribution of number in their evolu- 
tion. 

e. Tendency to sense the quantitative as part of normal ex- 

perience, including vicarious experience, as in reading, in 
observation, and in projected activity and imaginative 
thinking. 

/. Ability to make (and the habit of making) sound judg- 
ments with respect to practical quantitative problems. 

g. Disposition to extend one's sensitiveness to the quantita- 
tive as this occurs socially and to improve and extend 
one's ability to deal effectively with the quantitative when 
so encountered or discovered. 

Purposes of evaluation. Evaluations of learning are under- 
taken, or should be undertaken, for several different reasons. 
These differing purposes introduce variations into the procedures 
and instruments to be used. For example, as the learning area 
which is sampled is extended, the thoroughness of the sampling 
diminishes. What seem to the writer to be the five chief purposes 
of evaluation are listed below.* In each instance both the mean- 
ing of the purpose and the significance of that purpose for the 
kind of evaluation procedure to be used are illustrated in terms of 
paper-and-pencil tests. Tests arc employed in this connection 
because teachers are more familiar with them than with some of 

3 Evaluation is aho used to motivate Icnining. and this purpose of evaluation 
might have been included as the sixth discussed. This purpose was, houcver, 
omitted, first, because motivation is \ general effect of evaluation regardless of the 
particular purpose for which it is used, and second, because abuses easily arise 
from this use of evaluation. I'or instance, when tests are used for this purpose, 
the motivation is likely to be extrinsic and harmful to sound learning, rather than 
intrinsic and beneficial. 
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the other procedures. Illustrations of other evaluation procedures 
will be given later with greater emphasis. 
The chief purposes of evaluation are: 

1. To Diagnose Class and Individual Difficulty. Effectiveness of 
diagnosis is dependent upon the intensity or depth of evaluation. 
That is to say, diagnostic data increase in value as they pass from 
a mere locating of the places of difficulty to an analysis of the 
causes of difficulty. On this account, special care must be exer- 
cised not only to include (a) all critical steps, processes, uses, 
opportunities, and so on, and {b) enough samples of each to yield 
reliable measures, but also (c) to discover insofar as is possible 
the thought processes which children employ in dealing there- 
with. Diagnostic tests must usually be restricted in their range 
of coverage in order to insure such depth and intensity. 

2. To Inventory Knowledge and Abilities. Inventories are made, 
for example, to determine *'readiness" for a new topic or for the 
start of instruction in a grade. The usefulness of this kind of 
evaluation has been made steadily more apparent as we have 
sought better to adapt the pace of instruction to level of pupil 
ability. The inventory test resembles the diagnostic test in that it 
includes samples of all levels of thinking which are achieved in 
the critical aspects, or skills, etc. Its range, obviously, varies with 
the area under examination from a relatively few constituent 
abilities, thought processes, and'evidences of social awareness with 
respect to basic skills and concepts (when ^'readiness" for a new 
topic is under consideration) to the many such aspects of skills and 
concepts of a whole years work (when, for example, the "base 
line" for class instruction in grade four is being established). 
Usually the depth of evaluation is much less in an inventory test 
than in a diagnostic test, or it may justifiably be made less. 

3. To Determine the Extent of Learning over a Limited Period. 
An example is the measurement of learning over a month's unit 
of work. When tests are used for this purpose, they may be called 
"instructional" or "progress" tests. They are commonly short 
enough to be given in one class period or less, and their content 
is restricted to what has been but recently taught. In this respect 
they tend to differ from inventory tests. They differ from diagnos- 
tic tests in that usually but comparative!/ little effort is expended 
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to get at the source of difficulty. But, as is also true in the case 
of the first t^vo purposes, this third purpose of evalucuiun does 
not necessarily require a test at all. Indeed, in the case of some 
kinds of learning other procedures are much more suitable. 

4. To Measure Learning over a Relatively Long Period. One 
use of evaluation for this purpose is to secure a basis for pupil 
classification; another^ to get a general view of achievement for a 
semester or year to be used in making up the term "mark." Usu- 
ally paper-and-pencil tests are employed exclusively for this pur- 
pose. Such tests are certainly valuable, but evaluation should not 
be limited to them since probably not all outcomes will be repre- 
sented in them. Here, that is for evaluating learning over fairly 
long periods of time, the extent of the area is relatively much 
larger than in "progress" tests, and thoroughness of sampling must 
be sacrificed to some ilegree. As in the case of progress tests (Pur- 
pose 3) test content should be restricted to what has been taught 
in the period covered, except of course as skills, concepts, etc, 
taught earlier are indirectly involved. The purpose of ''achieve- 
ment" testing almost necessarily precludes diagnosis, save in the 
shallowest sense of finding places of difficulty, and by the same 
token it cannot, unless the test is unusually comprehensive, well 
serve the purpose of inventorying. 

5, To Ob tain Rough Measures for Comparative Purposes. Ref- 
erence here is to the survey function of evaluation, as this is illus- 
trated in comparisons between schools within a system or between 
school systems. Because of the purpose for which the measures are 
to be used, these measures must almost necessarily be obtained 
from paper-and-pencil tests. Objectivity in scoring and the re- 
liability ■ f measures are especially important. Unless comparisons 
are to be made grade for grade and on the subject matter of those 
grades, a single test for all grades is commonly used. This means 
that the learning area is very extensive, and that the sampling is 
correspondingly very crude. l*o use a test designed for the survey 
function for the purpose of achievement testing (Purpose 4), or 
for progress testing (Purpose 3), or for inventorying (Pur[5osc 2), 
or for diagnosing (Purpose 1), is almost certaiti to introduce 
errors and to lead to misinterpretation of test results, ^'ct, pre- 
cisely this practice frequently obtains in testing programs. 
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These five purposes of evaluation have been discussed in terms 
of tests and apparently in terms only of computational skills. But 
actually the points made apply equally well to other evaluation 
procedures and to all outcomes. The nature of other evaluation 
procedures is ireaied in the next section. Emphasis needs now to 
be given to the fact that in evaluating growth or learning toward 
all objectives, and not merely toward computational proficiency, 
one must keep in mind the purposes for which evaluation is 
undertaken. Thus, one needs to diagnose, to inventory, to note 
progress, etc., in the case of mathematical understandings and 
of sensitiveness to the ([uaniitative in life, just as fully as in the 
case of computational skills. Growth takes place in understand- 
ings and in quantitative sensitiveness as truly as in computation, 
and just as truly learning In these areas needs to be asscs^^cd for 
difiiciilties, for status, for progress, etc. 

Evaluation procedures. Four general classes of evaluation tech- 
niques will be briefly considered, namely, (1) paper-and-pencil 
tests (or simply tests), (2) teacher observation, (3) individual inter- 
views and conferences with pupils, and (4) pupil reports, projects, 
and the like. 

1. Tests. Though much of the preceding section has been de- 
voted to the use of tests in evahiation, actually far more space 
than this whole chapter affords could be taken for this purpose. 
Of all the possible evaluation procedures no other has received 
the research and theoretical attention given to tests. With the 
limited space here available, only a few suggestions can be offered. 

Valuable as tests are, they are subject to certain limitations: 
(a) Tests are essentially artificial: they are convenient sub>titutes 
for the ultimately valid trial by functional use. This is but 
another way of saying that the true measure of learning is the 
ability to use what has been learned in practical life situations. 
(h) Tests yield scores which are susceptible to errors of interpre- 
tation. \\*e may infer, for example, that the score is a measure of 
the total ability tested, whereas it is hut a description of a particu- 
lar performance in a particular situation. Obviously, the more 
comprehensive our testing and the nearer our testing situation ap- 
proximates functional use. tlic fewer will be the errors of interpre- 
tation, {c) Testa may be used too exclusively. We may rely on 
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tests to furnish indirectly evidence of growth hi areas to which 
tests are not very sensitive. It is exceedingly difTicult to prepare 
tests (other than essay tests) to measure certain arithmetic out- 
comes. If tests alone are used, these other outcomes will almost 
certainly be excluded from evaluation, (d) In the attempt to 
secure reliable measures from tests, we may pay too high a price 
for objectivity in scoring. Consideration of such a factor as cor- 
rect principle, or evident understanding, introduces variation in 
judgment and so makes for unreliable measures. If we hold to 
the superior value of reliable measures, we may lose much that 
we need in order to understand children's work habits and 
thought processes. If we hold to the superior value of these evi- 
dences of learning we tend to lose objectivity and reliability. 

Another series of cautions relates to standard tests and the use 
of norms for such tests. It cannot be assumed that mere standard- 
ization of a test makes it a good test, even for the purpose for 
which it is designed: ') The content may be quite different from 
what has been loca. taught,* and the norms may therefore be 
useless in the local situation (except for the purposes of the sur- 
vey), (b) It has been shown that the arithmetical content of such 
tests varies considerably.* (c) It is not unlikely that many, or 
most, standard tests measure effects of arithmetical learning dif- 
ferent from the achievement and abilities with which teachers are 
primarily concerned, (d) Moreover, norms on supposedly com- 
parable tests have been foimd not to he equivalent.^ (e) Still again, 

*Guy M. Wilson. "Choosing and I'sing Standardi/cil Tests in Arithmetic," 
Education, 40:177-179. No\cnil)cr. 1939. 

•M.oiiisc Reaitio. "Slaudardizcd Tests in Ariihmetic," Educational Method, 16: 
1 75' 176, January. 1937. 

Stokes and Finch in 1932 reported a dilFerence amounting to ,77 grade between 
the medians of 65 pupils in grades seven to nine on the New Stanford Computa- 
lion Arithmetic Test and the \'an Wagcnen Revision of the Woody Arithmetic 
Scales of Fundamental Operations in Arithmetic, and a difTerence of .74 grade 
in class medians on the New Stanford Reasoning Arithmetic Test and the Buck- 
ingham .Scale for Problems in Arithmetic. (C. N. Stokes and F. H. Finch. "A 
Comparison of Norms on Certain Standardized Tests in Ariihmetic." Elementary 
School Journal, 32 : 7fi5«/87. June. 1932.) 

The results of this study have since been confirmed by Foran and I.oyes (Thomas 
C;. Foran and Sister Mary Edmund I.ou-s. "Relative Difficulty of 'I'hren .Achieve- 
tnent K\ ami nations." Journal of Edurationnl Ps\choln^frx, 2i\ : 218-222. March, 
\9^r)), :md l)v Pullias (Karl V. Pullias, Varinhilils in Rrsults from New^Type 
Achirvrmrnf TrsM. Hukc I'niversity Rc^earrh Studies in F.duraiion, No. 2. Duke 
L'niversity Press. 1937. See especially Chapters VII and VIII.) 
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nation-wide norms arc apt lo be misleading. Thus, nation-wide 
norms are worse than useless in diagnostic tests, They are of 
little or no service in inventory tests, except possibly to ascertain 
''readiness'* lor some topic. Certainly when we seek to determhie 
where to start instruction in a grade, what we need to know is 
not how our pupils compare with other pupils but precisely what 
they can do about the items of skill, knowledge, and understand- 
ing which are regarded as prerequisites. And last of all, norms 
are of little value in progress or achievement tests unless we follow 
slavishly the instructional organization in terms of which the test 
has been standardized. Norms come into their largest and most 
legitimate field of usefulness in connection with the survey func- 
tion of testing. 

What has been said about tests is deliberately negative. These 
negative comments imply no doubt of the values of tests for 
evaluating learning. The shortcomings and limitations of tests 
have not been stressed in any attempt to get rid of them. We 
should be in a sad state indeed if tests, local, commercial, or 
both, were abolished. To say that tests will not do the whole job 
of evaluation, and to say that tests need to be constructed and test 
scores interpreted with reasonable caution is far from saying that 
tests should be abandoned. Rather, they should be retained and 
improved, and they .sliould be supplemented by other evaluation 
procedures. The import of this whole section may be summarized 
in the statement that tests usually indicate the outward, objective, 
quantitative results of learning, not the inward, subjective, quali- 
tative results; yet these latter both transcend and include the 
former. 

2. Teacher Obserx'alion. The type of evaluation meant here 
is the type which the intelligent and alert teacher uses daily in 
analyzing and assessing the written and oral work of his arithniv^tic 
pupils. The observation referred to may be informal, as jxist 
descrihed, or it may be more closely controlled, as when special 
settings are arranged in order to note children's l)ehavior with 
respect to the cjuantitative aspects of their experience. An excel- 
lent examj)le of informal observation will be found in Professor 
Wheat's chapter (pages 80-1 18). Other examples will be found on 
pages 230 and 2C)0 which follow. 
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The possibilities ot evaluating through observation are well- 
nigh limitless. Tiiat these possibilities have not been realized is 
explicable on two groinids. In the first place, teachers have had 
their confidence in their own judgment undermined by certain 
research which purportedly has demonstrated its unreliability. 
The implications of this research are that teachers' estimates and 
opinions are of doubtful worth and that they must give way to 
more trustworthy (that is, more objective and reliable) evaluation 
techniques. Some of the dangers inherent in this view have been 
pointed out/ and eventually the artificiality of the techniques in 
this research will be disclosed. In the meanwhile evidence is ac- 
cumulating that teachers' judgments (in the form of scores on 
essay tests, of marks, and the like) need not be as unreliable as had 
been supposed.® Biu the reaction against the extreme position o£ 
the objectivists has not yet affected teachers to any large extent. 
Under the influence of the objectivists teachers tend to doubt the 
validity and reliability of their own observations and to minimize 
the usefulness of observational data for the purposes of evaluation. 
Nevertheless, it is probable that 90 per cent of teachers' {good 
teachers) activities in teaching and evaluati^^^^ are still subjective 
and must remain so. If this be true, the wise course would seem 
to be to help tcadicis to get the most from their obsei 'ations, 
rather than to continue to discourage their use. 

A second ohst;icle to conlident use of observation is of a differ- 
ent character. To observe accurately one must know what to 
look for. Teachers who regard arithmetic purely as a skill subject 
are hardly equipped to make useful observations of growth in 
arithmetical insight and quantitative sensitiveness. On the other 
hand, teachers who are committed to a more modern conception 
of arithmetic are handicapped by our general ignorance con- 
cerning learning. We do not yet know with certainty all that we 

7 W. A. Ihouncll. " The I'sc of Objective Measures in Kvuliuuinj; Iiisuuttion," 
riduratinm! MHht)d, 13:401-108. May. 103-L 

8 The follow inj^ slutlics arc illustrative: 

Ho\v:inl Kiisley, "On the Liuiits of Predict inp^ Scholastic SlU(l'^s," fouinnl of 
Experivifuml r.tluralitm. 1:272-276. N()\euibcr. \m. 

James l\. Shousc, "College (irndes Me.iii Souicthiu;^," ]nnyy)nl of fjluraiional 
Psyrholn^ix, 30:510.51}^. October. 193*). 

Ralph R. Wolf. Jr.. Diflrmuial [''orern\i\ of Arhit'vcmcnt and Thrir Ihr in Coun- 
srlifif^. Ps\cliol(p^irnl M oTU"'^r:iph. No. 227. Anieiican Psyclmlo'^icil Association, 
Inc.. Columbus. Ohio. 1P39. 
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need to know about growth -oward the non-computational aims 
of arithmetic. As new information of this kind is acquired, and 
as teachers regain confidence in the value of observational pro- 
cedures and ill their ability to use this method, evaluation by 
observation will become more precise and more comprehensive. 

The advantages of evaluation by observation (only skillful ob- 
servation, of course) are several in number: {a) Observation has 
few of the limitations of testing as to time and place. Informal 
observation requires no special planning and no special arrange- 
ments: one can seize each instance of significant behavior as it 
occurs. (/;) Observation ''catches" behavior in all its functional 
relationships. One sees not only the error, for example, but also 
the prior and the accompanying behavior which m?y account for 
the error, (c) l*A*idence for evaluation is obtained when it can be 
used. This is particularly true in the case of diagnosis, {d) Ob- 
servation imposes no unusual restrictions and exposes children 
to no unnatural tensions, {e) F.valuation by observation enables 
teachers to secure evidence with respect to many arithmetic out- 
comes to which testing is ill adapted. Reference here is to the 
outcomes listed especially under mathematical understandings 
and quantitative sensitiveness on pages 282-233. 

3. bidividual Inlnviexrs and Conference.^ As its name implies, 
this evaluation procedure, luilike observation, is limited to con- 
tacts with individual children. The teacher not only observes 
what the child does, but has him "talk oiu loud*' as he works 
and questions him whenever the oral report is interrupted, is 
incomplete, or is ambiguous. The purpose is primarily to get at 
the way in which the child thinks about the gi.en quantitative 
situation, be it a computation, a verbal problem, the use of tech- 
nical terms, die interpretation of the number relations, etc. The 
usefulness of the conference for probing undesirable attitudes 
(indifTereiue or open dislike) toward arithmetic, for finding out 
how extensively a child really uses arithmetic, and the like, 
should be apparent. Examples of the interview will be found 
on pages 2^9 and 260. 

0 Obsctvan'nn atul the iTitfi\ic*w i tc nnt of c()llr^c as unrelated as inav he suj;- 
Rested from the 'separate iteainu-iit -luoidcd them heir. As a mnttrr nf fact, the 
interview multiplies opportunities for jhservation and makes these observations 
more intioiate and pcnetratitig. 
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Readers of research are already familiar with the use of the 
interview for discovering children's work habits in dealing with 
number combinations and computation.^^ Good teachers have 
always employed the interview and conference to some extent, 
chiefly for purposes of diagnosis. No other procedure equals the 
interview in disclosing the nature of disability and thus in pro- 
viding data for remedial instruction. If this procedure were used 
more commonly in connection with initial instruction, later diag- 
nosis and remediation would be greatly reduced in amount. 

Perhaps the chief reason why the interview is not more gen- 
erally used is the fact that it is time-consuming. To take a fourth 
grade child through the whole addition section of the Buswell- 
John Diagnostic Test requires between twenty-five and forty-five 
minutes. It is only rarely, however, that such extensive inter- 
viewing is necessary. Five or ten minutes can hardly be spent more 
profitably than in interviewing a child who is ha^•ing trouble at 
some point. 

The interview and conference should be kept flexible. Ques- 
tions cannot be standardized, but must be worded and reworded 
until the child knows precisely what is required of him. At the 
same time the interviewer must avoid giving cues and must not 
ask leading questions. The child who is in difficulty gropes for 
reasons and explanations and is especially likely to seize upon any 
suggestion from the interxiewer which inay even temporarily 
rescue him from his predicament. 

4. P}(pil Reports, Projects, ntid the Like. Under this heading 
belong a large variety of pupil activities which are useful for reach- 
ing, as Miss Sauble points out f pages 181-195), but equally useful 
for evaluation. Individual children or groups of children can 
prepare reports on such topics as: How Number Is Used in the 
. . . . Rank, How 'We Got Our Figure 7, Lucky Numbers, The 
Arithmetic I U.se on My Paper Route. Where Our Measures 
Came From, How Much Our Automobile Costs Us a Month, 

i« For til pic*: (iuy T. Busucll and I. more John, Diaf^nnstic iHudir.^i in Arifh^ 
mrtir, Supplemcni.iry Efiur:iiional Nftmo'jr.iph. No. !^0, DcparlmL'tit of Eduration. 
riiivcr'iitv of Chicago, 1926: I.oftoti W Uuri^e. '*Tvpes of Errors atul Questionable 
Habits of Work in Mullipliralion." Elemrvtan- ^rhnnl Jnuninl, 3.^ : 18r)'194, No- 
vrmhrr. 1932; Lenore John, "Diffiruhies in Solving Problems in Arithmetic/' 
FAemeniaY\' School Journal, 30:675-692. May. 1930. 
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Shortcuts in Addition, The Budget for Our Camp Last Summer, 
and Number Tricks. Such reports are teaching devices, to be 
sure, but they also reveal unmistakably how sensitive children 
have become to the mathematics of number and to the quantita- 
tive aspects of life about them. 

Trips and excursions to various points of interest offer other 
occasions for detecting awareness of the quantitative. Children 
wh( during the trip note and afterward can describe many uses 
of arithmetic are ':learly more advanced in their appreciation of 
the social significance of number than are others who are less 
successful. Events in the history of number (e.g., the derivation 
of a standard unit for '*foot") can be dramatized in such a way 
as to permit evaluation of the level of quantitative thinking which 
has been attained. In the primary grades the ability to act out or 
to picture the events in verbal problems reveals understanding 
of process meanings, "Hie preparation of scrapbooks. models, 
posters, and special exhibits, all of them involving number and 
quantity, may be used as much to reveal the level which children 
have achieved in knowledge, understanding, and quantitative 
sensitiveness as to teach them new concepts, new skills, etc. 

It is precisely the meanings, understandings, and appreciations 
of arithmetic that are the most difficult to evaluate objectively, 
reliably, and validly by means of tests. However, these outcomes 
become more susceptible to evaluation, evahiation that is none 
too objective and none too reliable, it is true, but nevertheless 
valid— when evahiation escapes the limits of testing and takes the 
form of one or another of the procedures desciibed above. The 
peculiar advantage of special reports, dramatization, picturization. 
and so on is that they instigate behavior in which these outccjmes 
appear in natural relations and functional reality. The loss in 
objectivity need not be serious. In the first phice, it is better to 
have some evaluation, even if somewhat unreliable, than to have 
none at all. In the second place, the reliability of the final evalua- 
tion by these subjective procedures increases materially and at- 
tains a respectable figure if enough ol)scrvations arc niadeJ^ 

11 This last fact is not suiruinulv tC( ();j;iu/etl. ANSuinc that the rrliahilitv co» 
efficient of a single ohscrvat Inti is only .10. If the same kind of obsoiv atinn of the 
same i)erforinan(e and yiclditii; the same result is made tvn inies. the reliability 
cocfBcieni (Spearinan-Uiown fotniula) becomes .83. Fomteen observations would 
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One last word should be said about the opportunities for 
evaluation afforded by activity units and pupil projects in which 
number and quantity are involved. Too often the arithme^-ical 
aspects of these iniits are overlooked both by tcafhers and by 
pupils. I'hc alert teacher, however, can detect these arithmetical 
aspects of units and projects, can direct the pupils' attention to 
them, and eventually can lead pupils to discover them for them- 
selves. When this has been done, many occasions will arise when 
children will be able to use number in units and projects. 
Whether they do so or not, the chance for evaluatio i in either 
case is present and should be fully utilized. That tMs chance is 
not generally so utilized is regrettable, for units and projects 
afford splendid oppommities to observe children thinking mathe- 
matically when the stage has not been deliberately set, as it is 
in the arithmetic period. 

Evaluation and the classroom teacher. The program of evalua- 
tion outlined in this chapter is obviously impracticable if it is 
inferred that every classroom teacher nmst find or devise and use 
procedures for all the purposes of evaluation and for evaluating 
growth toward all outcomes. Under this assumption the teacher 
would be so busy evaluating that he could never get aroimd to 
teaching. It follows that judgment mubt be exercised in deciding 
the extent to which evaluation is to be undertaken and the man- 
ner in \siiicli it is to be cairied out. In this connection the 
followin.^ steps may be suggestive. 

1. The first step toward effective evaluation is to know and 
understand the outcomes set for instruction. In a given situation 
these outcomes may or may not be those listed pieviously on 
j)agcs 2:51-232, but whatever they are, teachers, supervisors, and 
principals should know what the outcomes mean. 

2. The second step for the classroom teacher is to know the 
various kinds of behavior which e\idcnce growth toward these ob- 
jectives and to train himself to detect diis evidence. Reference 
here is primarily to kinds of growth which cannot be evaluated by 
means of tests (chiefly the outcomes listed imder mathematical 

yield a reliability coelliciL'iu of .90. The uiiter iccot;ni/cs at least some of the 
(lungers in this statistical approath. but believes thac the argument is nevertheless 
essentially sound. 
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understandings and sensitiveness to die quantitative). Admittedly, 
research has not yet identified all the significant evidences of 
growth which are needed for ideal e\aluaiion, but diis lack of 
research data should not greatly impede the teacher who under- 
stands what he is to leach in arithmetic and how his pupils learn. 

3. Perhaps the third step is for the teacher to re-establish con- 
fidence in his ability to assess growth toward the more "intan- 
gible*' outcomes. The values of observational procedures in the 
hands of the intelligent teacher have not been fully realized, 

4. C.losely related to the third step is the fourth: to take ad- 
vantage of the close relation between teaching and evaluation 
and to seize every opportunity offered by everyday instriudon to 
secure evidence of growth. 

5. The fifth step, or another step, is to realize that evaluation 
for certain purposes (especially for purposes of measuring long- 
time achievement and of survey comparisons) is required rather 
seldom, and then may be tnanaged by others than the individual 
teacher. I'his means that the teacher can concentrate on diag- 
nosis, inventorying, and measures of short-time learning — on 
evaluation for those purposes, in other words, which bear most 
directly upon the major cuiicernN of his pujMU. 

The vaUics ol ohsci vational jjroccdures are emphasized in 
this ih.ipitw 1m sonu*. I.ii^c um' oI iht-sc j)ru(*ccUn*es may seem 
to pui t-\n^^l\t (ii i.i ;^ I '1! u K' 1 1 1 11 i u ( 1 li I u c uMc hcrs luive. Such 
is noi tht- ca^. . •;i>^cl v.iiii>n.il plot cthu'cs aic actually time-savers. 
A few nionK'iu.s dcxotcd to (arcful ol)servation at the critical 
time arc woiih moic than an hour of less intimate diagnosis at a 
later date. I he more observational [)rocedurcs are used, the less 
is tlie need for more time-consuming procedures (interviews, tests, 
and the like;. .\s has been stated beiore, observation **catches" 
the l)ehavior ^^ilich i.s s';;n**fic'ant for directing learning at the 
(riicial instant, and so (au o})viate or at least gieatly lessen the 
necessity for more elab(jriite evalnalion procedures later on. 

PR.\c:ric;.\L sl gge.stions for evaluation 

I'he plan of treatment in this section is to consider the pos- 
sible means of evaluation for each group of outcomes in the order 
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in which they are listed earlier in this chapter, and then to supply 
samples of procedures in the case of less easily measured outcomes. 

Computational proficiency. Insofar as computation is inter- 
preted to mean the mechanical manipulation of numbers in solv- 
ing abstract examples and verbal problems of the traditional kind, 
the outcomes in this area are probably the most amenable to 
evaluation. For this reason, and also because both testing in- 
•.»ruments and critical discussions'- are generally available, the 
problems of evaluation in this area are passed over briefly, and no 
sample procedures are given* 

The fact that most computational outcomes seemingly can be 
evaluated so readily by means of tests has given rise to certain 
unwise j)ractices. Perhaps chief among these is that of using 
local uniform supervisory tests and commercial standard tests to 
coach children. It is not unusual for teachers and administrative 
oflicers to purchase all forms of a given standard test (or for 
teachers to maintain a library of all supervisory examinations over 
a period of years) to train children systematically on the content 
and skills involved in taking these tests.*^ It should be obvious 
that under such conditions the test scores later obtained are prc.c- 
tically useless for purposes of evaluation. Other evil conse- 
quences of this practice should be equally apparent. 

K Diagnosis, For the purposes of group diagnosis on par- 
ticular arithmetic skills (a) some standard tests are useful. Here 
may be mentioned the Rrueckner Diagnostic Tests (Whole Num- 

12 In the wiiit'i's opinion the best reference relating diiectly to arithmetic is the 
cha[Jier by (ireene ami Buswell in the Twcyity-Minth Yearb wk of the National 
Sociely for the Study of Educalitni. 'i hesc antiiors employ a terminology somewhat 
tlitfcrei: fioiii tliat in tills thapter, Init thi- trailer shoiiUl encounter no tlifTiculty 
in tran^l iting the one vocabulary into the 'Hlicr. See: Chailes K. Greene and Guy 
1 . lUiswell. "Testing. Diagnosis, ;>m(1 Remedial Woik in Aiithmetic," Report of 
the Commillce on Arithmetic, TwcWy-nintn Yearbook of the Sational Society for 
the Study of Lducation, Part I, Cliapter V. Public School Publishing Co., Bloom- 
ington, I'll., mo. 

13 A letter from the publisher of many educational tests» who must remain 
anonymous, states: "I tuuld }»i\e you the names of several school systems in which 
cumulative files arc kept of all forms of our tests. We have standing orders from 
these systems to supjjly them with each new form as it appears. Our agents tell 
us thai in these systems the tests are available to all teachers who, if not en- 
couraged to do so, are certainly not prevented from duplicating these tests and 
drilling their pupils in taking them. Then some foim or other of these tests is 
used at the end of the year to measure achievement and to make com})ari.sons 
between classes within the same sysieml*' 
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bers, Fractions, Decimals) and the Compass Diagnostic Tests 
(twenty forms). These tests show the places of difliculty, but not 
the reason for difTiculty or even at times the specific nature of 
diflicuhies. The same tests may be used with the same limitations 
for individual diagnosis. Similar statements may be made (b) 
about the group diagnostic tests sometimes provided in textbooks 
and manuals by textbook authors and (c) about group diagnostic 
tests constructed by the teacher or the supervisor. (In this con- 
nection attention is directed to the earlier discussion, page 233. 
of diagnostic tests.) Diagnosis is better, the closer it comes to the 
inmiediate learning situation. On this account more crucial data 
than those obtainable from group tests are to be secured (d) from 
observation and, in the case of individual children, (e) from per- 
sonal interviews. The Brueckner Diagnostic Tests, mentioned 
above as useful for group diagnosis, may also be used for inter- 
viewing individual children, and the Buswell-John Diagnostic 
Tests for Fimdan.ental Processes in Arithmetic has been espe- 
cially devised for interviewing in connection with the addition, 
subtraction, multiplication, and division of whole niunbers only. 
In the latter, ttie test for each operation requires an average of 
more than a half-hour per child. Since the content in each case 
includes the whole r ange of skills taught, the first and easiest items 
may .safely he omitted in the highfr grades, and the later and 
harder items, in the lowei grades. Or, following the model set by 
the Brueckner ami the liuswell-fohn tests, the teacher can pre- 
pare his own test for iinerviewing. But te.st.s as such are not in- 
dispensable to (Hagiiosis. On the coinrary, from watching his 
pupils day-by-day as they are busy with their arithmetic work the 
teacher may gain his most valuahle insights. The daily lesscm pro- 
vides the ideal time and j)lare both for diagnosis and for remedial 
teaching. As has \)vvn repeatedly emphasized, the practice of care- 
ful and contiinious observation makes not oidy foi help at the 
critical time, but also for economy of effort. 

2. Inventorying^. To determine ''readiness*' lor the work of a 
grade or for some particular arithmetic topic, class c tluation is 
most practicably undertaken (a) through the testing programs 
provided in certain textbooks and teachers* manuals, (h) through 
specially prepared tests constructed according to the local course 
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of study, and (c) througli observation, particularly if cumulative 
records are kept. The last named, (c), does not, however, give an 
adequately general picture of the situation to aid in determining 
what should be done for the class as a wliole. To tlie degree that 
instruction is individualized, however, evaluation should include 
observation (c) as well as (d) interviews whenever possible.* 

3. Short-Time Achievement, For measuring attainment over a 
limited period of time or a single unit of work {a) textbook or 
manual tests, hisofar as they fit the immediate situation, and (h) 
specially constructed local tests are to be preferred. The latter 
need to be carefully prepared; otherwise, important steps may be 
omitted, (c) Observation and (rf) intervie^vs serve supplementary 
purposes, which is to say that they are useful chiefly for evaluating 
outcomes which arc important in the unit as a whole but are essen- 
tially non-computational. {e) Standard tests are of slight value, 
since rarely does their content agree with the local course of study. 

4. Long-Time Achievement, For semester or yearly measures, 
the suggestions made with rc pect to short-time measures hold with 
equal force. The content of tests is chosen, of course, from a wider 
range than in the case of ^'progress'' tests, since the learnings are 
wider in scope. Mistakes of interpretation are frequently made 
by obtaining measures of long-time achievement ("long-time'' in 
the sense here used^l from commercial standard tests which cover 
the arithmetic: content of a series of grades. 

T). Surveys, For comparisons bet^^•een sdiools within the same 
system local instruments wliich are uniform in content may be 
used. These instruments, when intended for grade-by-grade com- 
parisons, should probably contain only the content (skills, facts, 
etc.) taught in the given grade and in grades below that point. 
In this case as many separate tests may be needed as there are 
grades tested. Standard survey instruments are useful, particularly 
when the standings of school systems art to be compared with one 
another. In such cases the test contains ii rough sampling of all 
skills, facts, etc., taught tlirough grade three, grade six, grade eight, 
or some such point. Among the better known tests of this last 

• since this (b;ii>rcr uiittcii. IMofc<<ior lUurrkncr h.is lUHioinurd the puhlica- 
tion of standard rc:idincss tc'<{s for all piorc^scs with whole numbers, fractions. 
<lccimals and pcrceniaj;e. These tests are published by ihe John C. Winston Co. 
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kind are: Analytical Scales of Attainment in Arithmetic (grades 
three and four, five and six» seven and eight), Compass Sur- 
vey Test (elementary and advanced). Metropolitan Achievement 
Test (primary, intermediate, and advanced forms). New Stanford 
Achievement Test (primary and advanced forms). Progressive 
Arithmetic Tests (primary, elementary, and intermediate forms). 
Public School Achievement Tests (Computation and Reasoning), 
and Unit Scales of Attainment in Arithmetic. For critical com- 
ments on these and other standard tests, the reader is advised to 
consult the various annual volrmes under the general title The 
Menial Measurements Yearbook, edited by Professor Oscar K. 
liuros of Rutgers University. The non-ccjuivalence of norms on 
survey tests, mentioned on page 236 above as invalidating compari- 
son of scores for individual pupils, does not seriously aifcct the 
comparisons of large numbers of children or of schools as wholes. 
Nevertheless, the interpretation of test results should always in- 
rlude appropriate recognition of the implications of differences 
in aims and objectives among the schools concerned. 

Mathematical understanding. This section presetus illustra- 
tions of evaluation devices useful in connectitjn with the less 
commonly assessed outcomes of arithmetic. 

L Purposes of Evaluation. So far as evaluation for differing 
purposes is concerned, outcomes which can be classified under the 
term ''mathematical understanding" can be discussed together, 
since the problems relating to evaluation procedures are much 
alike for all of them. Kxceedingly little has been done either in- 
formallv or systematically to find practicable and valid procedures 
for evaluating the outcomes imdcr the heading above. There arc, 
for example, no standard tests available, except (a) two sections of 
the Analytical Scales of Attainment, one devoted to forty items 
testing '^Quantitative Relationships," and the other to forty items 
testing '*.\rithmetic Vocabulary" (these sections being available in 
the tests for grades three and four, fivi? and six. and scvei: and 
eight), and (/;) a shorter section in the Iowa F.very-Pupil l>st. Hut 
these sections do not evaluate learning with respect to all the out- 
comes listed here under Mafhrrnafical UH(lrrslan(li}}<j!;: they do 
not evaluate fully or for all dilFerent purposes with respect to any 
one outcome listed: nor do high scores on these tests guarantee 
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that the knowledge revealed will actually function to affect con- 
duct. They are, however, to be recommended to anyone inter- 
ested in objective means of evaluating in this area. 

For diagnosis, the best procedures in the order of their pre- 
sent practicability are: (a) observation (both of oral and of written 
work), of which samples are given below, (b) the interview and 
conference, also illustrated below, and (c) specially constructed 
tests. The last-named are hardly practicable for the average 
teacher, for the preparation of such tests is as yet highly tech- 
nical. Few ventures would, however, pay larger returns on effort 
than the cooperative work of a group of teachers in attempting to 
devise testing instruments. For their benefit what seem lo be 
promising devices are illustrated below. Procedures (a) and (b) 
are entirely practicable for the teacher who knows what to look 
for. The present methods of preparing arithmetic teachers, how- 
ever, hardly equip teachers with this kind of knowledge. 

Inventorying to determine "reauiness" is likewise handicapped 
at present because of inadequate knowledge of the stages of 
development which characterize growth toward the various objec- 
tives. All understandings are matters of experience, but the essen- 
tial experiences cannot all be had at once. Rather, learning activi- 
ties must be arranged so as to encourage growth from stage to 
stage, or from level of meaning to level of meaning. In tii»ie, tests 
should be available to identify these stages of developi iit. In 
the meantime, the situation is not hopeless. Teachers (a) by ob- 
servations and (b) by interviews can determine whether pupils 
have attained requisite degrees of understanding, and have or have 
not carried a given generalization far enough to warrant either 
its use in a new context or its extension through new activities. 
It is not impossible that (r) tests can be worked out experimen- 
tally and improved with trial. In this case, the sample items 
below can be adapted to the special purpose of inventorying. 

F.valuation of learnlni^* over short periods of time is subject 
to the same limitations as have been mentioned for the other two 
purposes of evaluation which have been discussed— restricted 
knowledge and lack of i)roredurcs which are certainly reliable and 
valid. Reliance for the time must be placed upon subjective 
judgment, that is, on (a) observation and (b) interviews, chiefly 
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the former. Kvciitually (c) tests may be available, and groups 
of teachers may want to try their hand in this direction. 

What has just been said applies also to evaluation of learning 
over longer periods of time. 

For survey purj)ascs, survey tests are required. The only ones 
to be had have been mentioned in the first paragraph above 
under Purposes of Evaluation, 

2. Samf>lrs of Fvaluatioyi Procedures}^ Below are given samples 
of proccchnes (test iicnis, observation, interview) which can be 
used for cvnluatiufj; i^rowih in mathematical understanding. Space 
Hmitations forbid uioir than a few samples in each case. The same 
limitations make it necessary to present each item as briefly as pos- 
sible, without indication of its grade level and frequently without 
its being cast into proper form for testing. 

TivSTiNG Dr.vicr.s 

The following testing devices arc presented in the hope that 
teachers may be able to recognize tlie usefulness of the items and 
adapt them to their own needs and purposes. 

(1) Th(* Mrnuinu; of the \ umber System: 

(L Wiite the larj^c^i (ive-place number you can 

Write the smallest ^i^•c-MKl^.e number you can without using 0. 

<\ Suppose: that the* (iirurcs ;{ and S art* interchanged in the num- 
l)i'r 835. \V:»iiM ih(* new number Ije larger, or smaller, or 
the saine si/c? . 

<L Roanan^e the fi^uies in the number 51.937 to make the small- 
est pO';sible number 

e. Rearrange the fi^i^ures in the mnnber 430,852 to make the 
largest po^^sible number 

/. As (f)ini)aie(l with live-place numbers, are six-plare numbers 
('always, or usually, or sometimes, or never) smaller? 

p^. In the number 7,4(>3 what is tlie largest possible number of 
hundreds? of thousands? 

/i. Among the numbers 56, 93 40iS, and 273 the one tliat has the 

largest possible number ci tens is , and the one with 

the smallest possible number of tens is 

^♦The writer i.s cjratcful to the following persons, in a(Ulition to those mentionetl 
in the text, for assistance in siii^nrcstinj^ sninplc items: Nfr. Lester Anderson, of the 
University of Nfinncsota. Dr. Arthur S. Otis, antl IMofcssor I.co J. Rrucrkner, Pro* 
fcssor Ren A. Suelt/, ami Professor Ilnrry Ci. Wheat, the last three being tncmhers 
of this Committee. 
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i 643 = 500+ . ..... 643 = 600 + 40+ 

643 = 640+ 643 = 403+ 

643 = 200 + 200+ 643 = 603+ 

/. Using the figures 7. 0, 6. 3. 5 write a number with 0 in ten's 

place. 3 ill one's ])lace, 6 in hundred's place. 5 in ten-thou- 
sand's place, and 7 in thousand's place. 
A*. Write the foiu* numbers that couie i ct when you count by Ts 

28 

169 

396 

8857 

99998 

/. Suppose that: I'sing these symbols draw 

\/ means one 1 pic tures for the numbers: 

O means one 10 36r= 



□ means one 100 245: 
: means one 1000 406 = 



2310= 

3005 = 

m, \Vriie the four nimibers that come next in coimting 

by 10*s: 36 

bv lOO's: 857 

bv lOOO's: 7,007 

by 10.000's: 986.437 

\Vrite the number that has; 

6 tens and 3 ones 7 (mes and 9 tens 

54 hundreds and 7 ones 73 tens 

91 hundreds and 6 tens 8 hundreds and 13 ones . . . 

o. Suppose thr't our number svstem had a basic unit of 8 instead 
of a basic unit of 10. Then 11 would mean 9 in our system 
(one 8 and 1). and 23 would mean 19 (two 8's and 3). Tell 
what the numbers below with a basic unit of 8 mean in otir 
svstem with a ten ])asc: 

' 14= 25= 31 = 

(2) 77k' Mfanirig of Whole Numbers 

n. Make 2 rows of circles, wuh 10 circles in each row. Cross out 
enough circles at the end of the second row to have 17 left. 
Draw 10 ballot)tis. Color 6 of them red. 
r. Arrange the followiiig numbers in size, from smallest to largest: 

10/23. 16. 47, 39'. 310. 75, 46f). 298 
(L If yt)U have 58 pennies and lay thetn on the table in rows of 10, 

you would have rows of 10 each and extra 

pennies. 

e, Wnich number is about 4 times as large as 380?^*^ 

15 Items like those from (c) to Oi) wtuihl need to he validated. Knowledge of 
the smaller nuinhcrs is ino'^t eaNilv tested hv nieaiis of aiinal ohjccis, p;roups of 
which are constructed to inatth amioiuiced numbers. The Uirger uumhors, if they 
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270 1500 2700 15.000 
/. About how many 3^-siani|)s could you paste side by side on a 
sheet of paper like this? 
25 50 100 500 

g. About how many pennies could you hold in both of your 

hands at the same time? 

20 200 2000 20,000 

h. If you walked steadily for about an hour, about how many 

ste[)S would you take? 

100 10.000 100,000 1.000.000 

/. In the nunilxT 9.0;J7. the figure 9 represents how many times 
as much value as the figure 3? 

(3) The Meanifigs of Fradioiis, Decimals, and Per rents 

(The reader is vefeired to the excellent teaching and evaluation 
devices which arc suggested by Miss ^^uuble on pages 157-195. In 
view of the number of examples ihde given, but a few supple- 
mentary ones are ofFercd heic. It should be clear that since com- 
mon fractions, decimal fractions, and per cents are but three dif- 
ferent ways ol expressing paits or relationships between ])aits. the 
same device may frccpiently be .used now to measure fraction 
meanings, at anothei- time to measure decimal meanings, at still 
another tiii e to measure ])er ( ent meanings.) 

a. Study the lines below. Then b is ....'^7 ?s long as a. 

answer th2 cpiestions at the a is as long as b 

right. r is ... as long as a. 

n z * * * 1 <^ is ... ; as long as r. 

h _^ • . ^ r* is ... as long as d. 

(' * d is as lr)nir as a, 

d » » » r is . . . ^' as long as a, 

e 1 V e is as long as d. 

b. Blacken lines r, r/. r. and / to make them as long in com- 

parison with line a as you are told to make them. 



a 

Make b % 1^>"S as a. b 
Make r as lotig as a. c 
Make d as long as a. d 
Make e as loi g as a. e 
Make / "J/j as long as a^ f 



c. Study the number of dots in the following boxes and write your 
answers as decimals (per cents, fia(iir)ns). 

are absirnct, are uiulcr'^toori tl.roii^h a)in|)iiiatlon. mid lu'iicc u-stiii^ iinohcs more 
than knowlcdj^c of nunihcr si/e. If lai^er ninnhers aic presciiU'd in concrete 
.sellinK^, as in (0, then lark of e\|KMiemc with some a^^j^cit of the settinj^ niav 
interfere with e\ahiati()n of number mcanin.u[s. In all ^^iich items, too. the alierna- 
live.8 mu'^t he selected to suit the a.i^cs of the pui-ils te.sied. or better, their level 
of understanciing. 
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Box b has as many dots as box a. 

Box b has as many dots as box d 

Box b has as many dots as box r. 

Box a has as many dots as box b (c, d, e). 

Box c has as many dots as box a (d). 

Box d has as many dots as box a (/;. e). 

Box e has as many dots as box b (a). 

Box / has as many dots as box a {b). 



d. 



a h c d € f 

liox a has 8 dots. Put as many dots in the other boxes as you 
arc told to put in them. 

hi bi)\ /; put ^]'^ as many dots as aic in box a. 
\\\ box c put % as many dots as are in box a. 
In box d put 75% as many dots as are in box a, 
\\\ box e put 87^,4% many dots as are in box a. 
\\\ box / put 1.25"as many dots as are in box a. 
In box g put .50 as many dots as are in box a. 



abed 

e. Express the idea '*3 out of 6" 
cent 

79 

(•1) Iml)or(arit Tecltniral Terms 

a. Study tlie examples at 

the rif^lit. Then copy "t;^' ^'^ 
a niuiil)er tliat is: 9290 

a muhiplitand 

a dividend 

a suhliaetion rcmaindci 

a (jiiolient 

a muhiplier . . . 

b. Copy the example sOj 

in which you must —70:) 
borrow a thou- ^ 
sand; a hundred; 
a ten. 

(. Copy the example in 

which you must -r 1:^7 
carry a ten; a " 
thousand; a him- 
dred. 



e t g 

<is a fraction ; as a per 

R 1 

(5/577 
54 563 

37 -475 



4 04 
X37 

:5i;4s 



88 



an addend .... 
a partial proH.ac t 

a sum 

a divisor . ... 



ISK) 

-:^:^7 



^5 



4:^82 

-■Sin 



4147 

--030 



7495 
-013:^ 



14302 

-f ;ui4 



343 
+ 285 
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d. Copy from box A all the 

proper fractions; all the 
niiNcd numbers; all the * 
improper fractions. ' 

e. Copy from box B the frac- 

tion that has 6 for a 
numerator; 3 for a nu- 
merator. 
/. Copy from l)ox li the frac- 
tion that has 12 for a de- 
nominaior; 2 for a de- 
nominator. 
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i^. .Suj)po^c )ou divided each of 3 apples into fourths, and you 
and \our fiicntls ate 7 pieces. Ihe fraction showing how 
nuuh waN eaten would have the figiu'e .... for the numer- 
ator and tlie figure .... for the denominator. 

h. Five hoys average 9S lb. in weight. The average (98) means 
(I) that all the boys weigh this nmch or more; (2) that none 
of the hoys weigh thi.s nuich; (3) that all the boys weigh 
exactly 9811).; (4) that all the boys would weigh 98 lb. if they 
weighed the same. Which? 

Important Matfiernatical Generalizations 

a. Write the word increased or larger, or the word decreased or 

smaller, or the woid tinrhanged or same in the blank space 
in each .sentence. Write only one of these words. 

If a numl)er is multiplied by 0, that number is 

When numbers other than 0 are added, the sum is 

than any addend. 
When whole numbers are divided by whole numbers other 

than 1, the quotient is than the nmuber divided. 

Except when 0 is sul)tracted, differences or remainders are 

than the numbers subtracted from. 

If a number is muliiplied by I, that nimiber is 

In the division of 'svhole numbers, divisors are usually 

than the numbers divided. 

If 0 is subtracted from a number, that number is 

If a fraction or whole number is multiplied by fractions 

greater than 1, that fraction or whole number is 

If vou add the same ninnber to both terms of a fraction, the 

value of the fraction is 

b. To reduce a fracticm to lower terms one must divide both 

numerator and denominator by 

c. I'o change a fractioii to a decimal you divide by 

rf. Fractions cannot he added unless 

e. Decimals can he changed to j)er cents by 

/. .Areas should alwa\s he expressed in terms of linear, square, 
cubic units. Which.^ 
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g. To divide 5.G by 0.5 yields the same answer as to divide 

by 5.0. 

h. To multiply by per cents, one changes the per cents to 

or to 

(6) Process Meanings 

a. Write M after the examples below in which the answers couid 
be found by multiplying instead of by adding: 

4+4= 75+46 + 98= 

7 + 7 + 7+7+7- 49 + 49 + 49 + 49= 

3 + 5 + 7 + 9 + 2^ 18 + 108 + 76 + 23= 

6. 4x0 = 3(5. What other multiplication fact goes with this fact? 
What two division facts go with it; 

r. 37x26 = 962. Write three other relationships between these 
numbers which you know because 37x26=962. 

(L Write the idea of 24 -+6 = 4 as a subtraction example. 

How many seats has a room that has 5 rows of 14 seats each? 
Write first as an addition example; then as a multiplication 
example. 

/. Write add, or subtract, or rnuliiply, or divide in each state- 
ment. 

To find the total of several unecjual nimibers, you 

If \ou know how much one article costs and you know how 

many articles there arc, you in order to find how 

much they will all cost. 
You know how much you had to start with and iiow much 

you have now. To find how much is gone, you 

You want to give eadi of 6 boys an C(iual share of a number 

of marbles. To find how many eatli will get, you 

To get the total of several numbers of tiie same size, the 

quickest way is to 

You know how many sheets of paper you must have and 

how many you do have. To find how many more you 

must get, you 

You know how much yoi spent and how many articles of 

the same kind you bought. To find iiow much each cost 

you 

Draw dot pictures to show mat the following answers are right 
or wrong. In subiracti()n you can cn)ss out dots: -n multi- 
I)li(ation and division you (an draw rings around groups of 
dots. 



12^8= 3 5 + 6^^13 7x4 = 28 

I(i^4= 4 24 ^3r. 9 17-9= 8 

3x0 = 21 15-8= 7 12^6= 3 
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/i. Write the number that completes each example: 

10+():=8x 7-0= 8- 

23-7=:4x 8 + 7= 3x 

63^9^9^ 10^6 = 24^ 

I. Write the signs to complete the following examples: 
7 ... 5 = 9 ... 3 4 ... 6= 3 ... 8 

36 ... 8=4 ... 7 52 ... 7= 5 ... 9 
49 ... 7 = 3 ... 4 72 ... 8=12 ... 3 

(Simple verbal problems provide excellent test material for evalu- 
ating tlie understanding of the fundamental operations, as well 
as tlieir significance or usefulness. Provided (1) that the compu- 
tations are kept easy and (2) that unfamiliar terms and problem 
seitings are avoided, success or failure in problem solving is pretty 
much confined to identifying the correct process to be used.) 

(7) Measurement as a Process, Plus the Meaning of Measures 
a. Write the word more or the word fexver in the blanks. 

To change potatoes from peck measures to bushel measures 

you would need measures. 

You can get dimes than nickels for a dollar. 

You can get 8-inch than G-inch badges from a yard 

of ribbon. 

If you change milk from gallon containers to pint bottles 
you will need bottles than containers. 

If you measure the length of a room with a foot ruler, you 

will need to lay it down times than if you use a 

yardstick. 

The larger the measure you use, the times you use it 

in finding the amount of water in a barrel. 
I. If one inch on a map means 25 mi., a distance of 150 mi. on 

the map would take of space on the map. 

f. Write the correct words in the blanks — square inch, square 

foot, square yard, acre, square mile: 

The area of this classroom is about 1050 

The top of our automobile is 2J in area. 

Mother used 64 of cloth for a Christmas handker- 

chief. 

The area of the Fair Grounds is 60 

Mv arithmetic book, when opened up, covers an area of 
70 

Our country has an area of 6500 

rf. Write the correct words in die blanks — ounces, pounds, or tons: 

Our kitten weighs 15 

Fourteen men together weigh about 1 

My candy har weighs 3 

A kitchen chair weighs about 12 

Six pencils together weigh about 4 

A large coal truck can carry 6 
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175 


1500 


98 


(600) 


115 


286 


878 


1750 


7000 


10,000 


2000 


700 


<)50 


900 


13G8 


4600 


27,500 


350 


750 


110 


8 


72 


l.() 


800 


112 


15 


43 


200 


140 


90 


10 


380 



(8) Malheviatitul Relationships, Etc. 

a. None of the answers for any example is right, but one of the 

answers is nearer riglit than any of the others. Draw a ring 
around this numhei. Do not work the examples with paper 
and iJC'tuil. 

In the first, exainnie \ou think, "88 is nearly 90; 7x90==630; 
600 is nearest the answer, so I draw a ring around it." 

In the second exanijjle, you think, "970 is nearly tens; 

9S tens divided by is tens; is nearest 

the right answer, so I draw a ring around it." 

In the third cxanijjlc. yon tliink, "4960 is almost hun- 
dreds, and 3120 is a little more than hundreds; 

when I subtract I get hundreds. So is nearest 

the right answer, and I draw a ring aroimd it." 

Do the other examples in the same way. 

7x88 = 
970-f-S = 
4960-3120 = 
788 + 110 = 

3012-f-9:= 

9x.89 = 

13-7,.;,= 

b. Write the next two ntmibers in the incomplete series: 

2 4 6 60% 52% 4}';; 

1 00()<5 .0048 .0:584 

89 67 45 108 36 12 

4.5 1.5 0.5 12 6 3 

r. By studying the first three examples worked out for you in 
each set below, see if you can tell what the missing number 
in the fourth example in each set should be. Do not work 
out the fourth example; just study the first three. 

18x37 = 666 1 x9 + 2=11 

21 x37 = 777 12x9 + 3=1 11 

24x.37 = 888 123x9 + 4 = 1111 

27x37=... ... x9 + 5=ll.lll 

1x8 + 1=9 28x 15,873 = 444,444 

1 2 X 8 + 2 = 98 35 X 1 5,873 = 555,555 

123x8 + 3 = 987 42 X 15.873 = 666.666 

1234x8+4=.... .. X 15. 873 = 777.777 

9x9+7=88 1x7+1=8 

98x9 + 6 = 888 1^x7 + 2 = 86 

987x9-1-5 = 8888 123x7+3 = 864 

. . . x9 + 4 = 88.888 1234x7+4=.... 

d. If the answers for the following problems are silly, write the 
correct answers. 
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A rooMcr .siaiuling on one leg weighs G^^ lb. When he stands 

on botli Icii's lie weij^hs 13 lb. 
If it lakes 3 niin. to boil an egg, then it takes 18 min. to boil 

(j eggs together. 
If a man earns $5.00 a clay, lie earns S30.00 in 6 days. 
To give each of his b friends a piece of pie and to keep a 

piec^e of the same si/e for himself, Henry cut a pie into 

5 pieces. 

Mary needed 18 in. of doth lo finish a dress, so she bought 
half a yard. 

June who is very greedy look % of a siiek of candy instead 
of so as to gel nioie. 

e. Dr. A. S. Otis has suggested the need for problems which can 
be solved by ingenious or resourceful procedures. One ex- 
ample is as follows: 

How many badges 'S\ in. long can be cut fnmi a ribbon 
22^ in. long', and Ik'jw nuuh ribbon would be left? 



The u.sual solution is: 

for the lirNi pan 
,5 ,,1 loi / 



8 
1 



2 8 



181 t iHi i:}, , 

X - =: — () — l)adKe5 
7 28 18 ^ 
•i 



for the second part 

28 ' li 8 

4 

or 1 - in. 
8 



The resoiirceiul solution is: 
for the first part 

Think that if one badge takes 
3i in., 2 ol them will take 7 
in. Then there will be as 
many pairs of badges as there 
aie 7*s in 2^1 in. 



for the second part 



There are obviously 3 pairs 
{21~-7 = 3). or G badges, and 



(without writing) 
theie will be 1 5 in. of 
ribbon left 
(22'^-21 = lo) 

It is Otis* belief, wliidi the writer shares, that this kind of 
resourccluhicss can and sliould be taught. 

(9) Rationale of Com put at ion 

(Some students o[ luiilunetic wcjuld not teach all of these logical 
relationships to c liildicii. TIk' wiiicr would, but he offers the 
testing devices below wiih full awareness that many would not 
favor Lhem. It should be understood that the writer here seeks 
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to test uiulcrstaucling and not the thought processes actually to 
be used by chikhcn. Tliese thought processes are of course xnudi 
shorter and more cUrccl.) 

rt. Study the work at the right. Then write the missing 2_ 
niuuhers or ^vords. 7/169 

The dividend is It contains only 1 hundred, 

so that it cannot be dixided by the divisor, which is 

The dividend has tens ( +9 ones). 16 tens-f-7 = 2 

The quotient figure is written above the 6 of the 

dividend to show that 2 means 2 

b. in the example 5/1% the first quotient figure is 9; it is written 

above the figure in the dividend, to show it means 

9 

c. In the example ^'^^ '"^t quotient figure is It is 

written above the figure of the dividend, so as to show 

that it means so many 

d. Study the example at the right. Then write the 4876 

numbers or words that are called for. +3417 

()-i-7~ ; write , and carry 1 

AtUl the tens: I +7 + I- (tens) Write 9 in place. 

Add the hunchcds: ... ^ = (hundreds). Write 

in the hundred's \)huL\ and carry 1 

Add the thousands: 1+ + Write 8 in 

the place. 

c\ In the subtraction example at the right, you can- 4364 
not subtract the ones. \) irom K so you borrow —29 19 

1 from 14--D^ ; write the 

figure in place. 

Subtract the tens: -1 = lens. Write the figtire 

in |)hice. 

Subtract the : 3 — 9~> \'ou nuist borrow 1 from 

n (hundreds)-9 (hundreds)r^ Write 

the figLire in .... place. 

Subtract the thousands: -^2=:= (th*.nrsands). Write 

the figure in place. 

/. In the multiplication example at the right the mul- 12 

tiplier contains 3 and ones. x34 

When you multiply by 4» you nudtiplv by 4 ; "48 

when you multiply by 3 you nuiltiply by 3 36 

4x2=:: 8 Wiite 8 in plate, under 2 and 4. 

4x 1 (ten) -4 AViitc 4 under 1 and 3 in place. 

3 (tens) X 2 = 6 Write (iin place, under I and 3. 

3 (tens)x 1 (ien)r=3 Write 3 in place. 
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EXAMPLES OF OBSERVATION AND IN l ERVIEW 

The iew examples given below relaLc. for the most part, to 
niniputational difliculties. Nevertheless, they aie described here 
under mathematical understandings, since the computational 
difliculties seem to have arisen from ignorance of principles, 
inade(iuate C()nce])ts. and the Uke. 

Miss Thelina Tew.^'^ in a fairly u'cll-controlled experiment in 
u'liich she undertook to teach children the division of fractions 
by the Connnoii Denominator Method, noted two faulty pro- 
cedines which were pecuHar to this method. One procedure was 
to reverse the p(;sitions of dividend and divisor, as in solution (a). 
The other pnx'cdure was similar; it consisted in reversing the 
positions of the t\V(; numerators, the fracti(;ns. howe\er, being 
retained in their C(;rrect positic^ns. This ])rocedure is illustrated 
in (b): 

1: :? ij J 

. li .5 li a 

Both errors arose from the expectation of a whole number as 
the answer and the unu ilUngness to accept a fraction (1/3). The 
exar.-ples used to introduce the Common Denominator Method 
had all had whole numbers as answers. Once the nature of the 
error had been determined by observation of the pupils' written 
and oral work, the necessary remedial instruction was at once 
aj)j)areni. 

Miss Hilda Briem.son^' interviewed chiklren. using the Com- 
pass Survey Test for this purpose and reporting on their work 
habits with decimals, per cents, and common fractions. Four 
pupils arrived at the answer 1.75^;? for the exani])Ie: I'J of 
N= of X? Their explanation was. "Change the three- 
fourths to seventy-five hundredths. 1 knew that three-fourths is 

I'iThclma 'lew. '^Tcachinj; Division ol Fi.utions hv the Common Denominator 
Method." rnpiihiishtd Mastfi\ thiMs in education. Diikc L'niver.sitv. Durham, 

N. c. nm. 

17 Hilda Nfay RritMn^nn. "Some Causes of Krrors in Percentage." Unpublished 
Masters theNis in cthuation. West \'ir^ania L'uiversity, Morgantown. 1936. 
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the same as seventy-iive huiidredths. One would be oneNjnm- 
drcd." The element of complete meaning is clearly lacking in 
this instance. 

Miss Biicnison, whose whole thesis is filled with excellent illus- 
trations (;l the value of the interview, also found tour pupils 

giving the answer 55/100% for the example: .55 of N= 

t)f Nr On being questioned tliey stated their procedure as, "I 
changed fifty-five hundredths, a decimal, to fifty-five one hun- 
(Ucdths." Again, a very serious deficiency in meaning is re- 
vealcd.*'* 

Miss Kdwina Deans, a second grade teacher in the Evanston, 
111., schools, has suj)jjlied in personal correspondence the fol- 
lowing examj)lcs ot observation and interview: 

**I a^kcd one (hi Id how lie knew 8+1 so well. (He didn't have a 
good undtMMantliiig ol oihcr (.onihiiiations with sums of 11 and 12.) 
He said, 'I alwaN.s lenieinbei' the egg box you showed tis,' We had 
used the egg ho\ loi linding the -I's and 3's in 12. 

*'A (oujjle ul days ;igo Riiliard was rej)oning on some reading he 
had been iloiiiii. lie said, *A siage coadi could go a thousand miles 
an houil* li was inteiesting to hear the children's amazed comnieius. 
. , . * 1 he *'ll)0'* (a Northwestern train) goes only 117 miles an hour. 
A nain goes much faster than horses.' 'A horse can't run as fast as 
a (ar can i>o. and a irain goes faster than most cars, A car goes only 
").") or fit) miles an hour/ The conclusion was obvious: Richard was 
advised lo look up his info! niation again. 

**I ^vanied to see whether children who had been taught the mean- 
ini> and i omjjosiiion ol" munbers could learn to boriow- in subtraction. 
( I his skill was not in the (ourse of suidy; I was merely euriou.s to 
see Avhai su( h diildien could do with a mininunn of instruction 
on this skill.) I WKJie ihe eKanij)le (52 — 37 on the blackboard in ver- 
U(al hum. 1 his is whai jimmy said, alier Ruby had been '.stumped' 
in Inuliri.L; ihai she (ould noi make tlie first subtraciion (2 — 7) at 
onte: *\ou lould take 1 from (i.* I asked, 'Why can you do Uiair* 
jinmiN lejilied. 'IJetause it's (i tens, and you need len ovei* here, so 
ii will make 12. 12 uike a\vay 7 is .^). (On quesiioning him later I 
lound that he had ,i»ouen T) by iliinking '7 from 10 is 3, and 2 more 
is Tj.*) 3 lioni !) is 2.' 

"When )ur ladishes tame up [this ohvituisly wixs in ronncdion wit!i 
a gaiden unit or j)ioje(i] we had to decide h(jw t(j think ab(jut them. 

i**An cnccIIlmh u<q of oljvcrvation i;in;ii\Nis (^f wiittcn work) in this s.niic aioa of 
pen tilt. i^c will he ftuiiKl in thr irfcicnd-: Aithur KdwanU. "A StuiK ot Knois 
in I'd I cntMLic/* Tii-rtiix nitilh YnuhDok i)f ihr Xaliounl Sf)r//»/y for ikr Sludy of 
L'hirnUnn, J'urt 11, Cli.iptcr rul>lic .Sch(K)I Puljh'shin^ Cio., RloomiuKion. 111. 

mo. 
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Our pioblcnis uere: (1) How many shall we leave in each row? (2) If 
we leave -1 in each row. shall we have enough for 2 radishes apiece? 
(We have 28 childien in our room, and there were 10 rows of radishes.) 
(3) If we leave 5 in each row, shall we have enough for 2 radishes 
apiece? (4) What, if we leave G in each row? 

^ "I had the children make dot pictures for counting by -I's, 5's, and 
6\s. No attempt was made to have the children learn the multipli- 
cation and division facts they discovered. I merely was trying to see 
how they could think in terms of these processes. Their work, as I 
observed them doin^ ;t, and also as I saw the results on their papers, 
gave me just the information I needed." 

Pupil Reports, Projfxts, etc. 

No samples of evaluation by means of pupil reports, etc., are 
given here. The chief reason is that they consume a great deal 
of space. If the reader will refer to the di.scu.ssion of this pro- 
cedure on pages 210-211 preceding, he should be able to under- 
stand how number and quantity could appear in units, projects, 
and reports in ways which would reveal the pre.sence or ab.sence of 
mathematical understandings. 

The wTiter has before him a second grade imit on the Post 
Office and the Mail, through which the teacher (Miss Edwina 
Deans) has been able to provide many experiences with number 
in circumstances which are as suitable for evaluation as for teach- 
ing. Such experiences are particiUarly helpful for disclosing the 
level of children's thinking. Thus, in comparing the cost of an 
ordinary .stamj) and of an airmail stamp, the teacher can see 
whether they count, or use concrete objects (like marks or pen- 
nies), or can find the answer by the use of meaningful abstrac- 
tions. 

Sensitiveness to the quantitative in social relations, etc. The 
various outcomes within the third group of arithmetic outcomes 
(see page 232) lend themselves with differing degrees of success to 
measurement by means of tests. There are no standard te.st.s to 
evaluate growth toward all these outcomes or toward anv one fullv. 
The nearest ap[)roaches are mentioned below. The first two out- 
comes in thi.s group can probably be subjected to formal written 
testing better than can the others. Samples arc given in the fol- 
lowing pages. 

For the evaluation of the other outcomes, the most fruitful 
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procedures are (a) observation and (b) pupil reports, projects, and 
the like. With regard to observation, tlie teacher (1) may proceed 
informally, noting the extent to which pupils habitually describe 
])ersonal uses of number in and outside the classroom, voluntarily 
bring matter from magazines and newspapers which contains 
quantitative data or accounts of business or engineering events 
in which number plays a large part, etc. Or, (2) he may arrange 
ahead of time situations which permit better controlled observa- 
tions of children's use of number, if such is their habit. Perhaps 
no other classroom device offers more o{){)orl unities for either 
type of observation (if the opportu'Mtics are but grasped as they 
usually are not) than does the activity-unit, in which number 
occurs in a truly functional way. 

As for pupil reports, projects, and the like, reference is to 
special pupil projects, reports, excursions, readings, dramatiza- 
tions, picturizations, tabular presentations, billboard exhibits, 
scrapbooks, homemade models, etc., which reveal number in its 
historical and in its current social applications. 

Neither (a) nor (h) has been exploited to anything like its pos- 
sibilities. The close relation between teaching and evaluation is 
here clearly apparent. Children become sensitive to number and 
come to use number as they experience it in useful ways and are 
encouraged actually to use it; and the:5e same conditions of use 
constitute the best basis for evaluation. Also, they help to in- 
sure that the habits of using number acquired in school will be 
available for use outside of school and later in adult life. 

Varying purposes of evaluation. No value attaches to a discus- 
sion of the separate outcomes in terms of the purposes of evalua- 
tion (diagnosis, inventorying, etc.). While development in these 
areas of growth resembles growth in mathematical understanding 
in being gradual, about all that can be hoped for now is that 
teachers shall be aware of the need of providing opportunities 
for children to see the applications and the usefulness of number, 
that they shall actually provide them, and that they shall regu- 
larly observe the nature of their pupils' behavior in social situa- 
tions involving number. Here a^ain evaluation is subjective, but 
none the less valuable than if it were objective in the strictest 
sense. 
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rKSTiNG Devices 

Vocabulary y Knoxcledji^e of liu.siness Practices^ etc, Grossnickle^® 
prepared a vocabulary test ol' sixty-eight business and social terms 
dealing with taxation, stocks and bonds, banking, insurance, mer- 
chandising, building and loan associations, and installment buying 
(only one item each tor the last t^v•o;. His test consists of multiple- 
choice items but has never been published or, to the writer's 
knowledge, standardized. The reference does, however, contain a 
useful list of important terms. 

Part of the terms in the \'ocabulary part of the Analytical 
Scales of Attainnunu (grades three and four, five and six, seven 
and eight) are such a*? fit in the present category — for example, 
exchange, withdraw, dues, overdue, wages, discount, cargo, profit, 
etc. 

It is not particularly difhcult to frame test items for such terms. 
(To make thcni good items is another matter.) Below in a h 
are given samples in the multiple-choice and the Yes-No forms. 
In i is given another form of testing, which would seem to make 
the evaluation somewliat more functional. 

a. The nioney one pays tor protection on an insurance policy is 

called the (1; premium; (2) the dividend; (3) the discount; 
(4) the conmiission. 

b. Or, the premium on an insurance policy is (I) the amount of the 

policy; (2) the nuuicy retained at the end of the year; (3) the 
length ot ihe turni of protection; (1) the payment made regu- 
larly for protection. 

c. To receive money on a chuck made to our order we must (1) pay 

a tax on it; (2) indorse it; (3) disccmnt it; (-1) make out a note 
for it. 

(i. Or. when one indorses a check, one (1) writes his name on the 
back; (2) puts a (Int(' f)n it; (3) signs the note as maker; (4) de- 
posits the money at the bank. 

e. A mortgage on a proj)erty is cme form of security of a loan. 

Yes No 

/. Dividends from a coni[)any\s earnings are paid on conmion stock 
befciie they ire paid on preferrecl stock. Yes No 

By the face of a note is meant the side of the note which con- 
tains the maker's name. Yes No 

^9 Foster F. OicKsincklc. "f'oiicept^^'n Social .Nrithmen'c for the Eighth Grade." 
Journal of Educatinual Rtsonrh, 30: 475. 188. Maich, 1937. 
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h. Customers receive a commission when they purchase goods of 

ajicntj^. Yes No 

i, W'miv the (on cn woid or woids in each blaak space. The words 

to l)c used arc hstcd at the right. 

The V and (i Grocery Co. regularly takes its interest 
nuMiey to the iKiiik every luorniiig. Last Tues- face 
day Mr. lilack had tliis responsibility. Of discount 

couise, he had to make out a deposit 

showing all the cash and checks he was putting slip 

into the bank. Each check he had to date of 

for the company. The of one note maturity 

was lor S12U.()0. It was to draw at indorse 

the rate of 5^;;., for 90 days, and ilie proceeds 

was October I. The gioceiy (onipany, how- 
ever, wanted the money at once, so Mr. Black 

asked the bank to the note. This 

the bank was glad to do, and gave credit to 

the gnueiy company for the which 

anunuucd to $1 1S.2(). 

Graphs, Tabular Malarial, Siali,s/ics, etc. No samples are given 
unaer this heading, for the reason that many are to he found 
in textbooks and workbooks. It is rather easy to devise ade- 
cpiate test items of an objective character both in the way of 
constructing and in the way of interpreting statistical, graphical, 
and tabular data. In the interpretation of such data, pupils can 
be called upon, by means of multiple-choice, matching, and 
true-false technicpies, to identify items, answer questions of fact, 
trace relationships, and the like. 

Awarrnrss of the Usefulness of Number, etc. The most valid 
evaluation is made by means of ob.servation, pupil reports, proj- 
ects, etc. An indirect means of measuring the outcomes muier 
this heading is offered through objective test items which cover 
a great variety of social situations in which number is used. 
Hiese situations for the purposes of evaluation must, of course, 
be selected with proper regard foi* the experiences normally to 
be expected of children of the given age. Samj^les are: 

a. Is a city block often a mile long? Yes No 

Do guns used in war sometimes slioot 10 mi.? Yes No 

r. Would you expect to get lollipops for 10^*? Yes No 

Would 20 gal. of lemonade be needed for 30 chil- Yes No 
dren at a pitnii? 

f\ Can you throw a baseball 500 ft.? Yes No 
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/. If you sleep 10 hr. a night, is that as much as 2 mo, 
a year? 

j^. Do we use setoiuls to express the length of a 
month? 

//. Do we weij»h coal as carefully as gold? 

/. Are things sold in prei)aied j)ackagcs in order to 
make ihem cheaper? 

/. Do people hoard monev when tiiucs aie good more 
than when times are had? 

A*. Arc there eight sides on a cid)e? 

/. Is term insurance the cheapest kind of life insur- 
ance? 
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Nn 


Yes 


No 


Yes 


No 


Yes 


No 


Yes 


No 


\cs 


No 


Yes 


No 


Yes 


No 



Observation. Intkrvifav. Pith. Projkcts. Rkports, Krc. 

As has been stated rei)eate(ry. formal tests have relatively little 
vaUie for evaliiatinij growth toward the objectives subsimicd 
inider quantitative sensitiveness. The reason is that even if test- 
ing devices can be constructed, ihe\ still are artificial. Tlie 
essence of c\aliiation in this aioa is to "catch" the oehavior in a 
finictional setting, and test.^ are not functional so far as the uses, 
appreciations, etc., in this i»roup of outc<nnes are concerned. 

On the other hand, obsr ) varu)n and the irsc of j)upil j)rojects, 
reports, and the like can be n st etfecti^'e for evaluation, '['he 
reader is again referred to Nf* s "mhle's chapter, csj^eciallv i)aees 
181-195, where arc picsenied Mni^Ies of iniits and i)r(ijects which 
contain, or niav be made to contain, manv i-Ji)[^ortunities for 
evaluation. 



coNci.rniNc; sr vrKMr.x'r 

I'he concepticm of evaluation vvhich has been achamed in the 
foregoing pages obviously places a heavy resjn)nsibi!itv npou the 
classroom teacher. Standarc^ tesis. wlun proi)erly selected and 
properly used, arc of some service in meetin-^- this responsibility. 
More heli)fnK when exaluation 's undertaken for the direction 
of leavnimj. .ne locallv j)repared paiuM-and-pencil tests. Neveuhe- 
less, throughout this discussion f.ir the greater emj^hasis has been 
placx^d upon the insights vvhich are to be had from the con- 
tinuous atid enlightened cpiestionitig and observation c^f children 
while they are engaged wiih their daily vvork in arithuietic and 
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with their projects, units, and the like, in which arithmetic 
phiys an important part. 

If it be granted that the purposes and means of evaluation 
here outlined are valid, we face the Msk of implementing this 
conception. Certain obstacles \\'hich at present hinder progress 
must be eliminated. In the first place, teachers of arithmetic 
must receive a different kind of training from that to which they 
are usually subjected. Their training must be made functional. 
This is but another ^vay of saying that they m.ist be prepared 
for their teaching duties in a way which reveals to them the 
peculiar nature of those duties. Among other things, they must 
examine the subject matter they are to teach in the light of 
modern theory, which stresses, besides computational efficiency, 
both the mathematics and the social applications of arithmetic. 
Too, they must view the subject matter as the learner views it, 
and not merely as does the adult who has completed his learning. 
Otherwise, teachers can hardly appraise correctly and s^npa- 
ihctically the difficulties children meet in developing skill in 
quantitative thinking. The child-view of arithmetic is best at- 
tained by working directly with individual children and by inter- 
preting v.'hat is observed in terms of growth toward this ultimate 
objective. Even so, programs of teacher training (ixud $o also 
of classroom teaching and evaluation") will be handicapped until 
the second and third obstacles to progress hiwc been removed. 

The second obstacle is om- ignorance of the characteristics and 
nature of sound arithmetical learning. As is pointed out else- 
where in this volume, little research relating to arithmetic has 
been oriented with respect to the child and his problems in 
learning. Compared with the large amount of research on other 
phases of arithmetic, the amount devoted to careful investigations 
of learning as such has been small indeed. "I'liis general neglect 
of the child and his learning is reflected also in the measures 
which have been u.sed for evaluating teaching methods and de- 
vices, for example. Seldom indeed does one encounter evidence 
that research workers have been concerned ^^'itIl the (jualitative 
or subjective phases of learning. If teachers are to liave the in- 
formation they sorely need to improve their instruction and their 
evaluation, research must be given a new direction, a direction 
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which is well indicated at the d of IMofessor McConnelTs 
chapter. 

The third obstacle which pixn cius the implementation of eval- 
uation of the kind here ad^' -^-^ted resides in current materials 
of instructions. Many of oui arithmetic textbooks are still little 
more than outlines of the subject in terms of the skills to be 
taught, and most workbooks still deserve the designation of drill 
pads and practice booklets. In textbooks and workbooks alike, 
explanations of operations and computational activities are com- 
monly restricted to directions of what to do and how to do it. 
The luidcrlying mathematical principles are not consistently 
called to the attention of pupils (or of teachers'). Ai?ain with the 
exception of verbal problems, which after all contain few social 
applications that represent vital and real needs on the part of 
children, textbooks and workbooks do relatively little to instill 
an awareness of the significance of arithmetic and to develoj) 
habits of using arithmetic. And still again, textbooks and work- 
books are commonly ahnost silent on suggestions for evaluating 
the degree to which children understand what they learn and are 
sensitive to the (juantitati\'e aspec ts of their lives. The impro\ e- 
ment of texts and workbooks is one of the surest .uid most im- 
mediate means of redirecting teaching and evaluation in the 
way described in the foregoing pages. 

None of the three obstacles here discussed is insurmountable. 
Likewise, none of them will be removed merelv by pious hopes. 
If these obstacles are to be eHminated, they will be elin:inated 
only by diligent and cnligh.ened effort . 
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Chapter XI 
RECENT TRENDS IN LEARNING THEORY 

TllLIR APPLICATION TO THE PSYCHOLOGY OF ARITHMETIC 

BY T. R. McCONNELL 

UNIVERSITY OF MINNESOTA 



LEARNING LS A CHANGE IN THE ORGANIZATION 
OF BEHAVIOR 

Organization a primary aspect of behavior. Newer trends in 
the psychology of learning einphasi/.e the primacy of orgnniza- 
tion. This principle can be illustrated in a variety of ways. For 
example, human beings — and animals for that matter — respond to 
rrladous among slinuilus objects. This characteristic of behavior 
was clearly shu^\•n in a series of experiments on "ecpiivalent stimu- 
lation/' designed to permit variation in details of the stimulus 
situations to which the subjects reacted, while the general pattern 
in the situations was held constant. Among the several experi- 
mental tasks were (1) a dillicuk number maze in which all the 
numbers on the sheet were changed by certain sums in the several 
variations, and (2) a complex pencil maze in which variations 
were secured by printing the maze in difTerent scales. The experi- 
ments demonstrated first of alb that when stimuli were varied 
within certain rather wicU* limits as far as their absolute charac- 
teristics Vvcre concerned, learning did not suffer provided the 
internal organization of the stimuli remainetl constant. The 
results indicated, furihernunx*, th;U. wlvxt the subjects learnetl in 
these experiments was not a loosely connected series of specific 
reactions but a highly organized response. In the pencil maze 
task, for example, the group which practiced with a maze of the 
same pattern but of different size on each repetition learned as 
efliciently as the group which practiced with mazes itlentical in 
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both size and pattern. The former group could not have prac- 
ticed the same movements eadi time. They learned, not a chain 
of specific responses, but an organized reaction pattern in which 
the particular movements were subordinate to tlie general con- 
figuration.^ Sucli data as the results of these experiments em- 
pliasi/e the priucij)le that learning is not the acquisition of items 
of information or s!;ill. or ot a multitude of discrete reactions, 
but is a change i)i the org(niiz(ilion of behavior which L>ives the in- 
dividual more effective control over the conditions of experience. 

Form or phui facilitates memorization. Research on luunan 
learning has also shown that the presence of for^n or phni in 
material to be learned greatly facilitates memori/ation if one 
discerns the pattern. I'iius, a list of numbers arranged according 
to a definite scheme can be learned much more easily than an 
"unformed" series of tlie same len.i;ih.' Recent studies have 
revealed that some kinds of .i^rouj^ing, or oi'gani/ation, are more 
effective than others in Iciuning, In one of tlie experiments, four 
comparalde groups of subjei is were recjuired to learn the lollow- 
ing series of numbers in toiu* dilfereiit ways. 

LM* :J 3 :5 <) 4 0 -1 3 4 7 
a 8 1 2 1 T) 1 9 2 U li (3 

Ciroup I was told iliat the nunibers were arranged according 
to a principle, and iliat both rows were built according to the 
same rule. For (iroup II the numbers were presented in the 
following way: 1^;);^ iVM) 101 ;5}7. l*o (;roup HI tlie numbers 
were given as amounts of ^overiinieni expenditures, tli.u is, as 
S2,?):;:?,:Uil.01:M7 in H)LM) and S-^).SIl^.i:)l.l)l^l^.l^r, in Wm. (Moup 
I\' was given a lecture on gtuernmetu expeiiditureN in which the 
following numbers were j)reseme(l and reierred to with the proper 
exj)erimental fre([uency. 

S2.!K^:! mihion SI T). 1 !)2.2i:(i.0n() 
Sj.sIl* niinion .'>;5r).!() !.:M7.0n() 

The results greatly favored the fiist of ilic four tvpes of arrange- 
ment on f)otli immediate and del.ived reproduction tests. The 

■ R I(t|>tT .iiitl n. (). 1 ti juT. '*Aii lA|»tM iinrnt.il Stiuls of Icjuis.nt'iH Stiinula- 
lun\ in llMin.m l.f.iinin.;." jnuniiil nf {,rnr)nl l\\r}\.tl>> -\ , (i : :M l-;^7(). Apiil. 10.12. 
I. \\ (fiiillonl. ** I hf Rc>It» o! rmiii in l.tMinnii;." Jimnuil n\ E\ju*ritncniul 

Ps\thnlu,;\, It): UT) IS-J. OtlnluT. UlUT. 
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investigator concluded that various types of grouping may aid 
learning, but that some fori as of organization are more '^adequate*' 
than others. The most adequate, he concluded, were those based 
upon inirinsic relations. The organization of a series of numbers 
according to a principle is an example of the kind of grouping 
which seems most effccti\e for learning and delayed recall.^ 

Intrinsic rehitions in number system. In arithmeiic, the num- 
ber system provides the intrinsic relations which constitiue the 
basis for understanding and organizing tlie multitude of specific 
skills and abilities which are included in it and controlled by it. 
This closely knit system of ideas, principles, and processes has 
a ineanim>' which will not be revealed bv dealing with the 
elements alone. Ry failing to teach the basic principles o{ the 
decimal system, and by recjuiring the pupil merely to memorize 
a host of discrete nmnber facts, we deprive him of the only 
effective means of generalizing his number experience*, and of 
api)lying his learning intelligently in new situations. Unfortu- 
nately, arithmetic has been analyzed, as Wheat explains. **into 
a multitude of combinations, processes, fornudas, rules, types of 
problems, etc., and the pupil is taught each in turn as a .separate 
item of experience. Often, when he has completed the course, 
he knows only those parts that he can still remember, and they 
all seem to liim as separate and inirelatcd combinations, processes, 
formulas, rules, and types of problems to be soUed. Finally, when 
his memory for these separate items fails him. lie lias nothing 
left to carry into his adult world but the meaningless, unin- 
teresting, and unpleasant experiences that liis classes in arithmetic 
seem to ha\ e provided for him.' * The purpose of systematic 
learning in aritiimetic. on the otlier liand. is to provide pupils 
"witii method.? of thinking, with ideas of procedure, witli mean- 
ings inherent in number relations, with general principles of 
combination and arrangement, in order that the (piantitative 
situaticms of life may be handled intelligently. . . 

Learning as differentiation. The principle that organization 

••t». K.iton.i. ())^,tfih*ni; Mr imtttuni:^. (!oluiiihi;i l'ni\otsiiv Ticss. Nlw York. 
lOin. 

» il. (;. WluMt. I'hr hnl.yi;\ ttml Trn< hiu^ of Arithttirfir. p. 157. D. C. Hcalh 
aitii (ioinp.iiu. Ik)su>ii. U)!^7. 
p. im. 
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is a primary aspctt ol human behavior is also iUustratcd by the 
fact that the most elementary adjustments iuNolve hij^hly struc- 
tureil activity. The first efforts of the child io manage the (|uan- 
tiiativc asj)e(ts of >wjjeriencc provide evident e that alth()us;h his 
behavior is rehitively U)i<li{}(ncntiate(l, or unparticulari/ed, it is 
none the less organized. The comse of development in behavior is 
often from the whole to the part, fiom the general iu ihe specific. 
This process of growth is called differentiation, whith has been 
defined as "the emergence of a feature or detail of the original pat- 
tern om of its setting to become a new* and particularized whole."'* 
The phenomenon of the differentiation of specilit details liom a 
more generalized resj^onso is evident in the way in whith the child 
learns to count. Clontrary to the usual assumj)tion.s. the child's 
number ideas do inn begin with counting. .\ recent study indi- 
cates, on the contrary, that "a group of objects meaning *many' 
to the chihl is not dilferentiated first into a nudiitude of ones. 
.\ gross differentiation precedes this more ({)mplc \ diUVrcntiaiion: 
llie division of the ginup is made into moif ()i liss nne(iual 
subgroups. . . ."^ The diild does not need ttj cnunt to c()nii)U'- 
hend the meaning of moie or hiss. The itlea of ecpial is somcwh.at 
more difficult, but can aLso be grasped without ((unuing. The 
study just (juoted revealed that it was t)nly at a latci st.ige that 
a gioup was tiividcd intt; honujgeneous p.uts {)n the basis of 
mnnbcr. The data also .showed that the (artlinal antl ordinal 
ideas of number emerge logetiier. Clounting at(*{)mpanies this 
process as a relatively lafr phase of differentiation. Countinq; is 
a particularized, specific, refmcd method of (lealin'4, with groups 
of objects. But it is also unportant to note that conntiiiLi; piovides 
a syytemaii( . organized means of dealing with the dist riminated 
individual members of a .t;Toup. It involves a peneptinn '>f the 
relationship of the [)art to the whole/ ( nunting is .i me.ms ol 
discriminating the tnembeis of ;i ^iouij. It is also the means of 
grouping or oryani/ini;* indi\itlu:d 

DifTerentiation has also been deimcd as "the prt^i^ressive expli- 

W. I) C i-mrnins. Pi !*!fi !-'r^ nf f .iuttitwunl h'- ■ >'^\ , p S.'U. Ron.iiti Vjc\^ 
Co. 10:^7. 

' \. Nf. RiisscP. \ritlitnrtir:il roiurprv of Chiliiif-n/ fnnt^i^il ftlurtilmun} 
^ Wh<»at. op. nt., p. 20. 
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caiii;n of detail in an implicitly apjMchcnded whole/* Beginning 
with a relatively undiiFcrentiated pattern, the structme or the 
significance of the whole may become more explicit and the 
details which arc relevant may become more distinguishable. 
This continuous diiFerentiation v)f an idea or piocess occm^s con- 
stantly in meaningful learning in arithmetic. Wheat points out 
that the idea of ten and the idea of position are two of the core 
ideas which run throughout arithmetic* systematically taught and 
learned, from beginning to end. He explains the development 
of these ideas as follows; 

a glinnueiing of ilicsc ideas at the beginning helps the pupil 
to iccogni/c and icly upon tui:m in the adding and subti acting of 
tuo-phuc numbcis, "C;aM\ing" icns in addition, subtraction, and 
nnihiplitation, and (li\i.sion by two-plaic numbers gives oppoitunity 
ior cniplo\ing the idi-as. At cveiy siej). to and throughout decimal's 
and pcitLutaj»e. ihcse same ideas continue to appear, Every step may 
pro\ide the ouasioii boih of illustrating and extending these ideas 
ni the jjupifs nnnd. and of |[;i\ing him an ojipoiiunitv to use what 
hiile he may previously ha\e leained of them as an aid in his attack 
upon new pioccsn s to be learned. , . , 

Related to the ideas (jf ten and position — leally a part of them— 
aie the it^leas ol sizr and of uumhrr (whether of ])an.s or of groups). 
Alihout;h these may be most c*videiu in fractions, thev may l)e uncier- 
stot)d ihe heller it one can discover tliem runnin^^ ihrougli tlie whole 
of aiathmeiic. And fundainemal lo the wiiole s.. .niiln'neiic are the 
ideas of cond)inaiion ol unecpial and ecjual i»rou]>s in adcliticm and 
nudiiplic atioii and of separation ini*) nnecpial and ecpial groups in 
subtraction and division respet ti\ cly.'* 

These comments are excellent illustrations of the wav in which 
ideas incompletely inuler.stood in the be^iimiug acquire more 
jjignilicance through expeiience and u^*iniatclv embrace a nuich 
more extensive set of paiticulars ana applieaiions. Thev also 
ilhrstrate the principle that hc)We\er imperlect or vague the 
pattern and the details niav he in the be^inniiio;. however well 
tounded out the paiiein. and howexer specilu* and ciistinu;uishable 
the details ni.iv becoiuc as leamim;* -ocs <in. uniiv charac'teri/es 
the Kanun'^ pio^ess ihrcniuhoui. 

Lea ig as integration. LcMrnin^. of ccuirse. is more than a 
pi'occss of dilFeu'iuiation. It is one of inte^raiinn atul I'eomani- 
/aiion as well. Inic*'-;iaiion oec uis when one disioxeis the relations 
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between things wliitli wore learned at different times and in 
different contexts. Meihanijitic: theories of learning of necessity 
have had to make piovi.siuii lor some kind of association of "nnii 
skills" and "lesser abilities ' into an operating hierartiiy. But 
the assembling of parts was primarily in terms of relatively sell- 
contained or discrete processes such as addition of whole numbers, 
long division, and C:ase I of percentage, I his form of integration 
was little more than summing, residting ordinarily in a series ot 
procedures conducted by rule-of-thumb niediods. Understanding 
the mathematics, or logic, of a process, and relating one process 
to another and to basic number ideas, \\as not only not recom- 
mended but was very frccpiently cliscoiuaged. 

Integration, lightly conceived, involves a highly coherent 
organization. It is essentially a moaningful rather than a mechani- 
cal process. I his comiotatioii of "integration" is clearly implicit 
in die following deiinition of the term: 

. . . wlionc\er a luuiiher of more or less di.sirete objec ts or "ideas'" 
enter into a (onliguraiion ot bdu'uior, thcv become joined bv virtue 
oi their niembcisliip in the whohj; the members aie thereafter held 
loofther. not by tlu- external af^eiKy ol an assoiiati\e "glue," but bv 
tlu' tiansl.ii Illation they have uiuiers-oiie in losing something of thei'i 
indiMduality and bei tuning the .nembers ol a sincrle nattcTn of be- 
ha\ior.'"' ' 

There are many org,miz;it.ioiis of lesser or greater degree in 
arithmetical processes. lor example, one may think of a sys- 
tematic arrangement of the addition facts or of the subtraction 
tacts. One may also consider the relatif)iiships between addititni 
and subtraction, not only ot spec ilic "facts," hut of the processes 
themselves. The four I uiulaineiual j)roce.sses -addition, subtrac- 
tion, multiplication, and divi.sitni- -inay he conceived as diilVreni 
but related ways of regrouping, involving coinbin.uion and sepa- 
ration of unecpial and eciual suh-groups. Regrouping bv tens is 
another means of utili/ing lel.itionships. .\s learniiu; [u-oceeds. 
one .should construct more induslM. and .s\strni.itic org.uii/ations 
of ideas and processes -ovcriud by the hniil.iinent,d structure of 
the number system. Thus it is not oi^Iv desii,il)Ie to see the cor- 
rclition of the "three cases" in percentage, and a generali/ation 

:"K. M. O^il.ii .m.l r. S. r-uvm.m. l\^,)u.l„^•^ end i-utnir-.m. t.. 170. II,„n.iiit 
BniK- .111(1 (iiin[.m\, N'rw Voik. I'.f.i'J. 
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ot the underlying number relationships, but also to understand 
the relations between fractions, decimals, and per cent. As the 
pupil studies the applications of percentage, such as interest, 
savings, investments, gain and loss, cost and selling price, insin- 
ance, taxes, etc., he should not only sectire training in practical 
activities bin also a better imderstanding ol percentage. "Such 
a procedme." writes \Vheat, "'brings into a single, unified scheme 
of thinking or method of attack what otherwise might easily be 
a dozen separate, distinct, and luuelaied 'applications' of per- 
centage."^* The process of integration, or reorganization of expe- 
rience in more mature, etfcctivc. and systematic form, is but 
another recognition of the movement to make i elatedness and 
organization the central concept in the psychology of learning. 

The mechanization of arithmetic. "On the one hand," says 
Wheat, "number as a science is systematic and consistent; on the 
other hand, number as a practical art is often a series of rule-of- 
thumb procedines."^- This observation is only too tvue. Why 
has instruction in arithmetic disregarded and obv'.ared the in- 
herenilv sensible and understandable striictiu'c of the subject? 

One of the principal reasons for the mechanization of arith- 
metic is that it has been caught in the toils of the ronneciionist 
theory of learning. Mathematics, particularly arithmetic, has been 
easv prey for analysis into eleinciits. Ixmds. comiections. The 
most influential person in the movement to psychologize arith- 
metic in conformity with connectionist principles, has. of coin\se, 
been Thorndike. Under his leadership, psvchologists liave pre- 
pared the arithmetic for learning by analy/iiig it into hosts of spe- 
cific items. This followed natiu*ally froin the habit of breaking 
behavior into small iniiis. and attemi)ti!ig to descril)e the most 
complex processes by listing their constitueiu parts. The detailed 
items into ^^•hich subject matter could be dissected corresponded 
nicely to the specific S — R connections of which any mental func- 
tion supposedly was c(iinposed. These psychologists conceived of 
learning as tlie process of f(M'ming specific l)on(ls and gradually 
seriating or combiniTig them tniiil the fimction as a whole had 
been constructed. C^orrespondingly. f)ne memori/ed the items of 



12 //,/(/.. p. 153. 
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subject niaticr j)iecemeal and ultimately collected them into more 
or less coni})act hierarchies best described in many instances as 
a connected .series of routine procedures. Under this kind of 
learning, there was no need to establish a scheme, a fundamental 
idea, or a basic j^attern of resj:)onses when beginning to acquire 
a skill or ability. Neither \sas there any assurance that generalized 
control of the process would emerge in tlu end. 

Much has been snid in discussions both of learning and cin*ricu- 
limi construction about the differences between the psychology 
and the logic of a school subject. In many instances, there is far 
more relation between the two than superficial considerations 
would suggest. In the case of arithmetic, attempts to psychologize 
the subject appear to have damaged it boih logically and psy- 
chologically. Ry decomposing it into a nuiliiiude of relati\ely 
mu'clated connections or facts, psychologists have mutilated it 
mathematically, and, at the same time, by emphasizing or 
encoiu'aging discreteness and specificity rather than relatedness 
and generali/aiion. they have distorted it psychologically. They 
have obsciu'ed the systematic character of the subject, and have 
created a d<)u})tful conception of how children learn it. Further- 
more, the practice of connec tionism in arithmetic leads almost 
inevitably to immediate emphasis on rapid and accurate com- 
putation rather than on the development of the ability to think 
quantitatively. Clomputation is easily segmented into constitu- 
ent imits. while ciuantilative thinking, because it rests uj)on gen- 
eralized understanding, is not susceptible to analysis into specilic 
elements. 

.\ recent writer calls the meticulous analvsis of arithmetical 
processes into detailed elements, or even into tvpe examples, 
"academic insanity." That seems a little over-severe. However 
one leiu'ns arithmetic, he must ultimately be able to respond 
correctly and eilicicntly to a ccMisiderable number of variants of 
any process. Inventcn'ies of the characteristic forms which a 
process may take arc useful in the construction of diagnostic 
examinations and in the preparation (^f varied experiences with 
which to attain basic understandinus and prcn'echu'es. However, 
one can no longer defend the learning of a large nimiber of 
relatively independent items within a process as a substitute for 
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understanding the process niaiheniatically. Evidence is accumu- 
lating slowly but surely which reveals that when the learner 
understands the number system and the operations whicli its 
structure {)ernuts, he has developed insight into arithmetical 
processes which makes instruction and drill on each variant or 
every specific "fact'* unnecessary. 

Social utility related to excessive analysis. The reduction ot 
arithmetic to the specific abilities which have social utility has 
played handmaiden to the cou.icctionist tlieorv of learninji. As 
Wlieat has pointed oin. when social usefulness deterniines entirely 
what arithmetic one shoidd learn, . . any idea of* a relation 
between topics and processes nuist be abandoned. When topics 
and processes may he included or excluded at will, any relation- 
ship among ihem nuist he decidedly luiiniportant."^^ However, 
if one is as seriously concerned with mulerstanding arithmetical 
processes as with using them in [practical situations (this writer 
l)elieves tliat the one is in fact the most effective meaus of achiev- 
ing the other), he will inchide in the learning sequence wliatever 
is necessary to give inatliematical significance and loj^ical striictme 
eve*i if some of ir has no immediate social utility. The science of 
number provides a rationale for the meaningful organization of 
experience, a scheme whir h the learner can use to systematize 
his ideas and his computational skills. This point of view has 
little afiinity for conncctionist dogma with its emphasis on blind 
repetition and its \s'ariness of rational procedures. On the con- 
trary, ii is part and parcel of a theory of learning which stresses 
organization rather than cUscretencss understanding rather than 
memorization, the exercise of the hi;dicr mental processes rather 
tlian depcndeiue upon l()\ver-{)rder habits. "The psychology of 
the higher nunital processes." judd insists, "teaches that the end 
and goal of all education is the development of svstems of ideas 
which can he carried over fiom the situations in which they were 
acquired to other situations. Svstems of general ide:is ilhnnitiate 
and clarify huinan experience's by raising them to the level of ab- 
stract, generalized, conceptual uiuk'rstandini;."'* 

••■^ fhi<L. p. I2r). 

^*C. It. lialil. h'hu.Ui'i'i (i-i ('.>:!':, iUt'tn *»/ thr IIi}ihry Mrfit.il /^*»r^\w'?, p. 177. 
The* Maui\ill.'!\ ('<Mn[^\nv, Now Vtnk. I9!<(). 
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LEARNING IS A DEVELOPMENTAL PROCESS 

Confusion of procluct and process of learning. That learning 
i\s a process of development is a second principle of far-reaching 
importance for education. Association theories confused the end 
or (he product of learning with the j)rocess; they treated learning 
as the fixation of resjjonses. In spite of all the revisions which 
'Miorndike has made in his statement of the princii)les of learn- 
ing, his interpretation of the ])usiness of teaching sinnners down 
to this: I(lcntil\ ihe situatifm for the learner; identify the re- 
si)onse. and make muc that the learner can make it; then put 
him repcaicdlv thr(M«-ii the reaction and make the practice 
.saiislving. (lonncc tionism conies perilously close to treating 
"situations." "responses." and "honds" as entities in themselves, 
as ituns wliich lia\ e inc!- ; . :;dent existence. Thv literalness wiih 
wliit h sonic associatioiiists sjK-ak of these elements is little short 
of the idea of cords of dilferent degrees of strength actually tied 
at either end to defuiite ol)jccts. 

To the coniiectionist. the only differences ])etween responses at 
the inccjDtion and at the comi)letion, or fixation, of a reaction 
pattern are the speed of reaction and the varialiility oi the re- 
sponse. In fact, the hcnid psychologist looks with suspicion upon 
anv atteniiu to invest a task with meaning, or to a[^i)roach the 
final stage of liahit nation thnuigh intermediate or developmental 
reactions. Thorudike insisted, for example, that "time spent in 
imderstanding facts and thinking ahout them is almost ahv'avs 
saved douhlv l)v the greater ease of memorizino; them.*" AcraiiL 
lie declared: 

Ihe ilfutiine that the iii>toinaiy dcdiutive c\i)lanati(m of whv we 
invert and muliiply. or phu e the partial products as wc do before 
adding. ni:iv ho allowed to he loiLroiten nmc tlie a^ual habits are in 
working ordei", l:av a Niispiuous ^(MiKr. It arose to nu'i'i the criticism 
that u\iuh \\uw ami elion ueie ri^piiied to keep ilie^e deducti\e 
explan:iticuis in im-nmn-. . . . The f:ut was that the pupil learned 
to u»mpuie unii-itl\ ine^pe/ii\e of the deducti\*e explanalicnis. l"Iiev 
weie (Uilv an :ulded hiodeu. His indu(ti\e leattiiii'^ that the pro- 
(cduu- u.iM- the n''.i!n answer leallv tau.ulii him. ^o he wisclv sliuflled 
(^ff ilu' evta huiiltn n{ fans ahfMU the ( onseciueiu es of the iiatiue 
of a ftaiiiMn oi the place \alues of nur deuma! notation. The bonds 
weakened bctau.sc ihcv weie not used. Thev were not used because 



ERIC 



278 Sixteenth Yearbook 

ihcv were not usciul in the shape and at the time ihat they were 
loimed, or because the pupil was luiable to understand the explana- 
tions so as to form them ai all. 

The criticism was valid and should ha\e been met in part by 
re])lacing the deductive explanations by inductive verifications, and 
in part by using the deductive reasoning as a check after the process 
itNclf is mastered. . . . Whia is learned (i.e., the deductive theory of 
aiithmetic) should be learned much later than now, as a synthesis 
antl rationale of habits, not as their creator.^^ 

In another instance, riiouulike said that "if an arithmetic 
process seems to rccpiire accessory bonds which are to be for- 
gotten, once the procedure is mastered, we sliould be suspicious 
of the value of the procedure itself.*'^*^ 

The same attitude toward arithmetic seems to be behind an 
unfortunate statement in the recent yearboc^k on Child Dcx^'elop- 
ynent and the Cnrriiulum which divided the school curriculum 
into t^vo broad classes of material, the one involvin;^ processes of 
development and reorganization, the other includini; "skills and 
kncnv]edj>c that are acquired throuj^h specific }j)(iclii(\ such as 
reading, arilhructiail computation, playiiuj; the piano, the facts 
of history, and so forth. . . On the contrary, there is now 
evidence that even skill in arithmeticai computati(Mi involves a 
pn^evs of gro^vth. and that the [)in*j)ose of teaching is t() give 
(•(Mistructive guidance to this course of development. This \\v\s\ 
instead of confusing process and product, emphasizes the progres- 
sive changes in the learner's behavior, and rccogni/es that each 
stage in the devel(){)ment of behavior is an outgrowth ol a pre- 
vic)us one. 

Developmental studies in arithmetic. 1 here are at least three 
studies \vhich have demonstrated the distinction bet^v*een process 
and product in the learning of arithmetic. These investigations 
have sho\vn that the acquisition of arithmetical abilities involves 
developmental sequences ai d continuoirs reorganization of be- 
havior in which more macme forms of response are substituted 

'^^ K. I. ThonulikC. Thr /Nvr/i-//''«H^ Ay:'hmrfir, 115 lUV I he Maciuillan 
CoiTiparn. \t'\v \iuk. 192"). 
i^r^i:!.. p. 114. 

J. F. Aiulcr'inii. "riuhlctus of Mrthod in M.iiuriiv ;uul Currirul.ir Studies." 
Child Dn rlnptnrnt and the Curriculum, Twrutx-riiihth Yearbook of the Xational 
Soriei\ for the Stiidx of Educat.or\, Part L Chajurr XX. pp. 400. 401. Public School 
Publishing Cx^mpanv. Rloomington. Ul. 1929. 
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for leu niitture but ncvci tlivlcss essential or uieful steps in under- 
itanding and ikill.'* These studies indicate clearly the following 
signincaiu facts: 

(1) Abstract ideas of number develop out ol' n great amount 
of concrete, meaningful experience; mature apprehension of num- 
ber relationships can he attained in no other way. Kurthermore, 
the adequate development uf number ideas calls fur systematic 
teaching and learning, 

(2) Drill (lues not guarantee that children will be able imme- 
diately to recall combinations as such. 

(3) Habituation of number combinations is a fmal stage in 
learning which is preceded by progressively more mature ways 
of handling number relationships. 

(4) Repeating the final form of a response from the very begin- 
ning may actually encourage the habituation of immature proce- 
dures and seriously impede necessary growth. 

(5) Drill as such makes little if any contribution to growth in 
quantitative thinking by supplying matiaer ways of dealing with 
number. 

(6) Intern>ecliate steps, such as the use of the "crutch" in sub- 
traction, aid the learner both to understand the process and to 
compute accurately. Wiih proper guidance, these temporary re- 
actions may be expected to gi\e Wuy to more direct responses in 
the later stages of learning. 

(7) Reorganization of behavior occurs as the child's understand- 
ing grows, and rcsuUs in the emergence of more precise, complex, 
and cconnmicnl pattcrit.s of behavior. 

(8) Understanding the numl)or system and the methods of 
operation it makes po.ssible facilitates both (juantitative thinking 
and, ultimately, rai)id and accurate computation. 

Most of the investigations of methods of instruction in arith- 
metic have measured only computational abilities. When we ex- 
tend the measurement program to evaluate instruction in terms 

loW. A. nrtiwiifll. Tlir l)e^ i lnpiunii of ChiUhrn'x Number Ideas in the Primary 
(irttile.\. I'nivei.sitv t)[ Clhiia.'^o I'lcss, Cliicaj;!), 192H. 

W. A. Hiowtirll, Hiul C. li. Clia/al, •'Ihc Kfrocts of Premature Drill in Third- 
Grade Aritlmu-tir," Jnioml of luluntlintinl Hrwnrih, 29 : 17-28, .Scpti'iiibcr, 19.W. 

W. A. Urowiu'll. l.ainiiiijf Hcnr^'iDiiitilion. Diikc University I'rpss, Diuhuin, 
N. C. I9.VJ. 
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of outcomes in quantiMtive thinking, the importance of mean* 
ingful and developmental activities will probably prove even 
greater. 

LEARNING IS A MEANINGFUL PROCESS 

The discussion of the primacy of organization and the develop* 
mental character of learning has already indicated, by implication 
at least, the third principle of learning for which there is now a 
substantial body of evidence: Learning is a 'N<*(iMiMj{/u/ rather 
than a mechanical j^rotrss. riuidamcntally, meaning inheres in 
relationships. Kelation.shi|)s are established by the control which 
some organization or system exercises over the parts. The ''mean- 
ing theory" of arithmetic instruction, therefore, emphasises the 
importance of teaching children to tinderstand our decimal 
number system and the ways of manipulating it.^^ This system 
provides the basic pattern for understanding and relating the 
many specific items which are included in it and controlled by it. 

Those who really believe that learning is a meaningful process, 
instead of merely making a verbal concession to what they suspect 
is a passing fad, will insist that a general halo of meaning is not 
enough. There is in certain quarters a lingering desirv to present 
a few of the number combinations meaningfully, and then, in this 
atmosphere of reasonableness, to resort to formal drill for the 
remaincU'r ol ihv combinations. On the contrary, learning should 
be meaningful throughout, not merely during the first few steps. 
Organization, meaninj;, and development are essential character- 
istics of the learning process, not incidents, nor elective devices. 
It is surprising how fearful of meaning some persons are. It has 
been suggested, for example, that although it might be defensible 
to use the subtraction **cvutch'* in order to explain the ()roce.ss, 
it should then be immediately discarded for drill in the most 
mature form. This proposal, however, is based upon the assump- 
tion that "understanding" and ''fixation" are distinctly separable 
functions, a presupposition which the theory of learning as devel- 
opment cannot sustain. 

H) W. A. nrowncll. "INyrholoKicul ConsidoiiUlons in ihc LcaniiiiR and the Teach* 
injT of Ariihniciic." The Tmrhini^ nf Arithmetic, pp. 1-31. Teiuh Yearbook of ihc 
.National Countil of 'IVachcis of .Maihcuialics. 1935. 
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Distinction lii'tHX'en social and meaningful arithmetic. There 
lias been a tciulnuy to as^iuiiie ihiit learning aritlunetic in social 
situations and for social pinpOH'^ makes it tntmiingful arithmetic. 
But a monuiu*s reflection will Ic.ict to the realisation that specilic 
training in the employment of an arithmetical procedure in a 
social situation may make no contribution whauver to the 
understanding; of that process as such. The mere fact that the 
words **inarblcs" or •'pennies'* are attached to formal repetition 
''f U 4 for esample, may have little to rio with the child's 
insig;ht into Mie nund)er relation hdunci thr^ veibalixation. It is 
important, of course, to learp the arithmetic wIulIi is useful in 
daily life, and to apply arithmetical processes in as many social 
situations as possible. Usin^ these operations as social tools un- 
doubtedly invests them with meaning; in a very rr^stricted .sense. 
Fundamentally, however, to learn arithmetic meaningfully it is 
necessary to luulerstand it systematically. 

ihu kin.t>hain ha.i supplied a terminoloi^y to cover the social 
phases of arithmetic and to restrict the use of ''meaning'* to its 
mathematical rerereiue. I'or the social implications of arithmetic, 
he proposes the term "sinnilicance.*' liy the Mgnilicancc of niun- 
ber he means *'its value, its impoi tance. its necessity in the modern 
social order . . . the role it has played in science, the instnwnent 
it lias proved to be in ordering the Hie and environment of 
man/' He continues: 

Under the head of nicimlng I iiulude, of course, the rationale of 
our number sysietn. The leadier who einphasi/.es the social aspects 
ol ariihineiic inny say that she is giving meaning 10 numbers. I pre- 
fer to say (hat she is giving iheni sigiiifiiaiue. In my view, the only 
way to give numbeis ine:ining is to treat ihein maihemaiically. , . . 
I hasien 10 say, howeici, ihai eaih idea supports the other. . . . The 
oiu! emphasis will r'xalt arithmetic as a ^reat and beiu'licent himiaii 
insiiiution. the suppoitct of a fine humanistic tiaiUiion. Tin other 
emphasis, (he mathcmatiial one, will lilt arithmetic, e\en in the pri- 
ninry grades, from a loimali/ed symbolism to ihi' dignity of a tuianii' 
inii\e system. In shoit. when aiiihmetic is laui^hi with meaning, it 
ceases to be a bag ol iiiiks and becomes, as it shoultl bci a recogni/cd 
blanch oi mathematics. . . . 

When we confront ihildien witii a significant and meaningful ex- 
peiicnce. when they make the i?\peuence theiis, they acciuirc insight, 
each t() ilu» device that hv is able. Moie specifically, and m p:;rticular 
relaiicm to number, they gain in two ways; they luulersiaiul number 
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as such, and they aUo imtlei'siauil wlien nml how lo use U u> serve 
thcU- purposes. . . 

The problem uf curriculum orKuniiiuion. The pvublem of 
meaningful lenrniug in arithmetic, ns Uutkin);h.im definei it. has 
extremely important bearing upon the nature of curriculum 
organiuition. Shall arithmetic be tau^'it as a systematic subject, 
or should the pupil acquire avithmctical abilities incidentally, i.e.. 
in connection with other subjects, or only as they become a part 
of purposeful life activities? The issue in arithmetic, of course, is 
only one aspect of the broader problem, l itis problem is often 
stated as follows: Should the currirulum be composed of sys- 
tematic bodies of subject matter, logically organized o" should 
it be composed of life experiences or activities in which subject 
matter is utilized and organized without respect to ccmventional 
academic sequences? The latter allcvnativc may be illustrated 
by Harap's study, in which pupils learned decimals by using the 
processes in practical activities which made the computations 
necessary." In appraising the outcomes of learning in aritlunetic 
under this scheme, the ability of the pupil to make the necessavy 
computations in the particular situations in which practice is 
secured is not the most important outcome. The ess'MUial abilities 
are those which enable the individual to disiern the quantitative 
aspects of a great variety of specific situations, to choose the proper 
procedures in the light of this understanding, and to perform 
the relevant operations efhciently. There is very good reason 
to believe that this kind of quantitative thinking depends upon 
a mathematical understanding of arithmetic, upon a systematic 
study of the science of number. The issues stated above were 
couched in the usual "either-or" dichotomy. Actually, we should 
not be choosing between mutually exclusive alternatives. We 
should cultivate two fundamentally important types of relation- 
ships. We should have a wealth of experience, on the one hand, 
in bringing understandings, information, abilities, and skills from 
many sources — from many subjects, so to speak — to bear in 
unified fashion upon significant pioblems of adjustment. We 

20 11. R. HuckiiiKliam, ".SijjMinnuui'. McMniiiK. lM.si){lil— Tliese Tliiee," The Mathe- 
matics 7V(if/irr, : l.M-30. lamim v. IM.s. 

SI n. I.. 11:11:1]) ;\m\ I'.. Mapcs. "The l.p;irninj? of nc<im:il.s in an Arithmetic 
Activily Piogrnm," Journal of liducalioml Research, 29 ; 686-698. May, 1986. 
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needi on the other hand, to orgtmize our lennUng.^ in the highly 
systematic form which ticldi and auhjects ol knowledge make 
available. Dewey has pointed out t*nt **to grasp the meaning of 
a thing, an event, or a situation, is to see it in its relations to 
othvr thipnis; to note huw it operates or functions, what conse- 
cpiences follow upon it, what causes it, what uses it can be put 
to/'*'* To iise a mathemati ;al process in proper coordination wlih 
other factors in the solution of a practical problem gives it sig- 
tiiiicance; to see it in relation to other processes in its own highly 
organised system endows it with meaning. Uroadly speakuig, 
gencralinnl ideas with which to iiuerpret and control new situa 
tions are the means of continuous adjustment, or of the utilization 
of previous experience under dillerent conditions. To acvjuire 
these generalizations meaningfully, it is very often necessary to 
learn them in the context of the closely integrated logical system 
to wliich they belong. Arithmetic is no exception. To disregard 
the mathematical relations of number processes means a reversion 
to a form of teaching, the outcomes of which were described 
several years ago as follows: 

I luMc are many pupils iu school who suneud in learning their 
aritlnneiic only as a mass oi isolated and unvehucd luiinber facts. . . . 
Through cousuuit drill and peisistciu clFort, they succeed in acquiring 
skill in the operiuicms, hut fail to recogni/e withal the nature aiul 
the meaning of the operations. As a result they learn to add. sul)< 
tract, muhiply, and divide with a fair degree of mechanical precision; 
they learn to perform such operations as they may be directed to 
perform: hut diey do not develop the ability tr) recognize the presence 
of these operations in the simplest practical situations in which they 
may be found. In the couise of time, however, they succeed in re- 
nicmberin}; that a stnteiucMit whidi iiulndes such terms as "how 
many,** "altogether/' "total.'* *\sum." etc.. retpiires addition. ... In 
other words they learn to remember the various computatiotts: they 
come to regard them as so many mechanical and meaningless j)er- 
formaiues; and. finally, they learn siuh of their applications as can 
be remembeied by ff)i iuula and ride.^" 

Using arithmetic in practical affairs and learning it as a system 
of thought e botii essential to the development of the ability to 
think quai»ciiaiivcly. 

•2 folin Dowcv. Huw MV Think, p. 137. I). C. Ileaih :ui(l Company, Boslou 

2Mt. C;. WluMt. Thr n'i\rhnln^rx of thf Ulrmrutnry SrhnnI, pp. 112-113. Silver 
Uuulctt C'lompauy. New Voik. 1931. 
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Learning is thinking. Meaningful learning empliasitM dii- 
covovy and problem solving. In I'acti from this point of view, 
teaming is thiukiHj^^ Instead of learning **facts** and then using 
them in thinking, we can learn **facts*' by thinking. This doctrine 
means that learning should be characterised by insight, and it 
sharply condenms the traditional practice in arithmetic of having 
children memorize certain operations in abstract fornii in order 
to apply them in verbal problems aftorwards. This practice is 
probably in considerable part responsible for the difHculty 
children have in determining what process, or coiobination of 
processes, they should use in problem situations. 

Instead of authoritatively identifying correct responses for chil- 
(hen, courageous teachers are now encouraging active exploration 
and discovery and self-directed learning. They do so, howcveri 
in direct dciiance of connectionist dogma. Self-activity may pro- 
duce errors, and the bond psychologist wants the child to avoid 
error, for Thorndike has found that (contrary to his earlier state- 
ment of the law of effect) the occurrence of a wrong response, 
even followed by punishment, makes the probability of its occur* 
lence greater, rather than less. So Thorndike adinonishes that 
'*(he attainment of active rather than passive learning at the cost 
of practice in error may olten be a bad bargain. . . , The almost 
universal tolerance of imperfect learning in the early treatment 
of 0 topic, leaving it to be improved by the gradual elimination 
of errors in later treatments is probably unsound and certainly 
risky,"" This pronouncement places a premium on instruction 
rather than pupil activity, and stresses authoritative identification 
by the teacher rather than active discovery by the learner, 

Refore accepting rhis advice, however, one should remember 
that Thorndike's subjects were adults rather than children, and 
that there was no po.ssibility of learning the tasks in the experi- 
iiicnt meaningfully. The correct choices were always arbitrarily 
determined by the observer. Furthermore, the studies of McCnn- 
iiell,"^ Thiele,^*' and Brownell. all of which stressed pupil dis- 
covery and meaningful generalization, gave results which either 

a« K. I., rhorrullkc, The Psycholoffy of Wants, InttmU and Attitudes, p. 147. 
I). Apph'lnn-Ccnlury Co.. New York. 1035. 
a* 'i'o be consider cil below. 
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indicated that active learning produced no undesirable effects 
or sliowed that it was decidedly advant^igeous. 

Mcaniu^v the basis of transfer* Tinally, meaningful learning is 
the key to '!ie transfer of training. A theory of learning as forma* 
tion of specific bonds with its accompanying doctrine of transfer 
throiij^h identical elenuMUs is utterly inadequate to explain how 
one applies old Uarning to new conditions, or how ht reorganii^es 
e.\perienie5 creat vely. Thvxc is a growing body of evidence, on 
the other hand, which indicates tlu * it is generalisation of ideas 
and proce^ii.ses wliic^ facilitates transfer; in fact, it is generalisation 
whicii makes transkr possible in any important degree. After 
pointing out the limitations oF the doctrine of identical elements, 
Murscll contends that *'in seeking for the true and authentic 
similarities between *.wo interactive patterns we must look not 
to their consiituent elements but to their central meanings." For 
the greatest transfer to occur, he declares, "a hierarchy of learn- 
ings . . . should gr()^«' out of one another so that, as the pupil 
moves along, meaninj^s become more precise, more articulate, 
more highly diflcrentiated, and at die same time more gen- 
eiallzcd/'-^ 

The contribution of meat.ing and generalization to transfer in 
arithmetic has been studied by McConnell and Tliiele, among 
others. In McConncll's investigation, one large group of second 
grade pupils learned the addition and subtraction ( » .binations 
by procedures \vhicli emphasized discovery, organization, and 
generalization. Another group engaged in activities which stressed 
authoritative identification, mixed practice, and specific drill. 
The experiment la-^ted approximately eight months. During this 
period, three tests of transfer to untaught processes were admin- 
istered, and a fourth was included in the final battery. The dif- 
ferences on all four tests favored the meaningful procedures, 
although only one was statistically significant.'^' 

Thielc's results were morr conclusive. He compared the learn- 
ing of 100 addition facts by ihc methods of specific repetition and 

|. I.. NfuisclK EflurnUoml Psychoh)if\, pp. 251*252. W. W. Norton and Coin- 
pam. Now Voik. 1939. 

2?*r. R. MtConiiclI. Disrovny t'cmn AuihoritaHve tdfntificailon in Ihe Lfarning 
of (:hil(l)vi], pp. 13«()2. University of Iowa Studies in Kdi;cation, Vol. IX. No. 5, 
September 15, 1931, 
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meaningful generalisation. At the end of the experiment, Thiele 
administered a transfer test composed of 80 addition examples 
each jf which contiiincd one addend larger than 10. The results 
showed a mean dilfcrence of four examples in favor of the pupils 
who had used the generalisation method. The critical ratio of 
this difference w*as 7.4. One must agree with Thiele that ''strong 
evidence is presented by this study to support the faith of those 
who would make arithmetic less a challenge to the pupil's memory 
and more a challenge to his intelligence.*''''' The importance of 
generalization for learning, retention, and transfer is so great 
that an entiic chapter of this Yearbook is devoted to it. 

There was a time when we looked upon transfer of training as 
nice to have but so extremely difhcult to get that the school should 
rest its case upon the pupils* acquisition of specific adjustments to 
specific situations. Now we are recognizing the force ci Judd's 
statement that the ''end and goal of all education is the develop* 
ment of systems of ideas which can be carried over from the 
situations in which they were acquired to other situations/* In 
fact, we now reali/.e that transfer provides the only indubitable 
evidence that learning actually has taken place. 

V 

IMPLICATIONS FOR EXPERIMENTATION 

Relation of learning theory to experimental design. The prin- 
ciples of learning discussed above should activate an entirely new 
experimental program in the psychology of arithmetic. They 
should also prompt a critical scrutiny of previous invesiigitions. 
Such an examination would reveal, fust of all. that experimental 
results are functions of the theory of learning which dictated the 
instrnciional procedures and the learning activities of pupils. 
Research on the difficulty of the number facts illustiates this 
relation.-!iip excellently. In the Knight-Hehrens study, for ex- 
ample, [;Upils supnoscdly learned the number facts by sheer 
repetition,-*" Furthermore, the facts were presented in mixed 

*-'*'C. I. rhirle. Tht* Cnt^trihution of Gfuernlizndon to the Learning of the 
^'idditinn /VirM. (lonitiliuiiuiis to Educnlion, No. 7^3. Huicnu of Publicaliom, 
TtMchiMS (!()llr}»e. Clolumlna IMiivcisiiy, New York. 1938. 

a^K. R. Knii^lu and M. S. lUlucns. The Lrarniug of the 100 Addition Comhi^ 
nations an t the 100 Suhtractinn Combinations^ Longmans, G'-een and Company, 
New York. 1928. 
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order, and only one urrangemeiu was used. Both recent theory 
and recent research have indicated that the relative didiculty of 
number relationships is inOuencedi ihst» by the order in which 
they are presented; second, by the way in which they arc grouped 
for instruction; and third, by the method by which pupils learn 
them. Early didiculty and error studies ranked the zero facts 
rather high in didiculty. Meaningful methods of learning have 
demonstrated that they are not espf'cially didicult, and that with 
the aid of proper gc*nerali/.ation, they can be learned as a group 
without extended drill on the individual items. 

A very recent investigation on the comparative didiculty of 
number facts made repetiti(Mi the maid-of-all-work in learning.''*' 
The children learned the combinations by playing the game of 
Add-Oi in ^^'hich, according to the author, '*the correct combina- 
tions and answers are always before the children, minimizing the 
possibilities of establishing incorrect responses, Accuracy is 
checked and speed is regulated in an effort to control undesirable 
habits of computation.*' In the light of his findings, the author 
advised that *'the teacher should not assume that the zcio coui- 
binations will be learned by inference; they should be taught as 
any of the other 100 combinations/* Of course, the method of 
instruction did nothing whatever to facilitate infeteiuial and 
generalized behavior, and probably sinoe Add-0 regulated speed 
"in an effort to control undesirable habits of computation/' the 
teaching actually frustrated the pupils' own attempts at intelligent 
apprehension. 

How orthodox connectionist principles thoroughly dominated 
this investigator's thinking and procedure and influenced his 
results is revealed by his final words of advice to teachers: 

As the si/e of the addend seems to be the general factor in causing 
differences in ihe diflTuuUy ranking, we wonder if the children are 
not computing the si\ns by physical or mental coinuinp;. a crutch 
which is probably developed in the child while building the number 
concepts, rsychologically. the child should be able to learn 5 -j- 4 = 9 
as easily as 2 -f = but this is not the case accordint^ io the in- 
vestigations of conibiiiaiion diflicidties. // mi^ht hr more erounmirnl 
first to tench thr child to mrmnrizr the romhiruitinris, and liter de- 
velop the number roucepts. (Iialics are the prcs','nt writer's.) 

-^T.. R. Whrrlrr. "A rninprintivr Stiidv of the niffiru'tv of the 10(1 Addition 
Comliin.itions.*' Journal of Genetic Ps\chalog\\ 54 : 295-312. June 19S9. 
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Results of investigations oC the level of mental maturity neces- 
sary for the economical learning of arithmetical processes (such 
as the widely discussed findings of the Committee of Seven) nre 
probably also functionally related to the method by which the 
subjects learned these processes. It is conceivable that new studies 
in which meaningful teaching and learning activities were em- 
phasized would yield substantially difTcrent fnulings.'^ 

Need for new types of research. As Ikownell has suggested, 
>ve need a whole new series of studies to explore the problem 
of how pupils actually learn. Much of our instructional rcsearchi 
while usefuli fails to get at that fundamental problem. Statistical 
differences between end tests, accompanied by descriptions of 
intervening overt responses of teachers and pupils, do not reveal 
the critical aspects of the learners' behavior. Urownell's studies 
have produced ample evidence that what passes for repetition 
of the same thing disguises an underlying process which is the 
real cue to the nature and maturity of the pupils* learning. 

\Vc also need a new type of error study which is not content 
with the tabulation of incorrect responses, but ^vhich attempts to 
relate the nature of error to the way in which pupils have learned 
and to the fashion in which they might learn most economically. 

Finally, we must recognize that skill in computation is not the 
only or even the most important outcome of learning in arith- 
metici but that growth in the ability to think quantitatively is a 
primary objective. Accepting this point of view means devising 
new instructional activities and also developing new methods of 
measurement or appraisal. 

SUMMARY 

Those who are conducting research in arithmetic should realize 
how vigorously many psychologists are disputing the V5 Mdity of 
the principal conncctionist maxims. The issues arc clear-cut. The 
newer point of view emphasizes rclatedness rather than itemiza- 
tion. It stresses generalization instead of extreme specificity. It 
conceives of learning as a meaningful, not a mcch inical process. It 

\\\ A. Hrownt'll, "Readiness ami the Arithmetic Currirutuin." F.lewtntary 
School Journal, S8 ; 344-354. January, 1938. 
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considers understanding more important than mere repetition or 
drill, it looks upon karning as a developmental process, not one 
of fixation of stereotyped reactions. It encourages discovery and 
problem solvinjr rather than roie learning and jiarrot-like repe- 
tition. It is within the matrix of these issues that the new research 
in arithmetic should he conducted. 
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QUESTIONS FOR THE TEACHER 
OF ARITHMETIC 

UY F. LVNWOOD VVREN^ 

U£OROK PEAhUbY CDLl^OE FOR T£ACHBIU 

THIS chapter contains questions which, the writer hopesi 
teachers of arithmetic will ask themselves. It is not the 
purpose ol: this proposed self questioning to yield a rating or an 
appraisal of one's fitness for teaching arithmetic. As a matter of 
fact, many excellent tcacheis of arithmetic may score relatively 
low on these questionsi and many poor teachers may score high, 
since no evidence is available that any of the items of knowledge 
are functionally related to success in the classroom. 

These questions are designed then, not for self-evaluation. 
Rather, they are int;;nded as "shockers/* Teachers, even good 
teachers, can become complacent about their professional equip- 
ment. Some teachers may find in their inability to answer the 
cpiestions a stimulus and a guide for the reading and study which 
they may have neglected. 

There is another kind of reader who can profit from the self- 
examination provided in this chapter. This is the person who 
is in charge of courses on the teaching of arithmetic. Such a 
person might well check the content of his course against these 
(questions, not with the idea of including in his course all or even 
most of the items in this list, but with the idea, as in the case 
of the teachers just mentli)iied, of stimulating himself to think 
through again the purposes and the content of his course. 

Two important limitations should be recognized with respect 
to this list of questions. Tlte first is that these questions represent 
an analysis of the complicated total act that we know as teaching. 
No one, least of all the writer, likes to think that any list of 

I Willi the nillalmnuinn of J. T. Johnson and A. SucUi. 
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uppcinc items of knowledge or of specific teacher activities can be 
regarded as equivalent to the complete act of teaching. In a real 
sense the break-down of teaching into speciPca destroys the thing 
which is analyzed. Yet, on the other hand, values can accrue from 
lists of specifics. The danger in deaHng w ith them lies in tailure 
to recognize that they are specifics. Once one recognizes this fact, 
one can den! with them without fear of distorted emphaHs. 

The second limitation is one of scope. The questions relate 
only to the teacher's academic and professional knowledge of 
arithmetic. All those important human elements^ such as the 
teacher-pupil relationship, emotion, attitudes and appreciations, 
and personality growth, while present in all school wcik, have 
not been incUuled in this series of questions. Good teachers not 
only recognize their import but are alert to situations which may 
build desirable personality and emotional traits as well as to those 
situations that have a derogatory effect. 

ACADEMIC BACKGROUND 

History of arithmetic, Historical perspective enriches the con- 
templation of current conditions and the possibilities of future 
development. A study of the evolution of arithmetic as a field of 
knowledge and as an integral part of the modern school curricu- 
lum should prepare the teacher for more intelligent interpreta- 
tion of the present arithmetical program and for more critical 
appraisal of any suggestions for future revision of this program, 

(1) Am I acquainted witli the language and limitations of 
some of the more significant primitive methods of counting? 

(2) Am I acquainted with the relation bet\veen the evolu- 
tion of number systems and the evolution of race culture? 

(3) Do I know how the concept of number became abstract 
through being separated from counted objects? 

(4) Do I kno\v the distinguishing characteristics of the Egyp- 
tian, Babylonian, Roman, and Greek number systems? 

(5) Do I fully appreciate the advantages of our number system 
over each system listed in (4) above? 

(6) Do I understand why our numbers are most properly called 
Hindu-Arabic numerals? 



erJc 



292 



Sixteenth Yearbook 



(7) Do I have a clear understaiuling of why calculation could 
not show much |)Kvj;ix\ss with the early number systems? 

(8) Am I lamiliav with the cliifcrcnces that exist today in the 
numeration of large numbers? For example, what is the distinc- 
tion in meaning oi one hiUion in England and in the United 
States? 

(9) Am I ncquaiiued with the evolution of the modern metiiods 
of the processes of addition* subtraciion* nuiltiplication» and 
division? 

(10) Do I appreciate the significance of the printing press in 
the stabilization of number symbols? 

(11) Do I know the origin oi' fractional numbers and the dif- 
ferent types of situations they describe? 

(12) Am I acc[uaintcd with the evolution of modern fractions 
and the diiiicultics intrinsic in different ancient symbolisms? 

(13) Am I familiar with the evolution of the modern notation 
for decimal fractions? 

(14) Do I know the historical relation of denominate numbers 
and fractions? 

(IT)) Am I familiar with the history of our calendar as a meas- 
ure of time? 

(16) Do I know the names, contributions, and approximate 
periods of at least ten contributors to arithmetic lore? 

(17) Do I know something of the origin and development of 
the English system of weights and measures? 

(18) Do I know something of the origin and development of 
the metric system of w*eights and measures? 

(19) Do I know something of the history and development of 
calculating machines from the abacus to the slide rule and mod- 
ern calculating machines? 

Rationale of arithmetic. One of the most important of all 
in,structional responsibilities is that of making the learning process 
meaningful to the pupil. The xohy of any process or technique is 
most frequently of just as great significance as the how. Every 
teacher of arithmetic should thoroughly understand the rationale 
of at least that arithmetical content with w*hich he must deal in 
his teaching. 
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(1) Have I an aj)pre(:iation of number as a symbolic language? 

(2) Do I have an appreciation of the significance and limita- 
tions of counting? 

(3) Do I know the distinction between cardinal and ordinal 
numbers and the function of each in our scheme of numeration? 

(4) Have l a clear understanding of the implications of such 
classifications of number as prime, even, odd, real, complex, etc? 

(f)) Do I undcrsiand the use of zero as a number symbol, as in 
6-6 = 0, 3x0 = 0? 

(6) Do I have an appreciation of zero as a symbol to indicate 
the empty column, as in 506? 

(7) Do I understand the full significance of the use of zero as 
a point on a number scale; for example, as the zero point of a 
thermometer or as the zero line (base line) of a bar graph? 

(8) Do I fully appreciate the importance of place value? 

(9) Do I know the significant characteristics of a decimal sys- 
tem of nume ition? 

(10) Do I fully appreciate the advantages and disadvantages of 
;k decimal system of numeration? 

(11) Do I appreciate the significance of the statement: 'That 
mankind adopted the decimal system was a physiological acci- 
dent?" 2 

(12) Do I fully understand the technique of the numeration 
of large numbers? 

(13) Do I understand the principles of scientific notation used 
in the writing of very large numbers or very small numbers? 

(14) Do I know the distinguishing characteristics of other sys- 
tems of numeration (duodecimal, vigesimal, sexagesimal, etc.)? 

(15) Do I appreciate the compactness and simplicity of numeri- 
cal calculation made possible through the use of the fundamental 
processes? 

no) Do I have a clear understanding of the fundamental prin- 
ciples which govern carrying, borrowing, and the placement of 
figures in quotients and partial products? 

(17) Do I appreciate the full significance of the etymological 
meaning of **fraction'7 

2 Tobias Dntu/is. Xtnvhrr, The Language nf ^rirtic(*, p. 15. The Macmillan 
Companv. New York. 1933. 
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(18) Do I know the mocl-^^-n uses and limitations of common 
fractions in botli descriptive and computational situations? 

(19) Do I have an understanding of decimal fractions as an 
extension of tlie decimal system of numeration? 

(20) Do I know the comparative superiority and inferiority of 
common fractions versus decimal fractions in both descriptive 
and computational situations? 

(21) Do I know the relations that exist between the funda- 
mental principles and processes of percentage and those oi' com- 
mon and decimal fractions? 

(22) Do I have an intelligent understanding of the nature and 
significance of denominate numbers? 

(23) Do I know the distinction between arithmetic, numer- 
ology, and the theory of numbers? 

Social importance of aiUhmetic. One of the major responsi- 
bilities of arithmetical instruction is the use of number concepts 
and arithmetical techniques in social situations so that the pupil 
may have the opportunity to appreciate the contribution arith- 
metic may make to enriched environmental experience. 

(1) Do I know any of the evidences that the evolution of num- 
ber and the accompanying methods of calculation are related to 
commercial and social progress? 

(2) Am I familiar with any of the social demands which pro- 
duced integers, fractions, negative numbers, etc.? 

(3) Am I familiar with any vestiges of number systems, other 
than the decimal system, in social use today? 

(4) Do I understand the social significance of each of the funda- 
mental arithmetical processes? 

(5) Do I appreciate the social signipcance of common and 
decimal fractions? 

(6) Do I appreciate the social significance of percentage? 

(7) Do I know the evolution and oci*'^! backgrounds of com- 
puting simple and compound interest? 

(8) Do I have the ability to analyze life situations such as bank- 
ing, farming, sewing, cooking, keeping house, playing games, 
investments, insurance, etc., for their arithmetical content, and to 
adapt this content to the grade level at which I teach? 
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(9) Do I have a satisfactory understanding of the monetary 
system of the United States? 

(10) Am I familiar with the monetary systems of some of the 
more important foreign countries? 

(11) Do I understand the full significance of "standard time" 
and its applicr^tions? 

(12) Do I have the ability to sense my own individual needs, 
direct and indirect, for arithmetic; as in the construction of a 
personal or business budget, in problems of wise buying, etc.? 

(13) Do I have an appreciation of the social importance of the 
graph as a means for the presentation of numerical information? 

(14) Do I have the ability to make applications of arithmetic 
to other school subjects, such as science, history, geography, health 
work, etc.? 

(15) Do I appreciate the significance of number as an aid to 
scientific investigation and experimental procedure? 

(16) Have I during the past year grown increas''ngly sensitive 
to the usefulness of number and to the quantitative element in 
my own life? 

Command of the subject matter of arithmetic. A sine qua non 
of all effective instruction is a thorough knowledge of the subject 
matter to be taught. For the teacher of arithmetic this implies 
a familiarity with arithmetical concepts ^nd a proficiency in 
arithmetical processes which will guarantee a range of arith- 
metical ability extending above the level at which the teacher 
is to teach. The teacher should have adequate comprehension of 
techniques in order that rationalization and generalization of 
processes will be both natural and intelligible. His informational 
background should be such as to ensure self-confidence and to 
supplement well-planned units of instruction with that spon- 
taneity of instruction which is both enlightening and challenging. 

(1) Am I able to think in number symbolism? 

(2) Am I fully aware of the one-to-one correspondence between 
objects and positive integers which gives rise to counting? 

(3) Am I conscious of the distinction that exists between the 
process of counting and the actual notation used to record the 
results of counting? 
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(4) Am I proficient in the use of the fundamental arithmetical 
processes? 

(5) Have I a command of arithmetical concepts and processes 
beyond the demands of my immediate grade? 

(6) Do I know how to use Roman numerals? 

(7) Do I appreciate the eflicicncy of modern fractional nota- 
tion? 

(8) Do I have a significant understanding of the use of the 
fundamental processes with common fractions? 

(9) Do I have a satisfactory proficiency in working with com- 
mon fractions? 

(10) Am I able to use decimal fractions with ease and intelli- 
gence? 

(11) Am I able to use decimal fractions as an aid in indicating 
precision of measurement? 

(12) Do I understand the basic vocabulary, principles, and 
skills of percentage? 

(13) Am I able to compute with denominate numbers? 

(M) Do I have a satisfactory understanding of the more im- 
portant tables of weights and measures? 

(L5) Do I have an appreciation of the relative merits, advan- 
tages, and disadvantages of the English and metric systems of 
weights and measures? 

(16) Do I understand the fundamental principles of direct 
measurement? 

(17) Do I understand the fundamental formulas for measure- 
ment of distance, area, volume, and capacity from the points of 
view of derivation and use? 

(18) Do I know the fundamentals of scale drawing? 

(19) Do I understand the fundamental principles of indirect 
measurement? 

(20) Do I know the fundamentals of ratio and proportion? 

(21) Do I know the significant differences between similarity, 
congruency, and equality of geometric figures? 

(22) Do I understand the approximate nature of measurement 
and the types of errors that are involved? 

(23) Do I have an understanding of precision and accuracy of 
measurement? 
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(24) Do I understand the use of rounded numbers and how to 
compute with them? 

(25) Do I know how to organize data into a frequency distribu- 
tion? 

(26) Do I have a knowledge of the meaning of the more im- 
portant statistical terms and how to use them? 

(27) Do I know the distinguishing characteristics of the broken 
line, bar, and circle graphs? 

(28) Do I know the fundamental principles that need to be ob- 
served and the precautions that should be taken in the construc- 
tion of these graphs? 

(29) Do I know how to interpret each type of graph intelli- 
gently? 

(30) Am I familiar with the advantages, the disadvantages, and 
the dangers of misinterpretation of the picture graph? 

(31) Do I have sufficient mathematical background to enable 
me to recognize readily and develop intelligently the mathemati- 
cal situations that arise extemporaneously in my classroom? 

(32) Do I have the informational back'^round necessary to be 
able to provide opportunities for individual pupils to explore 
special mathematical interests, and to guide them intelligently in 
this exploration? 

(33) Do I have the ability to recognize relationships that exist 
in problem situations? 

(34) Do I have a clear understanding of the relationships that 
exist between the fundamental processes? 

PROFESSIONAL PREPARATION 

Methods of teaching. Teaching arithmetic is a task which will 
challenge the best efforts of teachers. The efficient teacher must 
have a thorough knowledge of the subject matter of arithmetic, 
and skill in the techniques of teaching and in guiding the learn- 
ing of pupils, 

(1) Am I able to recognize and to capitalize upon the many 
social and economic arithmetical experiences that children have 
in the home, school, and community? 
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(2) Am I able to inspire interested students to pursue the study 
of arithmetic and mathematics to the greatest extent of their 
ability? 

(3) Do I have the inclination and ability to attempt to encour- 
age students to have an interest in the study of arithmetic and 
mathematics? 

(4) Do I have a clear understanding of the reciprocal relation- 
ships between arithmetical situations and the fundamental 
processes of arithmetic? 

(5) Do I have a clear-cut idea concerning when, why, and 
how to rationalize significant arithmetical processes? 

(6) Do I have a clear understanding of the functions of 
practice in teaching arithmetic? 

(7) Do I have a sound philosophy concerning the use of 
''crutches" in learning arithmetic? 

(8) Do I know how to encourage original applications of 
arithmetical processes? 

(9) Do I know how to use pupil reports to the best advantage 
in the teaching of arithmetic? 

(10) Do I know how the uses of number and arithmetic may 
be dramatized? 

(11) Do I know the sources of illustrative materials which 
can be used effectively for motivation purposes? 

(12) Do I know how to use a course of study intelligently? 

. (13) Do I know how to organize large units of instruction? 

(14) Do I know how to anticipate and plan the details of 
learning inherent in large units of instruction? 

(15) Do I have sufficient understanding of arithmetic and 
its implications to be able to lead my pupils to make signifi- 
cant integrations in their thinking? 

(16) Do I know how and when to use concrete illustrations 
as an aid to effective learning? 

(17) Do I have an appreciation of the value of objectives to 
efficient instruction? 

(18) Do I know how to make pupils conscious of definite ob- 
jectives of instruction? 

(19) Do I know how to help pupils to distinguish between 
essential and nonessential data in a problem situation? 
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(20) Do I know how to teach puoils to estimate and check 
answers to problems? 

(21) Do I have an appreciation of the vahie of the story 
element in the presentation of problem material? 

Individual differences. Any instruction that is to be effective 
must reach the individual pupiL Individuals differ in their in- 
terests, abilities, and aptitudes. These differences demand an 
adaptation of instruction designed to discover and provide for 
individual pupil difficulties. During recent years this adapta- 
tion of instruction to individual differences of pupils has been 
recognized as among the most important of all educational 
problems. 

(1) Do I recognize that pupils differ in rate of learning, in 
kind and type of learning, in degree of learning, and in in- 
terests and aptitudes? 

(2) Do I know how to encourage individual initiative on the 
part of pupils in the study of arithmetic? 

(3) Do I know how to develop a feeling of individual respon- 
sibility through the use of arithmetic materials? 

(4) Do I know how to use the more important recommenda- 
tions for taking care of individual differences in arithmetic? 

(5) Do I know how to locate the specific needs of individual 
pupils? 

(6) Do I know how to lead pupils to develop techniques of 
self-diagnosis and remedial procedures? 

(7) Do I know how to use the best recommended practices 
for diagnostic and remedial teaching? 

(8) Do I know how to eliminate faulty habits and correct 
inefficient methods of study? 

(9) Do I know the recognized areas of special arithmetical 
difficulty at the grade level on which I teach? 

Arithmetic as a school subject. Throu^^h the years arithmetic 
has occupied an important place in the curriculum. In the present 
era of curriculum change, arithmetic, as an integral part of the 
school program, has been able to stand successfully against severe 
critical challenge only through reorganization and new adapta- 
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tions of its content and revision of many instructional procedures. 
Such modifications, however, have served to give increased empha- 
sis to the significance of arithmetic as a school subject to the extent 
that it lias lost but little of its previous prestige and has prom- 
ise of the gain of much future prominence, 

(1) Do I have a personal interest in arithmetic in a well- 
integrated educational program? 

(2) Do I have an intelligent understanding and appreciation 
of the nature and importance of quantitative thinking? 

(3) Do I have suflicient informational background to enable 
me to recognize algebra as a generalization of arithmetic? 

(4) Do I have sufiicient informational background to enable 
me to recognize the rehtionships existing between arithmetic 
and geometry? 

(5) Do I understand how to assist pupils to make the gen- 
eralizations from arithmetical concepts and techniques to those of 
algebra and geometry? 

(6) Do I have an appreciation of number as an aid to precise 
and accurate thinking? 

(7) Do I have an appreciation of the informational func- 
tion'- of arithmetic? 

(rt) Do I have an appreciation of the distinction between 
functional arithmetic and mere computational arithmetic? 

Measuring the results of instruction. Efficient evaluation of 
student progress no longer consists merely in measuring achieve- 
ment. There must be a continual program for the appraisal of 
the progress of each individual pupil toward pre-established 
objectives of instruction. Such a ])rogram demands that the effi- 
cient teacher be well informed in the techniques, advantages, 
and disadvantages of various forms of evaluation; the funda- 
mentals of test construction; and the methods of recording and 
interpreting the results obtained from any technique that may 
be used to secure a check on pupil progress. 

(1) Do I know the fundamental principles of evaluation? 

(2) Do I know how to interpret and use intelligently tests of 
scholastic aj)titude and achievement? 
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(3) Do I have a familiarity with the advantages and disad- 
vantages of tiie different types of testing? 

(4) Am I able to evahiate the strengths and weaknesses of 
standardized tests in aiidnnetic? 

(5) Do I know the distinguishing characteristics of diagnostic, 
prognostic, inventory, readiness, and achievement testing? 

(6) Do I have an appreciation of the importance of diag- 
nostic, prognostic, inventory, readiness, and achievement test- 
ing in an effective instructional program? 

(7) Do I know how to use measures of central tendency and 
of dispersion in analyzing pupil and class progress? 

(8) Do I know how to keep accurate records of pupil progress? 

(9) Do I know how to use charts and graphs to the best ad- 
vantage in keeping class and pupil records? 

(10) Do I know effective methods of informal evaluation? 

Literature on the teaching of arithmetic. In recent years much 
has been written concerning the imprvnement of instruction 
in arithmetic. The teacher of arithmetic should keep conversant 
with that material ^vhich is relevant to his teaching situation. He 
should know where to lind this material and how to evaluate it. 
He should keep in mind that not all that is published is worthy 
of serious consideration, but that it is his responsibility to seek 
that which is of greatest value. 

(1) Do J know how and where to find information concerning 
instructional aids in the teaching of arithmetic? 

(2) Am I familiar with recent studies and recommendations 
with respi.'ct to the curriculum content of arithmetic? 

(3) Am I familiar with recent studies and recommendations 
with respect to the grade placement of arithmetic topics? 

(4) Am I familiar with the more important current theories 
of arithmetical instruction? 

(5) Do I know where to find digests of experimentation in the 
teaching of arithmetic? 

(6) Am I familiar with the most recent texts, worKbooks, 
tests, and courses of study in arithmetic? 

(7) Am I familiar with the most recent books on the teaching 
of aritfimetic? 
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(8) Do I know the implications of the most significant experi- 
ments in the teaching of arithmetic? 

(9) Do I know where to find reports on important studies deal- 
ing with the teaching of arithmetic? 

(10) Do I have access to any of the more important journals 
that carry discussions of instructional problems in arithmetic? 

(11) Am I familiar with the more important movements in 
elementary education and their significant implications to the 
better teaching of arithmetic? 

Modem psychology of arithmetic. No single formula can be 
given for the guarantee of efficient instruction in arithmetic. 
Modern psychology emphasizes the importance of understanding 
and motivation in learning. Instruction must be meaningful and 
subject matter must be made interesting. This implies that care- 
ful attention must be given to individual interests, abilities, and 
aptitudes. Furthermore, skills and concepts once developed must 
be maintained. For widest possible use, the material of instruc- 
tion must be framed, wherever possible, in the context of the 
experience of the pupils. There must be careful planning for 
developmental teaching, maintenance of learning, and expansion 
of usage. 

(1) Do I have a clear understanding of the relationships be- 
tween concepts, skills, and facts? 

(2) Do I know how to judge progress in learning arithmetic? 

(3) Do I appreciate the importance of proper grade placement 
of instructional material? 

(4) Do I know how to combine intelligently those learning 
activities described in the text and those growing out of life 
experiences? 

(5) Do I know how to analyze a class situation to detect the 
most effective techniques for providing learning experiences? 

(6) Do I know how to relate new material to familiar experi- 
ences of children? 

(7) Do I know how to assist children in relating instructional 
material to its most pertinent applications? 

(8) Do I have a justifiable point of view on the relative value 
of speed versus accuracy in arithmetical computation? 
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(9) Do I have the ability to distinguish between the weak points 
and strong points of recommendations for the improvement of 
arithmetical instruction? 

(10) Do I know the importance of significance, meaningj and 
imight to intelligent instruction in arithmetic? 

(11) Do I know the meaning and implications of arithmetic 
readiness? 

(12) Do I know the most important implications of the theory 
of transfer of training to the arithmetic curriculum? 

(13) Do I kncv/ the more important implications of the modern 
theory of transl , of training to instruction in arithmetic? 

(14) Do I know the significance of practice as a factor in learn- 
ing? 

(15) Do I appreciate the importance of interest as a factor in 
learning? 

(16) Do I understand the function of review as an aid to effec- 
tive learning? 

(17) Do I know the distinguishing features and the important 
values of oral and written exercises as an aid to effective learn- 
ing? 

It is believed that answers to the above questions will aid the 
conscientious teacher of arithmetic in acquiring a broad perspec- 
tive of arithmetic in iis relation to the educational program of the 
individual and the instructional techniques of the classroom. 
Such a perspective should give that teacher a more significant ap- 
preciation of the importance of arithmetic as a school subject and 
aid him as he earnestly strives to meet the challenges of the varied 
responsibilities of his profession. 
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Chapter XIII 
THE INTERPRETATION OF RESEARCH 

BY WILLIAM A. BROWNELL 
and 

FOSTER £. GROSSNICKLE 

NOT all research relating to arithmetic is trustworthy. Some- 
times factors which influence learning have not been identi- 
fied and as a consequence have not been controlled. Sometimes 
the experimental problem has been viewed too narrowly; vital 
relationships have not been recognized; and the significance of the 
findings is correspondingly restricted. Sometimes important 
phases of growth and learning have not been included in the 
evcf .ntion, and the superiority shown for this or that teaching 
procedure, for example, is much less real than it appears to be, 
Son.v-^times technical errors in the prosecution of the study (too 
few subjects, too short a period of instruction, unsuited learning 
materials, and the like), and sometimes inadequa e or invalid 
forms of statistical analysis render questionable the conclusions 
which are drawn. And sometimes bias on the part of the investi- 
gator unintentionally determines crucial aspects of the research 
technique and colors the interpretation of the results which are 
obtained. 

These limitations of rescaich and other limitations which might 
be mentioned are not new» nor are they confined to research in 
the field of arithmetic. They are referred to here because they 
need to be kept continually in mind as one reads the large and 
grooving research literature. With regard to all research two 
extreme and equally objectionable attitudes are sometimes en- 
countered. On the one hand is the attif.ude of those individuals 
who tend to magnify the limitations which attach to much arith- 
metic research and accordingly to rejcrt the \vhole of it as incon- 
clusive or even misleading. For .such persons this chapter can 
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obviously serve no usclul end; what they need is not warnings 
but constiucti\e cxidciuc ol" the vaUics of research, and there 
is no space for ilie presentation of this evidence, 

This chapter is, rather, intended to combat the second attitude 
aUuded to just above, namely, the attitude of extreme readiness 
to accept anytliing whicli is piibhshed as a report of research. The 
number of such uncritical readers of research is by no means 
small, and the number of errors ^s•hich, in their eagerness to 
"apply" research lindings, they can introduce into schoolroom 
practice is certainly not negligible. The writers of this chapter 
would not lessen anyone's conviction that research must provide 
us the final answers to the many questions relating to the teach- 
ing of arithmetic. ('I hey would not do so, for they themselves 
share this conviction.) On the other liand, such faitli in the ulti- 
mate contribution of reasearch must not blind us to the imper- 
fections of research which is not competently done and not 
wisely interpreted. 

Were it practicable and desirable to do so, this chapter would 
contain a brief list of criteria for evaluating research. Attempts 
have been made to fornuilaie such criteria, and various lists are 
available in print. To be manageable, such a list must be short, 
consisting in perhaps five or six criteria but certainly no more 
than ten. A li.st that is too long and detailed defeats its own 
purpos" The application of each criterion in a long list consti- 
tutes no mean research investigation in itself, and may well carry 
the critic far afield from the study at hand. The situation in this 
case docs not differ materially from that of the high school or 
'ollcge student who tries to study by "applying" some list of thirty 
or forty principles on "how to study," and becomes so busy in 
the "applying ' that he never gets around to studying. On the 
other hand, if the number of criteria i.s held to a few, the criteria 
become either trite and obvious or involved and obscure. In 
either case the problem of identifying each particular criterion 
with all the relevant phases of the research is no easy one. 

Rather than undertaking to list criteria, whether few or many, 
the writers have chosen to illustrate in two ways the need for 
care in re.iding rcsr:rch. The section which innnediately follows 
shows how the peculiar point of view one entertains with respect 
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to arithmetic affects both the prosecution and the interpretation 
of research. The hist section of the chapter is, as it were, a ''case 
study" of the research on division. It is designed to show how 
research findings and recomniendaiions are conditioned by the 
technical aspects of experimentation. 

POINT OF VIEW AND ITS RELATION TO RESEARCH 

It is possible to hold one of several views with regard to arith- 
metic. One may argue that the purpose of arithmetic is to develop 
efliciency in computation or to develop expertness in quantitative 
thinking. One may view arithmetic as a drill subject or as a 
logical system which must be understood. One may regard arith- 
metic as a form of pure mathematics or as a practical means 
of improving our adjusunent to a quantitative culture. Or, one 
may reject these dichotomies and, refusing to think in terms of 
* •either*' and **or,'' one may arrive at some eclectic position, such 
as that sponsored by this Yearbook Committee. 

Eilect produced by conception of arithmetic. Now the concep- 
tion which one entertains with respect to the function of ele- 
mentary arithmetic influences research at many points. In the 
first place, it predisposes one to attack some problems and to dis- 
regard others. In the second place, it largely predetermines the 
technical procedure which one organizes and more especially the 
kinds of measures employed. In the third place, it may prejudice 
the investigator in the interpretation he places upon his data and 
the reader in the signilicance which he attaches to the research 
report he is analyzing. These three statements will be clarified 
by the examples offered below. 

It is aafe to say that the dominant conception up to some 
fifteen or twenty years ago was that of arithmetic as a drill sub- 
ject, and this conception is reflected in the problems then under- 
taken for research study. Fully three-fourths of research studies 
prior to 1920 or 1925 dealt with computation. Such studies as 
dealt with **problem solving" virtually reduced this process to an 
extension or an ^^application** of computational skill. Little if any 
researcli was concerned with the learning process as such or with 
securing evi<lcnce that cliildren did or did not see sense and value 
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in what they acquired. And the research measures collected in 
these studies were restricted to those of efficiency, which is to say, 
measures of rate and accuracy of work. 

Consider, for example, the research on drill as a method of 
teaching (or on repetition as a method of learning). Three-minute 
periods were compared with longer and shorter periods, and the 
crucial data were based not on measures of understanding by the 
child, but on speed and correctness of answer. Or, consider the 
research on methods of teaching subtraction, whether by equal 
additions or by decomposition. Here again the data were based 
upon the comparative merits of the two methods, in increasing 
the number of correct answers and the quickness with which 
they were obtained.^ Such questions as the following were seldom 
asked, and if they were asked no answers could be determined 
from the collected data: Wliicli method appears to be more 
sensible to children, that is. which method is more readily under- 
stood? Which method develops more completely the meaning 
of subtraction as a process? Which method has the greater pos- 
sibilities for fruitful transfer lu later learning, as in complicated 
subtraction and problem solving of a functional sort?^ 

The criticism here is not that measures of rate and accuracy 
are valueless; nor yet that drill is unnecessary. The point to be 
observed is that a particular conception of arithmetic dictated the 
selection of the research problem and tlie kinds of measure ob- 
tained. And, in the opinion of this Committee, this conception 
of arithmetic is inadccjuate: It omits any consideration either of 
greater comprehension of what is learned or of enhanced appre- 
ciation of its 'vorth. Accordingly, this early work on drill and 
on methods of .subtraction is variously to be assessed. It is im- 
portant accordini; to the weight attached to computational efli- 
ciency as an arithmetical outcome. 

The preceding pages have presented one aspect of the relation- 

1 Of course other ineasiues were soinetinios seemed, sudi as the persistence of 
the nietluHl taught, and the preieretucs of teachers for one or the other of the 
meUiods; hut the lact remains that the crucial luea.suies were usually regarded as 
those of rate and accuracy of pupils* woik. 

'•^ These questions, asked in the midst of a coturovorsy hy Knight, et al,, have 
never been niaile the sid)ject of directly related research. Sec: F. B. Knight, G. M. 
Ruch. and (). S. I.uies. ''lUns' Shall Sid)traciion Be Taught?" Journal of Educa- 
tional Hr^rardi, II ; 157-10?^. March. 1925. 
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ship which obtains between point of view with respect to arith- 
metic on the one hand and arithmetic research on the other, 
namely, that one's conception of arithmetic as a school subject 
tends to predetermine the problems one will investigate and the 
measures one will obtain. A second aspect of this relationship is 
found in the area of learning. 

Effect produced by conception of learning. The arithmetic 
research of twenty and even fifteen years ago reveals very little 
attention to learning, apart, as has been mentioned, from meas- 
ures of rate and accuracy of work. The ppncipal task of research 
was to "identify the bon Is which are to be formed," and the task 
of teaching, to see that these bonds were established. Following 
this lead, research gave us elaborate analyses of facts to be ac- 
quired, unit skills and steps to be mastered, types of problems 
to be solved, and specific cues to be learned. Research did not 
tell us how children gain control over the multitudinous elements 
resulting from these analyses, for research was not concerned with 
these matters. Learning was thought of as an exceedingly simple 
process of making connections, or bonds, or associations. If one 
learned, one showed thereby that one had formed the needed con- 
nections, and vice versa. The tendency was to think of learning 
as an all-or-none affair; it was as if children learned at once what 
they were supposed to learn, apart from drill, or they did not 
learn at all. 

The research engaged in under this conception of learning 
did not prove very helpful to teachers. Even the many error 
studies fell short: they pointed out the places where children 
encountered difficulty and something of the form of the difficulty, 
but they did not show teachers (or pupils) ivhy the errors were 
made. Nor indeed could they do so, so long as learning was con- 
ceived in such simple, uncomplicated terms, so long as it was 
measured as it was measured, and so long as important individual 
variations in learning were hidden in the statistical averages of 
group trends. 

However, the reports of this comparatively old research survive 
in the literature and they must be interpreted in the light of some 
conception of learning. If one accepts the conception of learning 
which prevailed a quarter of a century ago, his evaluation of the 
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early "learning*' studies will be of one sort; if, however, he accepts 
the conception wliich now seems to be more adequate and fruit- 
ful, his evaluation will be something quite different.^ 

In this connection certain guides to thinking may be suggestive, 
AS one reads reports of learning studies in arithmetic, one may 
well keep in mind such questions as the following, questions 
which, incidentally, relate not to the technicalities but to the 
'^common sense** of research: (1) What is the writer's point of 
view with respect to arithmetic? Does it agree with modern con- 
ceptions of the purposes of the subject? (2) \Vhat program of in- 
struction and of learning activities was adopted? Was it con- 
ducive to or subversive of sound, intelligent, and economical 
learning? (3) Were the measures which were used for evaluation 
relevant and adequate? <4) Do the conclusions follow from the 
data, and are they in line with the best in thought and experi- 
ence? The answers to these questions will generally be found to 
he most illuminating. 

Point of view and interpretation of research. There is space 
for but two more examples of the way in which point of view 
influences the interpretation of research. A few years ago a new 
monograph reporting a research study in arithmetic was reviewed 
by two different persons. The one person commented favorably 
but not enthusiastically upon the study itself, which showed 
quantitatively the superiority of a certain instructional device 
over instruction without the device. When, however, he came 
to the last chapter, in which the investigator discussed the impli- 
cations of his study for arithmetic teaching and learning in gen- 

•^The very cautions and uarninjjs which arc the subjects of this chapter need 
themselves to he taken with some reservations. For example, the criticisms of 
the research of a quarter-century ago, particularly of the drill and error studies, 
should not be interpreted as implying that this research was valueless and served 
no end. Such is not the case, even though these investigations contrituite little to 
our thinking about arithmetic in the 1940's. Certainly they made important con- 
tributions histnrirallv both to the evolution of our view of arithmetic today and 
10 the proccchires which we employ with new confidence. The following quotation 
from a letter from Professor Brueckner brings out this point very well indeed: 
"The cumulative and developmental nature of research should l>e recognized. 
The error stiulies revealed a condition that shocked many of us. They led to 
studies of method, reliabiliry. diagnosis, methods of learning, etc. The fact that 
these early studies did lead to this important series of developments which are 
even now being extended needs to Ur emphasized. Studies now being made of 
learning are developing new technics in thi< field which vield problems that will 
instigate new studies. Research is a continuing process." 
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eral, this reviewer became more enthusiastic. The other re- 
viewer bestowed his approval in quite a different manner. To 
him the contribution was the evidence of the value of the par- 
ticular device, and the last chapter ''should never have been writ- 
ten." The same dissimilarity of evaluation characterized the re* 
ception accorded an earlier study, in which the drill provisions in 
several arithmetic textbook series were compared. The sponsor 
of this study referred to it as a "brilliant piece of scholarly re- 
search"; another student of arithmetic described the study as a 
"laborious effort to no end. a monument to futility." 

In both instances the differing evaluations sprang from unlike 
conceptions of the function of arithmetic in the elementary 
school, and the two evaluations are equally valid, once one grants 
validity to each basic conception. The appraised worth of the 
two studies, as of research in general, is not exclusively deter- 
mined by purely intrinsic features of merit or of weakness, but 
by the point of view with which the reader approaches his 
evaluation. 

Enough has been said, it is hoped, to justify the statement 
that conceptions of arithmetic and of the learning process have 
important bearings upon the research th it is done and upon the 
interpretation that is given research findings. The implications 
of this statement are not confined to the producer of research, 
though it is chiefly these implications which may seem to have 
been stressed; its implications are no less vital and far-reaching 
for the consumer of research. As he reads research reports, the 
latter need.s always to note the conceptions which have controlled 
the investigator; and he needs also to have a clear formulation 
of his own conceptions. He must know what he himself thinks 
about the function of arithmetic in the elementary school and 
about the way children learn most soundly, and he must be 
on the alert to see wherein the research in question confirms and 
implements his conception and wherein it requires modifications 
in his conception. A clear-cut view of the purposes of arithmetic 
and yet a view which is amenable to change as change is called 
for — such a view enables one to detect both the strengths and 
weaknesses of research and to distinguish between what is sound 
and what is erroneous and misleading. 
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THE RESEARCH ON DIVISION 

It was stated that in this chapter two illustrations of the need 
for care in interpreting research were to be given. The first, 
already discussed, has to do with the effect of point of view. The 
second illustration relates to the research on a particular topic, 
namely, division. This research is selected as exemplifying par- 
ticularly well the contingent character of research findings, their 
dependence upon the special technical aspects of investigation, 
and their tentativeness because of untested hypotheses and un- 
controlled factors. Not all the research within even this narrow 
field can be canvassed. That, for example, on the errors made by 
children, on the relative merits of different methods of teaching, 
and on the com])arative values of different procedures for estimat- 
ing quotient figures must be omitted because of space limitations. 
Attention here is confined to two questions: first, the form to 
be used at the outset in teaching division and, second, the grade 
placement of **long** division. 

Research on the form used in division. "Form'* refers to the 
"long** (that is. division completely worked out) or the ''short*' 
algorism in division when the divisor is a one-figure num- 
ber. John* showed that the long <^orm is superior to the short 
form for accuracy but not for speed. The published report does 
not state whether the numerical difl^erence found between the 
two experimental groups in each of these traits is statistically re- 
liable. Regardless of this omission, the results are open to ques- 
tion because only fourteen pairs of subjects took part in the ex- 
periment. John further showed that after division with a two- 
figure divisor has been taught, then division with a one-figure 
divisor is learned in the long form with still greater accuracy 
and sjjeed than in the short form. If the groups used in the study 
had been large enough, this last finding would have been ex- 
tremely significant because, unlike other studies, this one in 
volved a comparatively long range of time in the learning of 
division. The relation between division with one- and two-figure 

Lenorc John. " The PWfcct of Using the Long-Division Form in Teaching Divi 
sion by One-Digit Nunihers.'* Elementaiy School Journal, 30:675-692, May, 1930 
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divisors deserves serious consideration, something which it has 
not yet received elsewhere. 

Olander and Sharp*^ reported an investigation which included 
an adequate sampling of subjects (1,205 pupils) to warrant re- 
liable measures. They concluded that, on the whole, the long 
form is superior to the short form of division, but that the latter 
is preferable (a) for easy examples and (6) for bright pupils. 
These last conclusions may be challenged on the grounds, first, 
that the length of the experiment (apparently it was of short 
duration) is not reported and, second, that no criteria for **easy" 
as contrasted with '^difficult" examples are offered. These in- 
vestigators did, however, advance our understanding by calling 
attention to possibly important factors (quality of pupil, ease or 
difficulty of example) which theretofore had been neglected. 

Grossnickle^ showed that the results obtained by the long form 
of division were significantly superior to those obtained by the 
short form for difficult examples. A total of 2,3(55 pupils in eight 
different grades were used in this study. For easy examples (de- 
fined as those in which there is no borrowing in subtraction and 
the remainder is not in excess of 3), less time is needed to find 
the answer by the short form, but greater accuracy always results 
with the long form. (The difference in time was not statistically 
reliable; that in accuracy was,) Since the elements of time avail- 
able for work, of accuracy, and of degree of difficulty of the ex- 
ample were all considered, and since an adequate number of 
subjects were used, the findings of this investigation should 
probably be accepted as valid and reliable. 

John and Olander and Sharp (in the references cited) recom- 
mended teaching the short form of division later and as a short- 
cut procedure, but Grossnickle recommended that only the long 
form should be taught. There is i\o experimental evidence to 
justify either proposal. In each case the investigator injected his 
own opinion as to the value of the shorter procedure. The true 
worth of a short cut in division with a one-figure divisor repre- 
sents an unexplored question in the teaching of arithmetic. 

3 Herbert T. Olander and K. Preston Sharp. "Long Division Versus Short Divi- 
aon,'* J-mnial of Educai tonal Research, 26:6-11, September, 1932. 

0 Foster V.. Grossnickle. *\\n Kxpei intent with a C)ne<Figure Divisor in l.'hort 
and Long Division," ElvmvnUDy School Jnuninl, 34:496-506, 690-699, MaiXh, 
April, 1934. 
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The relative merits of the tu'o forms of division will be known 
only when investigation reveals a real difference between groups 
of pupils thoroughly taught division by the two forms. None 
of the studies thus far reported, with the exception of that by 
John, is a learning study, that is to say, in all but this one study 
the experimental subjects had been taught to divide by a one- 
figure number before the investigation as such was undertaken. 
In the case of the one learning researc h (John) the period of study 
for both the long-form and the shoi t-fonn gi'oups lasted but a 
week. Unless both groups had earlier received some instruction 
in division, it is hardly possible that they could have carried their 
learning to anything like the recjuired degree of mastery. There is 
great need for a comprehensive and long-range study, in which a 
serious attempt will be made to determine, not only which form 
yields greater efficiency, but also which form results in greater 
insight. In the end, it is not at ail unlikely one form may be 
found superior for some pupils, and the other form superior for 
other pupils. 

Research on grade placemenu The second area of division 
research to be considered here deals with the grade placement 
of the topic. Not much scientific work has been done in this con- 
nection. One of the first and most widely known investigations 
was conducted by the Committee of Seven under the chairman- 
ship of Washburne.^ This Conmiittee determined placement of 
topics in terms (a) of foundations tests, which supposedly con- 
tained samples of all prerequisite skills and concepts, and (h) in 
terms of Mental Age. A Mental Age of twelve years seven months 
or more was set as the minimum maturity level for the learning 
of division with a two-figure divi.sor. at least of the more difiicult 
kinds. In other words, long division according to the Connnittee 
of Seven belongs in the latter part of grade five or the first part of 
grade six. 

TCarlcion Washhurnc. "Mental Aj^c and the Arithmetic Clun iculimi: A Sum- 
mary of the ('onmiittee of Scvcti (irailc IMaccnu-iit Investij;ations to Date," Journal 
of lulurntintuil Rrsnnrh. : 210-231. March. 19.S1. Also, by the sattie author: 
"The Values. Liniiiatinns arul Applications of the Iiii(h*iigs of the Committee of 
.Seven." yo?/n.^// ot Ednrntioual RrscnrcU. 29 :fiy 1-707. Nfav. 1936. '' The Woik of 
the C.tiininitlce of Seven in (it.ule IMa<L-nuMU in Ariihnietic*," lliiit\ -eighth YeaY- 
bank nf the Sntinwil Sorirfx fo} thr S(utl\ t)f Kdartit iotu Pfut /. Chapter XVI. 
1939. rius last lefeicntc contains the la^t o! this Cojntnit tec's several summaries. 
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The findings of the Committee of Seven are open to question 
and must be modified in the light of experimental evidence. 
BrownelP showed points of \veakness in the research of this Com- 
mittee, and both Brownell" and Dickey^° have emphasized the 
point that readiness for the topics of arithmetic is not solely or 
perhaps even largely dependent upon Mental Age as measured 
by intelligence tests. This view has been confirmed by Gross- 
nickle's study. In the first named investigation, pupils were sub- 
jected to a program of instruction which was cliaracterized by 
unusually careful diagnosis and corrective practice, and under 
these conditions pupils with a Mental Age about two years less 
than the standard of the Committee of Seven learned to divide 
by a two-digit divisor and attained a higher degree of accuracy 
than that employed by the Committee. 

Division is a complex process because it is a synthesis of many 
factors. Hence, the placement of division as a whole in this or that 
grade or at this or that age or at this or that maturity level 
is impossible. The example, 9/2112, because of the difficulty in 
estimation and in subtraction, is more difficult than the example, 
21/672, in spite of the fact that in the former the divisor is a single 
digit instead of a two-place number. The example, 16/912, is very 
much more difficult than the example, 203/8729, because correc- 
tions of estimation are needed in the first example but not in the 
second example. These examples illustrate why it is impossible 
to assign division to any point in the grades or to any maturity 
level merely in terms of the number of figures in the divisor. If it 
is stated that a Mental Age of about thirteen years is needed to 
learn to divide with a two-figure divisor, this statement must be 
qualified by specifications as to the kind of example referred to. 

« William A. Hrownell, ".A Ciiii(jiic of the Committee of Seven's Invcstigai'ons 
on thf* (ii.itU* PlattMucnt of Arithmetic Topics," Eletncnlary School Journal, 
3« : inr)'r)0«. March. IP^S. 

0 William A. Krowiiell, "Readiness and the Arithmetic Ciirricidum/* Elementary 
Sthool JournaL 3«:3n'354. Jamiaiv. 1938. 

J" fohn W. nickcv. "Readiness [or Ariihinetic," FAeincntaiy School Journal, 
40 : iiOli-.m April. 1910. 

n I'osicr K. (irossnicklc. "An FApcriment with Two Methods of Estimation of 
the Quoiient." Elvmnxtnry School Journal, 37:608-677, May. 1937; also "How the 
Method of ScoiinR a Test in Division Affects the Score/* Eleynenlary School Journal, 
U) : 366-370, January. 1940. 
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Consider in this connection the range in difnculty between the 
following examples with two-digit divisors: 21/672 and 16/912. 

Briieckncr and Melbyc'**^ have shown that the degree of accom- 
plishment in division is dependent upon the dilFiculty of finding 
the true quotient figure, a point made more or less incidentally in 
the preceding paragraph. If tlie estimated quotient figure is the 
true one, the accomplishment of a class in division is much 
greater than when the estimated figure has to be corrected, a find- 
ing which led them to conclude that the grade placement of divi- 
sion should be partially governed by the difficulty of the example 
in this respect. .And dilliculty of examples is in turn dependent 
not only, as they have .shown, upon the number of corrections 
needed to find the true quotient figure, biu also upon the number 
of figures in the divisor, the number in the quotient, and the 
size of the guide figure of divisors involving more than one digit. 

The finality of these results may be cpiestioned when com- 
pared with those of another study, Bruccknci and Melbye report 
that **the data for the zero-in-quotient type show that the index 
of 25 per cent error, or 75 ])cr cent accuracy, on the whole is not 
reached before the mental age of 168 months, the same point as 
for the one-figure quotient examples in which the apparent 
quotient must be corrected to find the true quotient/' On the 
other hand, Grossnickle'® analyzed errors made with one-figure 
divisors and with two-figure divisors,^* In the first case, the pupils 
had already learned the process, and the test given was intended 
to measure their accomplishments, but in the latter case the 
pupils were just learning the process. When the divisor was a 
one-figure number, about 13 per cent of all errors in each grade 
from grades 5-15, inclusive, was due to the use of zero. How- 
ever, when the divisor was a two-figure number, the per cent of 
errors resulting from the use of zero was 0.,S. The /cro-type of 
example was among the easiest which this group encountered 

i-*I.n) J. Unicckner ami Hiirvcv (). Mclhyc. *'Rt.*laii\c DifTicuIiy of Kxamplcs 
in whh 'IVo-Fi^^uic Divisois." Jtjinnal of Ilthiaiiionfil Rcwatch, 33:'!01- 

•in. Icl)tuai\. n.)tO. 

i.j l ovtc-r K. (.i()vsnl< kU*, "Knois and Questionable Hal)its of Work in Long 
Divisi^. : wi(h a Oue-Fi:4Uie Dixisor," Itninial Etiucniumal Rrsruuh, 29:355- 
3()H, januarv, VXM] 

J4 I*(^tcr K. drossnic kle, "Con'^latK v of V.vyov in I.catnint; Division with a Two- 
Figure DiviMjr/* Juuifml of Edmaiinnal Rcwarch, 33 : 1S9-19G, November, 1939, 
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in division, and the reason probably lay in the way in which 
the function of zero was taught and in the way in which the ex- 
amples containing zero were graded for instructional purposes. 
The function concept of zero as a place holder in the quotient 
had been stressed with these pupils; as a consequence they did 
not merely juggle zeros, but rather understood ^vhy zero must be 
used to give place value to quotient figures. Therefore, to the 
factors already mentioned as affecting grade placement must be 
added the method of teaching employed and the degree of under- 
standing of the process attained. 

All the factors have not yet been named which must be taken 
into account experimentally in deciding the grade in which divi- 
sion is to be taught. Research, chiefly that of Grossnickle, has 
shown that children can learn division in the fourth grade, but 
this does not mean that the topic should be taught in that grade. 
Another factor which still further complicates the placement of 
the topic is its social significance for the pupil. If the social 
significance of division is slight for pupils in the fourth j<rade 
but greater for pupils in the sixth grade, other things being equal, 
the topic may well be reserved for the later grade. The social 
significance of division as a phase of grade placement is as yet 
undetermined tin ough research. 

A valid answer to the question of the grade placement of divi- 
sion must therefore be based upon consideration of many factors, 
such as the inherent structure of examples in the process, the 
method eaiployed for teaching it meaningfully, and the social 
significance of the topic. There is no evidence to indicate tiiat 
many of these factors were experimentally considered in the 
Clommittee of Seven's placement of division at Mental Age twelve 
years seven months. Nor have all these factors been duly weighed 
by other investigators, with the result that as yet ^ve do not con- 
lidently know on the basis of research just when the topic (or 
some j)art of it) should first be introduced. 

IN CONCI.rSION 

This chapter has been devoted to cautions to l)e observed in the 
reading of research. It has been pointed out that investigators 
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are influenced in the selection of their problems, in the organiza- 
tion of their experimental procedures, and in the interpretation 
of their data, by the views they entertain with respect to die 
nature of learning and \vith respect to die purposes of arithmetic 
in the elementary curriculum. And it has been stated diat these 
conceptions arc no less influential in the case of the consumer 
of research; they determine largely the evaluation he assigns to 
the research he analyzes. Furthermore, in this chapter part of the 
research on division has been analyzed to reveal the many facets 
of tlie problems whicli relate to the form in which division is 
first to be introduced and to the determination of the grade in 
whicli the topic is first to be taught. 

What has been said in these connections is largely negative, and 
intentionally so. The writers of the chapter have felt it necessary 
to stress the dangers inherent in the superficial interpretation of 
research rather than to stress the values of research. It was as- 
sumed that these values ^v'0ldd be conceded. But such concessions 
may go too far, aiid the potential values of research may be 
allowed to conceal thr weaknesses present in much aridimetic 
research. The cause of research is not advanced, but rather 
hindered, by uncritical acceptance of questionable data and 
doubtli.l conclusions. Low standards of evaluation can only en- 
courage the production of more mediocre studies. When readers 
of research recognize the complexity of the problems involved in 
the teaching of arithmetic and when they refuse to countenance 
unsound findings, the quality of research must inevitably be im- 
proved. Negative comments made now tnay in the end lead to 
higher standards of research and to markedly improved research 
investigations. 



ERLC 



Chapter XIV 
ONE HUNDRED SELECTED RESEARCH STUDIES 

BY LORENA B. STRETCH 



o MAKE this yearbook more serviceable to the teachers, super- 



visors, and others for \vhoni it has been prepared, a selected 
list of research studies in arithmetic has been compiled and is pre- 
sented herewith. In selecting research studies, various criteria 
may be employed, among which are (1) validity of conclusions, 
(2) excellence of technique employed, a'^d (3) effects of the find- 
ings on educational practice. There are few research studies which 
rank high in all three of these respects. 

It should be understood that neither the writer nor the other 
members of the Committee can guarantee the soundness of the 
conclusions which have been reached in these researches. Some 
are doubtless more valid than others but, on the whole, the con- 
clusions presented in the studies listed are probably more valid 
than are the conclusions reached in the average lesearch study in 
aritlnuetic. However, the reader will have to form his own con- 
clusion as to the validity of each. 

A major value of some researches lies in the fact that they 
illustrate the use of desirable techniques. The researches in the 
following list employ various different techniques which may well 
be used by students who wish to make studies of their own. 

The critical reader may contend that some of the studies listed 
were made so long ago that their present usefulness is doubtful. 
The writer has deliberately included in the list a few studies 
which liave an important histoiical value even though they no 
longer iniluence educational practice as much as they did in the 
years immediately following their publication. They are land- 
marks of educatiouiil progress, as it were, and are known to thor- 
ough students of the teaching of arithmetic. 
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Chapter XV 
ONE HUNDRED SELECTED REFERENCES 

BY E, A, BOND 

WESTERN WASHINGTON COLLEGE Of EDUCATION 

EACH day as a part of the daily work of a class, the wise teacher 
sees to it that the goal is set for the next day* To accord with 
this plan, the following ViSt of publications has been compiled 
for the convenience of those teachers in service and in training 
who desire to extend still further their knowledge of arithmetic 
and to iniprove their ability to teach this subject. 

The list is not complete. Many other writings could have been 
listed. Under each heading into which the bibliography has been 
subdivided the studies which have been included are for the 
most part the more recent publications which the writer believes 
will best supplement the content of this Yearbook. 

This bibliography has been classified into nine subdivisions as 
follows: 
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II. Methods of Teaching 

III. Curriculum Studies 

IV. The History of .\rithmetic and of Mathematics 
\\ The Psychology of .Arithmetic 

\'I. Diagnosis and Remedial Work 
VII. Yearbooks in Arithmetic 
VIII. Research Summaries 
IX. The Preparation of lY^achcrs 
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